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I. Introduction: The Concepts of Ergodic Theoryv and Their Relation-

ship to the Problems of Classical Statistical Mechanics

1. Introduction

Statistical mechanics is concerned with the descripticn and
justification of the thermodynamic behavior of macroscopic
physical systems on the basis of their underlying structure: The
systems are composed of a very large number of identical subsystems
(particles) and evolve.(classically) as Hamiltonian dynamical
systems [14, 35]. The Hamiltonian typically consists of two
parts: Ho’ the kinetic energy, which gives rise to free motion;
and a potenfial energy term, V, which is typically the sum of
pair interactions over all pairs of particles. By thermodynamic
behavior we mean, typically, that states of isolated systems
approach equilibrium states (as time approaches infinity) which
consist of one or more macroscopically homogeneous phases and
which are characterized by a small number of parameters and thermo-
dynamic functions (energy, temperature, pressure, etc.) obeying
the laws of thermodynamics. The approach to equilibrium may be
characterized by kinetic and transport equations. The difficulty
invelved in the justification of thermod&namic behavior can be
appreciated if one considers that thermodynamic behavior is clear-
ly irreversible whereas the underlying Hamiltonian dynamics is
completely reversible, and that the systems are so complex that

an exact (pointwise) dynamical description is a practical



impossibility.

In attempting to solve these problems it is natural to look
for general, abstract features, common to all realistic systems,
which provide a framework for attacking these problems. Typical
of such a formal approach is the consideration of infinite
systems, C* algebras [9], and ergodic theory.

One of the earliest of formal results within the compass of
ergodic theory is Liouville's theorem [14]. The phase space T
of a Hamiltonian system is the set of all possible microscopic
states, each of which is determined by 2dN variables: P PERRL e
the configurational coordinates, and PysPgseresPyys the canonical
momenta. (d is the dimension of the space in which a single
particle is located and N is the number of particles in the system
under consideration.) Thus [' can be identified with a subset of

2dN
R . In a Hamiltonian dynamical system the dynamics is induced

by differential equations of the form

d =aa =0 o
dqi/ t H/ Py » dpi/dt 'OH/Oqi,

where H = H(qi’pi) is a function on I' (called the Hamiltonian of

the system; see previous description.) A natural measure (Liouville
measure) on I is Lebesgue measure (= dql"'dqu"'dpdN)' Liouville's
theorem asserts that for a Hamiltonian system this measure is

invariant under the time evolution; i.e., any measurable subset



A of I' is mapped via the time evolution Tt to a new set
TtA of the same Liouville measure. This result, powerful in
its own right, puts us squarely within the context of ergodic
theory, which deals typically with the quadruple (X,E,u,iTt});
here (X,Z,n) is a(probability) measure space and iTtg is a
measurable flow on (X,Z,M), i.e., a one parameter group of
measure preserving transformations for which R Dixe* by
(£, x) ¥ Tt x is measurable in the product measure on R @ X
(Lebesgue measure ® L), One also considers the case of the
discrete dynamical system for which t assumes values in 7%, the
group of integersl; i.e.,the dynamics is generated by a single
automorphism T [2, 177,
2, Ergodicity

One of the simplest and most important of facts about
Hamiltonian systems is that the Hamiltonian (the energy) is a
constant of the motion: H(x) = H(Ttx), x €I, t €R, It is thus
natural to take as our space X not I but rather FE = {x € T; H(x)=E},

the energy surface at energy E, since such surfaces are invariant

1. Since the definitions which we shall give are essentially
the same for flows as for discrete dynamical systems, we will
usually give the definitions using the notation appropriate
for discrete dynamical systems; the corresponding definitions
for flows can bﬁ ?btained by replacing n € Zby t € R and by

replacing 1/N §=o by 1/T JE (and vice versa).



under Tt' It is not difficult to see that duE =(dU/]grad H|) X

l/Normalizationz, the normalized "projection'" of the Liouville
measure onto FE (the microcanonical measure or ensemble) is in-
variant under Tt' Using NE one can compute averages of phase
space functions by (f)E = JduE f. In statistical mechanics one
identifies <f>E with the value of the quantity f in the
equilibrium state characterized by the energy E (and the volume
V and particle number N implicit in the foregoing discussion.)
If such an identification can be justified, part of the problem
of the justification of thermodynamic behavior will be solved;
the equilibrium values of physical quantities would be determined
by the microcanonical ensemble, which depends upon only a small
number of parameters.

The problem of the justification of this use of the micro-
canonical ensemble has two aspects:

i) Why is p_ superior to other measures on FE (i.e., to fHE,

E

f a positive function on ' with ﬁE - integral unity?

E
ii) Why should a microcanonical (or any other) average of a

quantity represent the value of an equilibrium measurement of that

quantity? It is often argued, in answer to ii), that in the

2.The Normalization is chosen in such a way that pE(X) = | duE=1,
X

so that we have a.probability measure.



thermodynamic limit (i.e., as N " ®, V = ® in such a way that

N/V = P (density) and E/V —* € (energy density)) the micro-
canonical measures approach delta functions with respect to the
functions of physical significance (the sum functions [35].)
Though this is a fact of great importance, it is not, in view of
i), a completely satisfactory solution: Why must sets of small

microcanonical measure actually be of small probal:;ility?3

The traditional justification lies in the hypothetical
equality of time average and phase averages; i.e.,
<f>E = lim (1/T) JT £(T, x)dt. It is often asserted that

T - ® o t

since measurements are not instantaneous but rather take place
in a time span which is large relative to typical microscopic
times, the time average of a quantity should be identified
with its equilibrium value (45]. This explanation is unsatis-
factory in that the measurement times are in fact small relative
to the time intervals necessary for the attainment of a time
average (i.e., recurrence times or even relaxation times.) We

can argue, however, as follows: Systems which behave thermodynami-

cally will spend an overwhelming majority of their time "in

3. It does, however, seem plausible-and will in fact prove necessary
to make the probablistic assumption =- that the Lebesgue measure
is special at least to the extent that sets of microcanonical
measure zero do in fact have probability zero.



equilibrium'"; hence, we can identify the time average of a quantity

with its equilibrium value; if we then have equality between time
averages and microcanonical averages, the latter are validated
(and selected.)a [35].

The problem thus becomes one of justifying the replacement of
time averages by phase averages. Significant progress in this
direction was made by Birkhoff, who showed that for abstract
dynamical systems [2]

a) time averages exist a.e. (almost everywhere):

N=-1
£76) = lim 1N I_ £(1%) a.e.

N—Om

b) f+(x) is integrable and Jdu f+(x) - jdu f(x)
+ o e .
c) f (x) is invariant a.e.:

£ () = £(x) a.e..
A dynamical system (X, &, B, T) is said to be ergodic if
the only sets A € £ invariant under T (i.e., TA = A) have M(A) = 0
or p(A) = 1. It is easily seen that ergodicity is equivalent to
the requirement that invariant measurable functions be constant a.e.

[2]. Thus for ergodic systems Birkhoff's theorem implies that

4. This answer presupposes the attainment of a satisfactory account
of approach to equilibrium.
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f+(x) = Jdu f(x), i.e., that time averages equal phase averages
almost everywheres. It follows from the above that an ergodic
measure is a measure which is the unique invariant member of the
family of measures absolutely continuous with respect to it. We
thus have in another form a validation of ergodic microcanonical
ensembles (essentially equivalent to the one given previously).
It has proven difficult, however, to establish the ergodicity of
the energy surfaces of specific realistic Hamiltonian systems.
In fact, much of the progress which has been made has consisted
in the establishing of stronger ergodic theoretic properties,
of which ergodicity is a consequence. We will next turn to these
stronger properties, alluding to other formulations and implica-
tions of ergodicity when appropriate.
3. Mixing

An important ergodic theoretic property, introduced by Hopf [a7]
in 1932, is mixing; intuitively, a system is mixing if any
subset becomes uniformly distributed over the phase space under
the action of the time evolution as t approaches infinity. Formally

a dynamical system (X, Z, W, T) is mixing if

lim  ®(T" A N B) = p(A) w(B) (1)

i TRl

for all A, B€ I,

5. We are here using our assumption concerning sets of measure
Zero.



Equivalently, a system is mixing if and only if

lim  [du £(T"%) g(x) = (Jdu £) (Jdu g) 2)

n—am

for all £, g € LZ(M).

Thus mixing implies the decay of éorrelations.6 Furthermore, it
is not difficult to see that for P a positive function of unit
integral and g a bounded measurable function, we have as a con-

sequence of mixing that

lim  Jdb P(T "x ) g(x) = Jdb g(x) (3)

t = ®
Since D(T-t x) W represents the time evolution of the measure
determined by the density P, we see that if a system is mixing,
"reasonable" (i.e., absolutely continuous) nonequilibrium states
weakly approach the equilibrium measure (in the sense that
averages approach the equilibrium average.) Thus mixing illustrates
the_possibility of a deterministic reversible dynamics in which
can be found irreversible behavior.

If in (1), (2), and (3) we replace convergence by Cesaro con-

N-1

vergence (i.e., oe =B by 1/N §=l an — B), we obtain conditions

equivalent to ergodicity. Thus, whereas mixing can be interpreted

(at least for finite systems) as approach to equilibrium or decay

6. Mixing also has many other implications related to the decay
of correlations [25].



of correlation functions, ergodicity can be interpreted as time

averaged approach or decay.7 Needless to say mixing implies
ergodicity.

4, Isomorphism and invariants

Two systems (X, £, ¥, T) and (X', Z', p', T') are isomorphic
if they are the same from the standpoint of their ergodic theoretic
structure, i.e., if there exists a one to one mapping 9 from X onto
X' such that both ? and m"l are measure preserving and such that
T' ¢(x) = ¢(Tx), x € X. Since in ergodic theory one adopts the
point of view that sets of measure zero are of no consequence,
one normally employs the concept of isomorphism (mod 0) rather
than isomorphism. (X, £, B, T) and (X', Z', W', T') are

isomorphic (mod 0) if there exist invariant subsets X and X' of

X and X', respectively, whose complements are of zero measure and
such that (E; ﬁ, E,‘¥) is isomorphic to (%', ?n’ E', T "« 4In
general we will say that (X, £, i, T) has a property (mod 0) if
a system (X', Z', p', T') obtained from (X, £, i, T) by removal
of a set of measure zero has the property.

Invariants of abstract dynamical systems are properties

which are shared by all systems isomorphic to each other. Hence

7. For infinite systems the situation is more complicated,as we
shall see.

8. Here & denotes T restricted to X, etc..

9. We will very often delete the expression "(mod 0)" from "iso-
morphism (mod 0)", as well as from similar expressions. All
expressions of isomorphism are to be so understood.
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they serve to classify dynamical systems. It is clear that both
mixing and ergodicity are invariants. Properties of Hamiltonian
systems which are not invariants are obviously those which cannot
be encompassed within the abstract framework of ergodic theory.

5. Spectral invariants

An important class of invariants is composed of the spectral

invariants. These are the unitary invariants of the unitary

operator UT on Lz(p) induced by T via

U f=£0T, £¢ Lz(u) (2]

For example, the spectrum of UT is a spectral invariant. UT has
1
a simple eigenvalue 1 if and only if T is ergodic. . If the

2
spectrum of U, on the orthogonal complement in L (k) of the constants

s
is absolutely continuous with respect to Lebesgue measure, the
system is mixing, while the continuity of the spectrum of UT there
is equivalent to weak mixing [2, 17]. The absolute continuity of
the spectrum (apart from the eigenvalue 1) of unitary operators

of the form UT (induced unitaries) is equivalent to their having

(homogeneous) Lebesgue spectrum, a necessary and sufficient con-

dition for which is that there exist an orthonormal basis (of the

10. We will often say that T has a certain property rather than
saying that (X, Z, ik, T) has that property.
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orthogonal complement of the constants) of functions f; (3.€.2
i=1, 2,...,1; I is the multiplicity of the Lebesque spectrum)

i
j#1°

for which we have UT f; = £
For ergodic discrete dynamical systems with discrete spectruﬁ,
the spectral invariants (the eigenvalues and their multiplicites)
form a complete set of invariants: two such systems are isamorphicl1
if they have the same spectral invariants. [17]. < We shall see
that in general the spectral invariants are not complete.
6. K-systems
We now come to the more recent ergodic theoretic concepts,
which illustrate the manner in which determinism on the one hand,
and instability, indeterminism, and intrinsic statistics,on the
other,can appear as different aspects of the same underlying
‘structures. The first of these are the K-systems (or flows),
which were introduced by Kolmogorov [19], and are a generaliza-
tion of the Anosov flows or C-systems (2] (about which we shall
have nothing further to say). Heuristically, these are systems
which possess sufficient instability to render '"practical' measure-
ments completely nondeterministic, in a sense which we shall
later elucidate.

Before we proceed to a formal description, it will be con-

venient to comment briefly on continuous Lebesgue spaces L3z,

11. Strictly speaking, conjugate L17,4]



These are measure spaces isomorphic to the unit interval with

Lebesgue measure.12 Restriction to Lebesgue spaces avoids
pathological situations and leads to harmony between the point
set and the measure algebraic points of view [17, 37].13 Further-
more, such a restriction is not really very stringent since, in
fact, most spaces encountered in practice are Lebesgue [37, 21,
Henceforth, all measure space to which we refer will be assumed
to be continuous Lebesgue spaces, unless we explicitly indicate
the contrary.

An important fact about Lebesgue spaces is that they admit
of a natural correspondence between sub - ¢ - algebras (mod 0) [33]
and an important class of partitions, the measurable partitions
(mod 0) [37]. A partition of a space X is a family of disjoint

subsets of X (the elements or fibers of the partition) whose

union is X. It is natural to consider only partitions whose
elements are measurable. However, if the partition is uncount-

able, the measurability of each of its elenents does not preclude

12. A general Lebesgue. space is a probability space composed of a
part isomorphic to a subinterval of the unit interval (with
Lebesque measure) and a part consisting of a finite or count-
able number of atoms. '

13. E.g., conjugacy and isomorphism are equivalent for Lebesque
spaces.
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the possibility that the partition is, in a significant sense,
unmeasurable, since typical elements cof the partiton may be of
measure zero. A measurable partition [2, 37] of a Lebesque
space X can be generated by a countable family {Fi}i € 7 of
measurable subsets of X (we write C = ( (lrig)) in the sense
that two points of X are in the same element of { if, and only
if, for every i € Z they are either both in Fi or both in the
complement of Fi' By means of such families one can establish
a one to one correspondence between measurable partitions and
sub - 0 - algebras. It is the measurable partitions which
possess a ''canonical system of measure', admitting a generali-
zation of iterated integrals [37, 121,

We conclude the discussion of Lebesgue spaces with two
important theorems (37]:

1) A countable family {ri} of measurable subsets generates
the full 0 - algebra £ (mod 0) if, and only if, it separates the
points of X (mod 0)14.

2) A factor space of a Lebesgue space with respect to a

I 2 15
measurable partition is a Lebesgue space.

14, In the sense that for any pair of points in X we can find a
member of the family containing one of the points but not the
other.

15. The factor space of the measure space (X, £, p) with respect
to the partition { is the space whose elements are the fibers
of C, with measure induced by K.
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If Ql and Cz are partitions we write Ql < Qz and say that
QZ is finer than Gl (Ql is coarser than Cz) if the elements of
Cl are unions of elements of CZ. If iﬁy} is any family of
measurable partitions (mod 0), we denote by g gﬂ the coarsest
measurable partition (mod 0) finer (mod 0) than all the Qy,
and by Q Qm, the finest measurable partition (mod 0) coarser
(mod 0) than all the G,. Ql v C2 is the partition whose elements
are the intersections of the elements of Cl and Gz. For P a
countable partition and T an automorphism of a measure space X,
we will alsp denote by ig-m Ti P the CO-algebra generated by the

sets of the family of partitions iTJPij : We will say that

€ Z
@

P is a generator for T if ii-“ T P is the full O-algebra, Z.

We can map the dynamical system (X, £, i, T) onto a process
(with the shift on doubly infinite sequences as the automorphism)
determined by P (the (P,T) - process) by mapping each point x € X
onto the doubly infinite sequence of labels of elements of P whose
jth member is the label of the element of P containing T%{ (the
P-name of x) and equipping the sequences with the (stationary)
measure induced by . If P is a generator for T, (X, £, ¥, T) is,
in fact, isomorphic to the (P,T)-process [32F).

Due to the coarseness of realistic measurements of physical

systems and other practical limitations, we can associate with

such a measurement a finite partition P of the phase space of the
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system (representing the set of distinguishable outcomes.) If
we subject the system to '"constant" observation, the best we
could hope to accomplish would be to perform a sequence of such
measurements separated by time intervals of some nonvanishing
length T. Thus a (P, TT)-process can be regarded as a mathe-
matical model of the realistic observation of a physical system.
In the case of a K-system, as we shall see, such a process must
be nondeterministic in the sense that the present is not uniquely
determined by the entire past.

Formally, a dynamical system (X, £, b, T) is said to be a
K-system (and T a K-automorphism) if there exists a measurable
partition { (a K-partition) such that

1) TC2EC (mod 0);

1

2) Vv ™ ¢ €(mod 0), where € is the partition of X into
n

its points;

3) g ™ ¢ V(mod 0), where V is the trivial partition of X
whose sole element is X itself. (For the definition of a K-flow,

see Chapter IV, section 5.) Geometrically, this definition indicates
a sense in which K-systems are unstable: the fibers of (, which as
time evolves in one direction contract to single points, in the other
direction expand to "fill the entire space'.

There are many equivalent formulations of the concept of a

K-system. We here give two other useful formulations [43]:
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a) A system (X, Z, ¥, T) is a K-system if, and only if, for

every finite partition P and every subset A € Z we have

lim sup_. " (ANC) - (A) @(C)l = 0.
= c€ \j/=-’-‘° TP

b) (X, £, B, T) is a K-system if, and only if, all finite

@® - B
partitions P have trivial tails (i.e.,ngO ji_m TIP contains

only sets of measure zero or measure one.)

It follows from b) that K-systems are completely nondeterminis-
tic: The "remote past'" of all processes de?érmined by a nontrivial
finite partition P of a K-system contains no information, implying,
in particular, that such processes are nondeterministic (i.e.,

P ¥ ?=1 TjP), a) implies that K-systems are mixing. Not only

is the K-system property stronger than mixing, but K-systems, in
fact, have homogeneous Lebesgue spectrum of (countably) infinite
multiplicity A B Thus, since, as we shall see, not all K-systems
are isomorphic, the spectral invariants do not form a complete set
of invariants,.

An example of a K-system, of which we shall later make much
use, is the baker's transformation [2], (B, Eo’ Bos TO).

(B, £ , uo) is the unit square,{(x,y) € RZ: 0 < x,y <1}, with

o
Lebesgue measure and
(2x, %y) if x <%

T (x,y) =
* (2x-1, by + %) if x> % .
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It is not difficult to see that Yo, the partition of B into verti-
cal lines, is a K-partition for the baker's transformation.

An important class of K-systems consists of the Bernoulli
shifts, which we denote by B(p,> pl""’pn-l) (pi >0, Z P, 1).
The measure space of B(po,...,pn_l) is the measure theoretic
product of a doubly infinite sequence of copies of the space
2h - 10, ot ses; n-1} with measure given by the probability vector

(po,...,pn_l). The automorphism S of B (po,...,pn_l) is the

shift on doubly infinite sequences:

(s§)-_.I =g

42 =y 8155, 505..2), 5, €2, 4 €z,

(o] i

The partition corresponding to the O-algebra generated by the
variables §j, j 2 0 is a K-partition, as follows from the zero-
one law for tail events [10].

The baker's transformation is isomorphic to the Bernoulli

shift B(%,%) [2]; the isomorphism is realized by the mapping

€ P @) = (x,y) = (. Eo él %2 ...,.%_1 %_2...).

In the above we have expressed X and y € CO,l) in binary
notation. Until recently it was believed that every K-system is
isomorphic to some Bernoulli shift. However, Ornstein [40] has
found an uncountable family of K-systems which are not isomorphic

to Bernoulli shifts.
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Since two Bernoulli shifts cannot be distinguished by any
of the invariants we have so far discussed, it was wondered for
a long time whether all Bernoulli shifts might not be isomorphic.
The question was answered negatively with the introduction by
Kolmogorov [19] of a new metric iﬁvariant: the entropy.

7. Entropy [4]

The entropy can be regarded as a measure of the extent to
which a process or a system is nondeterministic. We will define
it in stages.

The entropy of a countable partition P = {Pif, defined by
H(P) = - ? P (Pi) log W (Pi)’ is a measure of the information
contained in P (or of the average '"uncertainty" removable by a
determination of which element of P contains the state of our
system.) A key fact about the entropy of a partition is that it
is of the form Z | (M(Pi)), with T strictly concave in the unit

interval.

The conditional entropy of the partition P = {Pii given the

partition Q = in} is defined by

H(PIQ)

]
.

= =k =
L@y Hle) = F k(@) § ueeley) log ke oy,

with k(2 [Q) = u(e, NQ)/k@Q,).

It is a measure of the information contained in P above and beyond

the information already contained in Q. Some important relations
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involving conditional entropy are the following:
1) H(PVQIIR) = H(PlIR) + H(QIIPVR),
2) H(RlrR) S HQ@IR) if P ZQ,
3) H(ellQ) > neelir) if Q <R,

and, in particular,

4) 0 < H(PlIQ) < H(P), with equality attained on the left if,
and only if, P < Q, and on the right if, and only if, P and Q are
independent (i.e., P-(Pi n Qj) - H(Pi) M(Qj) for all i,j).le

The entropy of a partition P = 1Pi! relative to an automorpHiSm

1
T ’ is given by

n-1 .
h(P,T) = lim 1/n H( vV TIp)
 * j=
e o=k .

(= lim 1/n (H(P) + HEPIT "P) + ++- + H(Bl V_, T IP)

n—= J—l

TIEE | 9,

= 1lim H(P/l V_, T 7P) = H(®l Y_, T “P)).

La 80l Yy = el )

It is a measure of the asymptotic rate at which the (P,T) process
produces information. It follows from 4) that h(P,T) » 0 if, and

only if, the (P,T)-process is nondeterministic. If h(P,T) = 0 for

1l€é. The above results can be extended to embrace general measurable
partitions as well as countable ones [33].

17. The entropy of the (P,T)-process



20

every nontrivial partition P, the automorphism T is said to have

completely positive entropy. A theorem of Rohlin and Sinai says

that T is a K-automorphism if, and only if, T has completely
positive entropy (43]. Thus K-systems are precisely those

systems which are completely nondeterministic.

Finally, the entropy of an automorphism T is defined by
h(T) = sup h(P,T). (The supremum could in fact be taken

P finite 18
over all partitions of finite entropy [33].) "h(T) is clearly

an invariant. Furthermore, by virtue of a theorem (4] of
Kolmogorov and Sinai which says that if P is a generator for T
h(T) = h(P,T), the entropy can be easily computed for many
systems. In particular, the partition Po determined by the
coordinate go of a Bernoulli shift is clearly a generator for S.
In addition, it has the property that the sequence Po’ SPO, 52 Po,...

forms an independent sequence of partitions [39] (thus Po is

said to be an independent generator), so that, as follows from

1) and 4), h(Po,S) = H(Po). The entropy of B(po,pl,...,pi,...)
is thus given by -§ Py log p;» It is trivial that two Bernoulli
shifts with different entropies cannot be isomorphic; but whether

all Bernoulli shifts with the same entropy (e.g., B(%,%,%,%) and

18. The entropy of a flow 1Tti is defined as the entropy of T
By a "formula of Abramov" (5] h(Tt) = |t‘ h(Tl).

1
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B(%, 1/8, 1/8, 1/8, 1/8)) are isomorphic proved to be a difficult
problem.

8. Bernoulli systems and Ornstein's theorems

It is convenient to extend the notion of Bernoulli Shift to

that of the generalized Bernoulli Shift; a generalized Bernoulli

Shift is constructed as is a Bernoulli shift except that the
probability space of which we form a doubly infinite product can
be taken to be any Lebesque space rather than only a discrete
space. In investigating the question of isomorphism between
Bernoulli Shifts it proved useful to characterize systems iso-
morphic to B(...pi...) as systems which possess an independent
generator P = lPii for which u(Pi) = pi for all i (with an
analagous result for a generalized B;rnoulli shift.) The
(generalized) Bernoulli shifts are clearly systems with the
strongest possible stochastic properties: if P is an independent
generator then the (P,T)-process is completely random.

Ornstein's main result concerning (generalized) Bernoulli
shifts is the following: Two Bernoulli shifts with the same
entropy (which may be infinite) are isomorphic [26, 27]. Thus
the entropy is a complete invariant for Bernoulli shifts.

The flow thg is said to be a Bernoulli flow if T1 is a

Bernoulli shift. Ornstein [29,30] has shown that Bernoulli
flows exist, that two Bernoulli flows of finite entropy are

isomorphic {except possibly for a change in the scale of time
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which may be necessary to insure that the flows have equal entropy),
and that two Bernoulli flows of infinite entropy are isomorphic.
Since there éxists a simple standard Bernoulli flow {Sti (a
certain flow built under a function) such that for each t,

St can be shown to be Bernoulli [29], it follows from Ornstein's
theorem on Bernoulli flows that if iTtE is a Bernoulli flow, Tf

is a Bernoulli shift for any T € R. Thus to show that a flow

!Tti is Bernoulli, it suffices to show that for some to’ 'I't
o

is a Bernoulli shift.

If P is an independent generator for T, the (P,T)-process
is obviously isomorphic to the process representing the behavior
of a fair roulette wheel. Ornstein has shown that if P is any
finite partition and T a Bernoulli shift, the (P,T)-process
(a B-process) can be approximated arbitrarily well by finite
codings of a roulette wheel, or by a multistep mixing Markov
process19 Esz2].

Sinai has shown that the time evolution of the microcanonical
ensemble of the hard sphere gas in a box is a K-flow [41].
Gallavotti and Ornstein [31] have augmented Sinai's argument to

show that this system is, in fact, a Bernoulli flow. We thus

19. Intuitively, two processes are close if one of the processes
can be obtained by infrequent modification of the other pro-
cess.

i
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have an example of a mechanical system which is a moderately

accurate model of a realistic physical system and which has a

representation as, and for which certain complete measurements
20 ’

may form, a totally random process . Furthermore, by virtue of

a theorem of Sinai asserting that for an ergodic automorphism

T with h(T) > -Z Py log Py (pi >0, ij = 1), there exists a

]

partition P {Pig for which M(Pi) vty for all i , and such
that the TjP are independent [43], typical (i.e., ergodic with
nonzero entropy) mechanical (Hamiltonian) systems are homomorphic
to totally random processes.

We con;lude by observing that any mechanical realization of
a Bernoulli flow provides and "upper bound" on the extent to
which the formal ergodic theoretic structure to which we have
referred can account for ''good thermodynamic behavior', since any

two Bernoulli flows are formally identical (unless one has

finite entropy and the other infinite entropy.)

20. The measurements to which we refer are complete in the sense
that if they are performed periodically throughout all of time,
the state of the system can be completely determined.
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II. Exrgodic Properties Of Simple Model System With Collisions

1. Introduction

We are interested in the ergodic properties of dilute gas
systems. These may be thought of as Hamiltonian dynamical
systems in which the particles move freely except during binary
'collisions'. 1In a collision the velocities of the colliding
particles undergo a transformation with 'good' mixing properties
(c.f. Sinai's study of the billiard problem [41]). To gain an
understanding of such systems we have studied the following
simple discrete time model: The system consists of a single particle
with coordinate r = (X,y) in a two dimensional torus with sides
of length (Lx’ Ly)’ and 'velocity' w = (vx, vy), in the unit
square, Y € [0,1), vy € [0,1). The phase space I is thus a
direct product of the torus and the unit square. The transforma-
tion T which takes the system from a dynamical state (r, v) at
'time' j to a new dynamical state T(r, v) at time j + 1 may be
pictured as resulting from the particle moving freely during the
unit time interval between j and j + 1 and then undergoing a
'collision' in which its velocity changes according to the baker's

transformation, i.e.

*Most of this chapter has been taken from [1s].
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T(z, v) = (r +¥, By,

with

(2vx, % vy) s 05 ¥ <X
B(vx, vy) =
(2vx -5 % vy +%) , % f v %1 .

The normalized Lebesgue measure du = dxdydvxdvy/LxLy =
= dr dv / LX Ly in I is left invariant by T. We call UT the
unitary transformation induced by T on L2(dp), UTQ =@ oT.

Qur interest lies then in the ergodic properties of T and in the
spectrum of UT'

We note first that the transformation B on the velocities is,
when taken by itself as a transformation of the unit square with
measure dv, well known to be isomorphic to a Bernmoulli shift. It
has therefore got very good mixing properties. The isomorphism is

obtained by setting

[«2] : .
=5 273 s -je
k. IR B B R,

1

with the §j independent random variables taking the values 0 and 1

each with probability 4. We then have
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2, Ergodic properties.

The ergodic properties of our system which combines B with
- -1
free motion turn out to depend on whether Lxl and Ly satisfy

the independence condition(il

L TR £ Z for n_ and n_ integers unless n_=n_= 0
% B% y X y X y

Theorem 1: When (I) holds the spectrum of UT, on the complement of
the one-dimensional subspace generated by the constants, is abso-
lutely continuous with respect to Lebesgue measure and has infinite
multiplicity.

It follows from Theorem 1 that when(i)holds the dynamical
system (I',T,u) is at least mixing. We do not know at present
whether it is also a Bernoulli shift or at least a K-system.
Theorem 2: When(i)does not hold the system (I',T,u) is not ergodic.

The proof of Theorem 1 has two parts: a general characteriza-
tion of unitary operators with Lebesgue spectrum and a set of
estimates.

Lemma : Let U be a unitary operatory on a Hilbert space 7{, with

2T 46
spectral representation U = Jo et P (d®). Assume that there
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* @
exists a total set of vectors iﬂii such that §=l |Unﬂi|ﬂi)|< o for

all i. Then the spectral measure g(de) is absclutely continuous
with respect to Lebesgue measure, i.e., if E is a Borel set of
Lebesque measure 0, then P(E) = O.

Proof: We have

(Un ¢i l@i) = J eine (P(d®) ﬂi‘ﬂi), i.e., the function

n
nt (U9, 19,

is the Fourier transform of the measure (P(d9) ﬂilﬁi). On the
: [0, lo)] <= es

other hand, & lu @i Gi) s SO We can compute its inverse

Fourier transform in the elementary way. By the uniqueness of

the Fourier transform, we get:

-in

= b5 e n
e [0y = a8 . £ W g l0)

21
so the numerical measure (E(de)ﬂilﬂi) is absolutely continuous
with respect to Lebesque measure. If E is a Borel set of Lebesque

measure 0,
llp(E) (Ziill2 = (2(E) 9,10,) =0, so B(E)D, = 0 for all §_.

But the vectors i@i} form a total set, so P(E) = 0 as desired,.
Now the estimates: Let X(1) = 1; X(0) = -1. For each

finite subset X of Z, we define

* A set of vectors is said to be total if the finite linear span of
this set of vectors is dense.
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X @ = T X,

j€X

The Xx form an orthonormal basis for Lz(dg). Similarly the

o CR . = =721 =TT
functions exp (ik-r), ki (kx,ky), kx 2 nx/Lx’ky 2 ny/Ly’nx and ny

integers , form an orthogonal basis for Lz(dz). Thus, the

functions Q)X | = exp (ik-x) )S((Q form a orthonormal basis for
L4
[==]
Lz(dp-). We will prove that =__ |(u® @ |g )| <= unless
n=1 T Xl’El XZ’&Z

k., ‘e =0;X1=X2=0.

By straightforward computation,

n _ ) _

Up QXI,EI B ¢x1+n (v) exp (ik-r) exp (ik.(yx + By + ... + B
Thus

: o . X

J dr (U, @ ) @ = 0 unless k, =k, (=k).

T XLk Xk At

S0 we assume El = Ez = k. Also,

; - 3 L

.l dl’.(UT ﬁxl’o)@xz’o 0 unless X?_ X2 + n,

so the result is trivally true for k = 0. We therefore assume

k # 0.

Now

).
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(L L) ™ dzdy 79 \9 ol M) @expk(utty +.. 8 TY)
T X k* - x]_ Xz DANTLOV "o _) .
A & i el j n-1 ., - L y
=2 % 3z =2 2 -1 , = -
= §_1 $¥e (where this equation defines @,)
j - i g o= j n-1 E 1 E
= 2 K bN =3 -
By " ? s G20 B9y "G00t Cyna
n e n-4 - .
= 2 s
-1 i=1V(-£+1) = e g
= V = 4 A
Now let £2 1V max {XZL 21 inf [xl} 0.
Then
n+£l-1
n o i(Of b, & Bﬂ ky)gz
= T X
UT ﬂxl,g : zes_l’i ,(2,:1,2.4.]_ e [fn of the

gﬂ's for 4 € (22, n+£1)]

By independence, the integral of the product on the right is the
product of the integrals, and the unspecified function of the

Eﬂ's,ﬂ f (ﬂz, n+£l) is no greater than one in absolute value, so
L -
n-+ 1 1

-1 -
L) |dvdz v} ¢K1’k i QXZ,El < E=£2+1l% Lexp ok +1 szy)+1]l.

For L's within the limits of the product, we have
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n p -i -4
G e - e e
n-4
n _ L _  pe{aek)
By 22,2 =1~2 .

n
a o~ 1, and the

~

; n
Thus, for most of the terms in the product, @, = B

number of terms is n - const. for large n. In particular, if we

put

Y=3% ‘exp [i(kx + ky)]+l| < 1 (by our fundamental assumption),

I(U; ox kl g n/2
1°—=

X )l <y for all sufficiently large n, and we have

2=

y) -

| (v | o

n
¢ 0X k

1? X,k

[+=]
P
n=1 23
as desired.

The fact that the mulitplicity is infinite is trivial. We
have Lz(d!) C;Lz(dgﬁg), and we already know that the spectrum of
UT restricted to Lz(dg) has infinite multiplicity.

To obtain a proof of Theorem 2, we note that ergodicity is

equivalent to

-1 ) J v .
oo d @ W = (Jaup) (Jau?), 9, ¥ e 12 (ap).

aM=

lim
N-—om

1
N

For ® or Y orthogonal to the constants we must then have Cesaro

convergence to zero when the system is ergodic. We prove that the
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system is nonergodic by finding @ and Y orthogonal to the con-
stants such that the above integral converges (strictly) to a non
zero number.

Let n ny be such that nx/Lx + ny/Ly € Z and n and ny are

not both 0, and let k =2Tn /L , k =2Tn /L . We set
X X X : vy

y
g=Y= ﬂo K and compute as before the relevant integrals:

) n 3 r ael
I, = Ja Uyl - Bo,p = Jau exp ik 'GO > 9]

= Jdv T exp l:i(k}c sz + ky BE) §£]

f ==

= , .0 . al
- E____m% (1 +exp (4 @, kx + i BL ky)].

L . (n-1) A(4-1)
n_s -1 _ -4 m_ -2 nf\E_ >
Here @) = 31y (4on+1) 2 1 2.5 27=2 “(2 1) for £ >0
n-4 n-1
; n -i_4-1 -m_, 0N L-n
and vanishes for £ < 0, and B, = Ei=1V(-£+1)2 =2 §1=0V£2 =2" -2

for £ < n and vanishes for 4 Z n.

We thus have found that

= g i1+ [1 2 - 2%y i 3}
I =7 exp Li (27 - ) ky
n-1
X Pu1 311 +exp i L(1-2'E) k + (1-2'(“'2)) ky]l

X E_n L {1 et kx(z'(ﬁ““) =271

]

1 2 3
F, (0 Fo(0) Fo(0)

with Fi(b = Fi(ky) & §=0 5 {1 + expli ky Q2™ - 2—(m+n)):“
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¥ow b ATl in L8
P = Fa(k) = FL(k)

n-1
W) = f b+ exe (127 i+ 127 P D)

Since k + k € 2T Z, we have
X b 4
F2(k = gy 511 + expl-i (k 27t 4 27(@-8) 1}
B =75 expl-i (k_ 9 yJi.

We now complete the proof by showing that (for k* + ky € 21 2)

Lim F:;(_lg) =al 20, 1=1,2,3.

n—-im
We do this by showing that the log F;(E) converge to a finite

limit.

We first show that
= m
§=0 Ilog L (1 + exp ik/2™)| <=,

| We have log %5 (1 + exp i k/2m5 = log % |1+exp ik/2ml+i¢(i+expik/2m)
where @#(z) = © for z = Izl eie. Now log % l1+exp ik/2m|=% log %(1+cosk/2n5
>'Yogucon k/I® > K log LG T8™)> W2 /A™, and § (Ltexp 1k/2™)
> @ (exp ik/ij = /2™ for m sufficiently large. Since I(HT<e
and z(%)m < ® ye have the desired result (assuming k is such that
the first few terms are well behaved).
We now consider log Fi(g) = §=0 log % (l+exp iky(Z-m-Z‘(m+n})).
We show that lim log Fi(h) exists and is finite. For m sufficiently

n-'co

large we have
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l10g % 11+exp[iky(2'm-2'(“““)ﬂ}l<llog § (Ltexp ik /2|

and we have just shown that Z|log % (l+exp iky/Zm)l <® ., Thus

lim §=0 log % {1+exp[iky(2-m-2-(m*n)ﬂ§ = §=0 iif N log ik x

n—om

= @
(1+exp[iky(2'“‘-2 (win) gy |a Z_ log 5 (l+exp iky/2m) = and |o|<=,

We have thus shown that Fi and Fi have the desired properties.

We now consider

log Fi (k) =

n-1

5 3 m n=
L) log b {wvexpl-i (e /2% +k /2" ™)]]
g—l [én-l)/Z] g-l

0 , n odd
where Cn =

log An/Z,n’ n even .,

2 -
log Fn(_ls) = Gn (kx,ky) + Gn (ky,kx) + Cn 3

where Gn(kx’ky) =

[(n-1)/2] i = M
w21 log % { l+expl -i (kx/2 - ky/z )14,
Since Cn = we conclude the proof by showing that Gn converges

to a finite limit.
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B8

= X
Gn (kx,ky) m=1 ans

A s n=l-1)/2]

0 , m>[(n-1)/2]

and
< - m =
Ianl |10g L1+ expl-i (kx + ky)/Z 14 | Dm 5
for m sufficiently large.

We have shown that Z Dm < ® , Thus lim G, (kx’ky) =

n—po:

88

=1

'l =§ i - <
lim Bmn L log % (1 + exp 1kx/2 ) 3

n-»u:

(1If kx and ky are such that some of the terms at the beginning of
the series which we discussed are singular, one easily removes the
difficulty by an appropriate change in the functions @ and ¥
introduced at the beginning of the proof of theorem 2.
We also note that for the case where Lx/Ly is rational we can
find explicitly a nonconstant function f which is left invariant
by UT. From the fact that UB (vx + 2 vy) = 2vx +-vy, it follows
that f(x-y-vx-Zvy) is invariant if f is doubly periodic with periods
Lx and Ly’ 80 that we can construct an infinite family of ortho-
normal invariant functions fn : fn = exP { (i 2™/L) (x-y-vx -2vy)t with

L /r = Ly/s =L, r and s integers.)
X



III Infinite Systems

1. Importance

A key feature of the systems which are treated in statistical
mechanics is that they consist of a very large number of subsystems;
it is only in such a limit that one expects thermodynamic behavior

to be exhibted. Rather than taking limits it is natural to employ

infinite systems ab initio, in the hope that, in exhibiting

" Mexact" thermodynamic behavior, the intricacies unrelated to
thermodynamic behavior which are associated with a large but
finite number of degrees of freedom might be avoided. Moreover,
new and powerful modes of description and mathematical tools
are suggested by a consideration of infinite systems. For
example, the translation invariance of particle interactions,
unencumbered by the walls between which finite systems evolve,
implies the possibility of a tramslation invariant description
of infinite systems, which corresponds to the homogeneity of
actual physical systems and is a powerful tool. Thus the study
of the ergodic properties of the (statistical) states of infinite
systems under translations is suggested.
2. Measures

In view of the above remarks, and the discussion in Chapter I,

it is natural to consider the ergodic properties of the time
evolution of the equilibrium states of infinite systems of
particles. 1In this regard two problems immediately arise:

1) To what extent can the time evolution determined by
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Hamilton's equations for finite systems be generalized to an

infinite number of degrees of freedom?

2) What,if anything, is the analogue of the finite system
microcanonical ensemble?
We shall discuss the latter question in this section.

We must first describe the phase space of an infinite
system of particles moving in a (physical) space of dimension

Y. We take as our phase space I the set of infinife locally

finite configurations in ® ® rY

a subset x of FRv ® 1Rv for which the cardinality of (V@ iRu) n x

is finite for bounded vc m’ 1

, i.e., an element of T is

; we thus consider only states
for which bounded regions of space contain only a finite number
of particles.
It is clear that the microcanonical ensemble cannot be
directly transported to an infinite system; for one thing there
is no analogue of the energy surface: essentially all configurations
have infinite energy. However, corresponding to given values
€ and p of energy per unit volume and density (or, equivalently,
B = 1/kT and z of inverse temperature and activity) one can

as an infinite volume limit
v

i
B,z

ensembles at inverse termperature f and activity z in a finite

define an equilibrium state U

B,z

(in a suitable topology) of a sequence {P } of grand canonical

i For many systems it is necessary to define an infinite
locally finite configuration as a locally finite multiplicity

function on m? ® IRP (which gives the number of particles at

each point of IRV ® lRy); this definition will not be needed

for the systems which we shall consider, except in section 3.
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volume Vi determined by, say, a pair potential @(qi- qj) and
suitable boundary conditions (corresponding, e.g., to a
configuration of particles outside of V) (6, 36, 24]. For

a suitable interaction ® (e.g., for superstable [46] @) one

can obtain in this way a probability measure on the quasi-local
O-algebra over m? ® IRP, which is generated by the symmetric
Lebesque measurable functions on configurations in V ®IRV,
where V C m? ranges over all bounded Lebesque measurable sets.

This measure is uniquely specified by its restrictions to finite

volumes V; these can be described by a system of (symmetric)

n
density distributions {uv (ql, P13 Ggs Poie-+3 dps pn)} /Y
ne#

-]
on Z (V@& mu)n_
n=o

The equilibrium state at given B, z need not be unique

(even given the particle interaction); the limit may depend,
e.g., upon the sequence of boundary conditions. One can prove
uniqueness for a dilute gas [36], but Dobrushin [7] has found
examples of lattice gases for which inequivalent translation
invariant equilibrium states exist for some values of f§ and z.

A unique equilibrium state, which, of course, must be translatiocn
invariant, is, by virtue of Doob's martingale theoremz, a K-
system under translations3, hence has good cluster properties
(24, 6], and presumably represents a pure thermodynamic phase

[35, 36]. More generally, unique translation invariant equilibrium

2. See Chapter IV, sectiom 5.
3. For ergodic properties under several automorphisms, see
Chapter V.



states or extremal translation invariant equilibrium states,
which, of course, are translation ergodic, represent pure
thermodynamic phases, while a non-ergodic translation invariant
equilibrium state represents a mixture of coexisting phases
(which are represented by its ergodic components. The extremal
invariant components of an invariant equilibrium state are
equilibrium states [36].)

If the infinite system is composed of noninteracting
particles, the description of equilibrium states is greatly
simplified; since in this case boundary conditions are of no
consequence, there being no interaction with the 'boundary",
the unique fimit of grand canonical ensembles is trivial to
take. As we shall be dealing primarily with systems of this
type, we shall soon describe their equilibrium states in a

concise manner.

- O Time evolution

38

One can formally write down the infinite system of equations

governing the motion of a system of infinitely many particles:
dqi/dt = p,;; dpi/dt = jgi F(qi - qj), with F(q) = - grad %(q).

However, for many configurations these equations may not make
sense; some terms may diverge. For many more configurations
the equations, though initially meaningful, induce a

motion which after a finite time leads the system to a

catastrophic configuration, in which the equations of motion
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are no longer meaningful. The problem, then, is to show that
the equations admit of "unique'" globally defined solutions
for sufficiently many initial configurations to permit
significant discussion of the time evolution of (equilibrium)
states. It has been solved by 0. Lanford [20, 21, 23], who
has shown, in particular, the following:

1) For one-dimensional systems with suitable potential
&, the set of initial configurations which do not admit of
globally defined solutions satisfying a "regularity" condition
has measure zero with respect to equilibrium states characterized
by a suitable potential and activity z. [21]

2) For a Y-dimensional system (V arbitrary) with rather
unrestrictive conditions on the potential @, the set of initial
configurations which do not admit of globally defined solutions,
satisfying a regularity condition much more complicated than
the one in 1), has zero measure with respect to any equilibrium
state for the potential ®. [23]

3) The regularity conditions admit of at most onme solution
with a given initial configuration. [20, 23]

4) The equilibrium states for the potential @ are invariant
under the time evolution induced by the regular solutions of
the equations determined by & (for suitable & and z.) [21, 23]

Once again, as the systems with which we shall be concerned
are of noninteracting‘particles, they will not be subject to

the above difficulties; for these systems the time evolution
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can be trivially obtained from the time evolution of a single
particle, and the equilibrium states will be trivially invariant
under this evolution.

4, Physical interpretation and significance of ergodic properties

of infinite systems.

Insofar as the ergodic properties under space translations
are concerned, having already referred to ergodicity and K-mixing,
we will merely remark that a state of a lattice sy;tem which is
Bernoulli under translations can be globally approximated by a
state induced by a finite range interactiona.

Concerning the ergodic properties under time evolutionm,
we observe that our previous assumption concerning sets of zero
measure is not valid for infinite volume equilibrium states;
in fact, inasmuch as an equilibrium state corresponding to a
pure thermodynamic phase is ergodic (under translatioms),
equilibrium states representing different phases are mutually
singular [4]. Hence we cannot in general ascribe probability
zero to sets of measure zero with respect to an equilibrium
state, without a dynamical justification. Accordingly, the
justification for the use of ergodic ensembles given in Chapter
I cannot be applied to ergodic infinite volume equilibrium

states.

4. See chapter I, section 8.
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We have seen that mixing implies the approach to equilibrium
of nonequilibrium states absolutely continuous with respect to
the equilibrium state. In view of the preceding paragraph the
restriction to absolutely continuous nonequilibrium states is
severe for infinite systems. In fact, no spatially homogeneous
nonequilibrium state can be absolutely continuous with respect
to an equilibrium state representing a pure phase . In
view of the quasilocal structure of equilibrium mea.sures, a
measure absolutely continuous relative to an equilibrium state
represents a ''local perturbation" of that state. Hence, for
infinite volume equilibrium states mixing implies return to
equilibrium, but not approach to equilibrium.

It is also of much less significance for an infinite
system to be a K-system. Unlike the situation for finite
systems, the requirement that no finite partition approximate
the system sufficiently well to be deterministic is hardly a
restriction at all; one cannot really expect to approximate
an infinite system equipéed with a quasi-local Uo-algebra by
a finite "coarse graining'.

Consider, for example, the infinite ideal gas, an equilibrium
state U;’p of which can be characterized by saying that the
positions of the particles are Poisson distributed ianv with
density p and the velocities of the particles ,which are independent
of each other and of the positions, have identical Maxwellian

distributions corresponding to the inverse temperature f.

5 HuB is Mazwellian with inverse temperature B if dPB= /B2

- 2 - .
exp (-5 Bv ") d v (taking the mass to be unity).
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U; P is invariant under the ideal gas time evolution Tt (induced
?
by the evolution {q(t) = q + vt, v(t) = v} for a single particle),

and we will soon show that the time evolution of uI is a

BsP

Bernoulli flow. We observe however, that a probability measure

I
u structed like U
v,0’ constructed like B,p

particles are given a distribution ¥, is also invariant under

except that the velocities of the

; h u hich i i 1 h U i
T,; hence v,p’ which is singular with respect to 8,0 if

MB # V, does not approach any equilibrium state u;, o (unless

hgr = V).

5. The Poisson construction

For U an equilibrium measure of an infinite system of
noninteracting particles we define for every bounded Lebesque
measurable set A C m? ® :Rv a random variable N(A) equal to
the number of particles with coordinates in A. Let uo(A) = Idu N(A).
Since the particles are noninteracting,N(A) is independent of
N(B) for A and B disjoint. Thus N(A) has Poisson distribution
with mean uOQA). Furthermore the dynamics Tt of the infinite
system may be represented by the equation

TEmEL, 4% o x el
(where we regard x as a set on the right.) Here {To;} is a
uo-flow on RP @ m?. i
Now let (X, Z, ¥, T) be an automorphism of any 9-finite

non atomic measure space. Let X, be the

set of countable subsets of X and for any A € Z let N(A) be
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the function on X_ such that for x€ X , [N(A)](x) = cardinality
of AN x. Let I be the g-algebra generated by the "random
variables" of the form N(A), A € Z , and let k_ be the measure
on Ea for which the N(A) define a Poisscn distribution of points

in X with density given by p (i.e., p, {x € X_ |[NA)] (x) = m}=

exp (- p(A)) ;L(A)m/m!). Define an automorphism T, of Wk by
Tbx' = Ty

for XD x € X, . We will say that (Xa, Ea, v

- Tw), the Poisson

gsystem built over (X, Z, K, T), is obtained from (X, L, *, T)

by a Poisson construction. The system (U, Tt) is clearly the

Poisson system built over the one-particle system (lR? S)BP,ub,Tot),
) £)

so that we have a convenient description of an infinite system

of noninteracting particles.

6. The Fock space representation of the induced unitaries of

6
a Poisson system .

In Chapter V we will have occasion to investigate the

properties of the induced unitary operator U‘I‘ of a Poisson

system (X_, &, *_, T,) built over (X, I, ¥, T); hence we need

a eonvenient representation of the Aaction of U’l‘ on L2 ¢
o -]

which we now provide.

6. I am indebted to Oscar Lanford for the material of this

section.
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E ®n

We denote L (W) by H and write Hn for Hsymm’ n=0,1,2,3,4,...

We identify Hn with the space of all symmetric square integrable
functions on (Xn, u-®n). We will show in particular that L2 (i)

may be identified with the boson Fock space built over

-] -]
H & @ H_) in such a way that U, is identified with @ U, ® ...® U
n T i i i
n=0 ® n=0
(for all automorphisms T), which follows from the
Theorem: There exists a sequence of unitary mappings

- 2 .
En ¢ =L (b)) » B0 =1,2,3,...

such that

1. En (UT ® UT...® Uy f) = UT" Z}n f for all f € H

(and all automorphisms T).
2. ann is orthogonal to the constants and to
EmHm for all m # n. £ e
8. Lz(ua) =C - 19© @
m=]1

H
m m
4. If A is a subset of X with finite measure, and
if f(xl,...,xn) € Hn is zero a.e. outside of A, then En f is
measurable in AS.
Proof: We proceed as follows: We first assume K (X) = ®;
we then prove analogues of 1. and 2. for dense subsets of the

H_ and extend to all the H , obtaining 3. and 4. in the process.

We then use 4.tc remove the restriction K{X) = =,

y 3 H =¢*1 and H, = H.
(] 1

8. ge¢ Lz(ll-n) is measurable in A if g(x N A) = g(x) for all

.
0
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Let H denote the set of all square integrable functions
on (X,p ) with support in some A with pL(A) <= (i.e., f(x) =0
a.e. outside of A) and with J fdu=0. H is dense in H in
view of our assumption that@ X) ==, Let Ff{‘n denote the
n-fold algebraic tensor product of H with itself regarded as
a linear subset of H . Now 'ﬁ"n is dense in H_ and for
£ &,k ) € 'ﬁ'n,fu(dxi) £ (Xse.-% ) = 0 for all i.

Define L onH by & f) (x.}) =/n' L X sovvals )
n n n L PO A lp Oty e

1 n
(a function on Xm). A straightforward computation indicates
that for eachn , En is a unitary mapping of an into L2 (ky) such
that En 'I:fn is orthogonal to the constants and to Em 'ffm for
m ¥ n. We then define E;n through extension by continuity,
immediately obtaining 1. and 2. of the theorem. 4.is valid
for £ € ﬁn; to establish it for all of Hn we compute énf for
fe I-In vanishing outside of A. If, for example, f € H we find

a sequence £ € H converging to f in thu.); then Elf = lim Zlfn.
n =

We may constuct the £ by forming a sequence Mn of subsets of X
with p-(Mn) = ® and put
n 9
F6 = 26 - G ©AMY) J£a.
The latter term clearly converges to zero in Lz(l-h). Also
n .
El £ = 21 f - J f du N(Mn)AJ-(Mn). Since N(Mn)/u(Mn) converges

to the constant function 1 (in I.,2 tg))s Z}lf = Z}lf - If dp .

9. (,DM is the characteristic function of M C X.
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-~

Proceeding in a similar manner, we may express L fn’ for
fn € Hn vanishing outside of some A as a linear combination
- n

of the form En fn -jEO cj Ej fj’ where fj(xl,...,xj) = .I‘ u-(dxj+1)...
I'L(d-x‘n) fn (xl,. ; .,x_n), displaying én fn as a function measurable
in A. We see also that the finite linear span of functions
of the form én fn contains all functions of the form En fn.
Observing that functions of the form exp (i N(A))= %} (i6 N(A)n/n!
are in the closed linear span of functions of the form Z}n fn’
we establish 3.

Finally, if K (X) is finite, we replace (X,4) by (X U X', ¥ @ 'y,
where (X', M') is an infinite measure space. This replaces

(Xgs Hg) by (X g ® X', B, ®HK')). Since 4. implies that if

f e Hn(X), En £ € L2 (H,), the proof is complete.

7. The Bernoulli construction and the ideal gas

There is a simple method which can often be employed to
show that a Poisson system is Bernoulli. The idea is constained
in the following

Proposition: Let {Ci}i € 7 be a measurable partition of the

space X of the system (X, X, ¢, T) (4 may be an infinite measure)

such that T Ci = Ci+1 for all i € Z. For any set A C X let

E'(A) denote the local O-algebra on A (i.e., the sub-U-algebra

of I, generated by Z,_-measurable functions measurable in A, or

equivalently by the functions of the form N(D) with D € Z, D € A).
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Then Zn (Co) is an independent generator for the system (Xa, Ea,

s T

Proof. Observe that

To % (€) =T, (TC) =T, (€, )
hence the Tm:1 Z;,(Co) form an independent sequence of sub-g-algebras,
since disjoint regions of X are independent under the Poisson

construction. The Taj 5 (Co) also generate all of Ea because

The time evolution of the infinite volume equilibrium

states u; P of the ideal gas can be obtained by a Poisson

2
construction from the system (XI, I-LI, TtI). Here XI = Rv d [Rv,

P'I =p P'L® U'B ('“'L denotes Lebesgue measure on R, while M

B

denotes a Maxwellian distribution with parameter B) and

TtI(Q:V) = (q+vt, v), (g,v) € RV ® R”. One easily verifies

I
that uEI =U~ | so that (qu, p.‘mI,

Bsp

the time evolution of an infinite volume equilibrium state of

Tt:) does in fact represent
F

the ideal gas.

Now for many systems, and in particular for the ideal gas,
there is a natural way of obtaining a Bernoulli construction.
For the ideal gas we set

I I I . . .
C, =ix eX l HTt x|| achieves its (strict) minimum

for m<t<-n +1}°

10. By || * || we mean Euclidean distance to the origin.
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Thus CoI is the set of one particle ideal gas initial configurations
for which the nearest approach to the origin occurs between times
I I I 1 ih

C,” = (¢ 1° and U c. =X,

0 and 1; w learly have T
e C y El j j+ jez_j

The time evolution of the infinite ideal gas thus forms a
Bernoulli flow. Fer ¥ = 1 we have the following "picture' of

the Bernoulli construction:

B

For some systems there will be no unique time of nearest
approach to the origin; in such a case it may still be possible
to perform a Bernoulli construction, based, for example, on
the last Fime of nearest approach. In the next chapter we will
encounter such systems, but we will also encounter systems for
which no Bernoulli construction is possible at all. Indeed,
as TtI does not have very good ergodic properties, the situation
encountered with the ideal gas suggests that the possibility of

performing a Bernoulli construction on (X, #, T) is, loosely,

inversely proportional to the degree to which the nontrivial
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automorphism T possesses good ergodic properties, and we do,
in fact, have the following
Proposition: If T is ergodic11 no Bernoulli construction is
possible.
Proof: Let {Ci} be a Bernoulli construction. We can decompose
Co into disjoint sets of nonzero measure: Co = Ao U Bo' Then
D= U T A, is invariant, withu (D) >0 andw (X-D) > 0,

n €7 c
so T is not ergodic.

In the next chapter we will investigate the ergodic
properties of the time evolution of some infinite systems of
noninteracting particles which we will represent by a Poisson
construction. The dynamics of these systems will, however, be
much less trivial than that of the ideal gas. The one-particle
dynamics of these systems will possess sufficiently strong
ergodic properties to render a Bernoulli construction impossible

and to guarantee the existence of '"global" K-partitioms.

11. 1In the sense that for an invariant set A eitherp (A) =0

or K (X-A) = 0.



IV. Ergodic Properties of an Tnfinite System of Particles
Independently Moving in a Periodic Field

1. Introduction

While some results have been obtained concerning the ergodic
properties of interesting finite systems [2,41], very little is
known concerning the ergodic properties of nontrivial systems
with an infinite number of degrees of freedom, which are of great
interest for statistical mechanics. De Pazzis [34] and Sinai
[44,42] have investigated the ergodic properties of an infinite
system of hard rods moving in one dimension and an infinite ideal
gas in an arbitrary number of dimensions. Though they have shown
these systems to have very good ergodic properties (K-systems or
Bernoulli),the physical interpretation of the result is trivial:
"local disturbances stream off to infinity where they are no
longer visible" [22].

We investigate here the ergodic properties of an infinite
system with non-trivial '"collisions'", i.e., the transformation
which occurs during a collision possesses itself good mixing prop=-
erties. . Except for these collisions the particles move freely.

It seems reasonable to expect that the ergodic properties of our
system will be at least as good as those of the systems considered
by Sinai. We must be cautious,however, since the physical explana=
tion of the ergodic properties of those systems may not be valid
here. It will be seen, in fact, that the underlying mathematical

structures (partitions) which determine the ergodic properties of
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the respective systems are of a very different nature.

2. General description of a one=dimensional model system

We investigate first the ergodic properties of an infinite
system of non=-interacting particles moving freely in one dimension
except for "collisions'. A periodic array of barriers is the
agency responsible for the '"'collisions''; when a particle reaches
a barrier, it is equally likely that it will be either reflected
or transmitted., Since we wish to study a dynamical system, we
attach to each particle internal parameters whose sole function is
to determine whether the particle, upon reaching a barrier, will
be reflected or transmitted.

Since the particles are to be non=interacting, it will suffice
to describe the dynamics of a single particle; it is clear from the
previous paragraph that this will be determined once we have speci-
fied the behavior and effects of the internal space of a particle.
Now it is clear from the above description of the role of the inter=
nal parameters and requirements of spatial symmetry that the sole
effect of the spatial variables (position and velocity) upon the
internal dynamics can be assumed to be the determination of the
times at which the internal parameters undergo a transformation;
this transformation will occur when the particle is in a given
position relative to the barrier from which it is immediately de=
parting. We choose the convention that the transformation occur
immediately after a particle leaves a barrier. Furthermore, it is

natural to choose as our internal dynamical system one which,
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though among the simplest of dynamical systems, has ergodic
properties of the strongest kind (Bernoulli): the Bernoulli

shift on an alphabet of 2 letters each with weight %, B(%,%),
which is equivalent to the baker's transformationl. It is also
natural from the standpoint of the theory of Bernoulli shifts to
require that the spatial dependence upon the internal space

should be measurable with respect to the partition which deter-
mines the entire ergodic structure of the internal dynamics, the
independent generator [39]. This is the 2-element partition of
the baker's square into a left side and a right side (of the same
area). The dynamics can therefore be described as follows: a
particle moves freely until it comes to a barrier; if its internal
parameters lie in the left side of the baker's square the particle
is reflected; otherwise it is transmitted; in either case the inter=
nal parameter subsequently undergoes a baker's transformation, and
the particle moves on freely until it reaches another barrier,

It is not difficult to see that the above description, obtained
on the basis of requirements of simplicity and naturalness, is
actually a description of the only internal dynamics which is con-
sistent with the role we assigned to the internal space: that it
provide a deterministic foundation for a Markov process. Au essen=
tial feature of the spatial process we wish to consider is the inde=
pendence of what happens at a given barrier from the past spatial

history of the particle.

1 See Chapter I, section 6.
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From a purely dynamical point of view nothing would be gained
by our considering an infinite system of particles, since the particles are
non=-interacting; we are considering an infinite system because we
are interested in ergodic properties. Thus we must specify an in-
variant probability measure on the phase space (in order to obtain
a dynamical system in the sense of ergodic theory). Of course,
such a measure must also be natural from the standpoint of statis-
-tical mechanics, e.ge, in some sense a limit of grand canonical
measures on finite systems., The only natural candidate consist=
ent with the above and with the remarks in the previous paragraph
is the following: the (unlabelled) particles are distributed along
the line with a Poisson distribution of density p ; the internal
and velocity spaces associated with a particle at a given position
are independent of the configuration (positions) of the particles,
of the spaces associated with other particles, and of each other.

We note that whereas it is only in the infinite case that the
ideal gas becomes ergodically interesting, our system, since it
has a non=trivial dynamics, is ergodically interesting even for a
single particle. Thus, before considering the ergodic effects of
taking the infinite limit of finite systems it is reasonable to
investigate what ergodic properties are‘present before taking the
limit,

3. Ergodic properties of one=particle system

Let the barriers be situated at integral positions. Choose the

unit of time so that the absolute value of the velocity of the




particle is unity., (The speed of the particle is a constant of
the motion.) The only modification of the description in the
preceding section which we must make is that we must take for
our external space [R/nZ , the real line modulo some integer
n, instead of /MR. This is necessary because we wish to have a
normalized spatially homogeneous invariant measure.

We thus have the following dynamical system

Ty (Xn, En, W o {Sn’t}): The phase space X = R/nz ® {1,-1} ® B,
where B is the baker's square. The © =algebra En = ):L ® P{l,-l}@fb
n

where I‘l is the I =algebra of Lebesgue sets of the real line
modulo nr: P{1,-1} is the power set of {1,-1} (regarded as a
o-algebra), and ZB is the o-algebra of Lebesgue sets of the baker's
square. The measure B % uln® by ® My s where p.Ln is the normalized
Lebesgue measure on % ,u, assigns mass % to the points of {1,-1}
and p is the mrmaliz:d Lebesgue measure on the baker's square.

{Sn t} is a measurable flow on Xn such that for t <1 we have
]

A

(x+1it, i, €) ifZN [(x, x+1t)

Ux+it,x)]=¢, and

Sn,t(x’ i, g) = Sn,tu =

(m + Eo i -(t - |m=x|), 'g'o A

if 7N [(x, x+¢it) U (x + it, x)] = m,

Here x ¢ R/nZ , i ¢ {1,-1}, E € B, ue Xn, T is the baker's trans=-
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formation, and Ek = 2§k-1 = 4 1, where Ek is the kth coordinate
of the Bernoulli representation of 52;.

One easily checks that the above does in fact describe a
dynamical system, i.e., for example, that By is invariant

}. However, it is not difficult to see that this

under {Sn,t

dynamical system is not mixing; in fact, Sn 1 is not even
n=1 ¥

ergodice If A = U (k+%, k+3/4) then A ® {1,-1} ® B is a sub-
k=0

set of Xn’ invariant under S with measure %, More gener=-

i, 1"
ally, all periodic functions of R/nZ symmetric about the
point x = % are invariant under sn,l'
The failure of T to possess strong mixing properties is
not very 3ufprising; the breakdown occurs in precisely that
"part" of T, which is in no way affected by the good mixing
properties which we built into the collisions. To be more
precise, let us define a bijection ¢ from X to X; =

{0,000,n=1} ® [0,1) ® {1,-1} ® B as follows: Let m be the "first"

integral first coordinate of Srl ¢
3

u,t_<0,ueXn. Lettobe

the largest value of t <0 for which Sn . has first coordinate
]

m., Then ox,i,E) = Gm,ltol, i, £)s Thus o, regarded as a

mapping defined on the configurational part of Xn, can be

thought of as a transformation from the position coordinate x

to coordinates (mo,a) which describe the location of the barrier

2 See Chapter I, section 6
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from which the particle is departing and the distance of the
paeticle from this barrier, respectively., « determines, in
an obvious manner, a dynamical system T; which is isomorphic to

]
LR Letting {Sn,t} be the image of {Sn t} under @, we have

]
| s

(m, &+t, i, €) if 0 <t <1=§

s;’t(ms &, 1, §)=

i

/ (m#i, (6+t) mod 1, Eo i, TE)
\ if1>¢t>1-5,

We thus see that {S;,t} acts in a trivial way upon [0,1) (the
second term in the product defining X; )e Indeed T; can be
factored into a skew product with a rotation for its first
componenf:

S w, s€ o, ,

] i
Pk (6,w) = ((&+t) mod 1, P, e @

w € {0,...’ I'l"'].} ® {"1’1} ® B
in an obvious manner,
Note that although wnat does not form a one parameter group,

2
its value changes only when t = k=5, k € # and o 8 - (v : )k -
n,k n,l

(o

)k, since @ 5 1s independent of §., Thus T 'factors" into
ﬂ,l n,l n

the product of a rotation and an essentially discrete (space and
time) dynamical system ;; in which all of the ergodic activity

occurs, We investigate such a system in the next section.
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4, Ergodic properties of discrete ome=particle system

The discrete dynamical system ;;, alluded to at the end of
the previous section, can be described as follows:

e I = R L -

Tn (XI‘I’ En, Uﬂn’ sn)
i; = ﬂn ® {-1,1} ® B G?n is the set of integers mod n)
S:l (m, i, E) = (m+ i, E“O i, Tg)

-
and E; and u; are obvious.

Since we are now dealing with a discrete system, the velocities
are somewhat unnatural, Therefore, instead of investigating ;; we
will investigate a simpler system ;n which has the same
ergodic properties as ;; . ;n is obtained from ;; essentially by
dropping the velocity part of phase space and making the appropriate
modification of the dynamics, It is, in fact, isomorphic to ;;.

thus i tigate T = (X , T S X =
We thus investigate L (X ; E, T Sn), where Xn

n’ “n
Bez_, =% ez,
b= ® g and for x ¢ Xn’ Snx = sn(g,k) = (T E, mn,E(k)) =
(TE, k + E;). Here T = (Zn, En’ (T wn,E) is a unit translation

on the integers mod n with the discrete C-algebra and with equal
weight assigned to each integer mod n.

;n is thus a skew product of a Bernoulli shift with a rotation
valued function which is measurable with respect to an independent
generator [39]., It is known [39,1] that such a system is Bernoulli

if it is mixing, We will here prove as a special case the following:
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Theorem 4.1: ;n is Bernoulli if and only if n is odd. (For n
even ;n fails to be mixing,)
Proof: Let Mn be the Markov shift on Zn with transition prob=-

abilities m =% (8 )
nm n,

4+ 8
n

mr+l s»m=1" and stationary distribution

Py ™ 1/n (random walk). Since a mixing Markov shift is Bernoulli
[39], the theorem follows from 2 lemmas:

Lemma 4,.2: '-rn is isomorphic to Mn .

Lemma 4,.3: Mn is mixing if and only if n is odd.

Proof of Lemma 4.,2: A Markov shift is mixing if and only if the

nth order transition probabilities ﬂ;k approach (in the limit n = =)
the stationary distribution Pk' For if C = {C.{,’] is the natural
n .
Markov generator [39] for the shift S and if A € V Vele and
i=m
1
n, ;
B €V 8§ C (ie€e,
1=[n2

lmlc ilIll“"l... inl
B = sz Cj A dee N S n2 Cj ) ’
M "2
we have for n sufficiently large (denoting the measure on M_ by u),
. m1+n n2 P
o By
n4m_=n
= pj 'ITj j see Tfj j TTj li 2 'n'i i cee ﬁi
m, “m, m2+1 n2-1’ n, “n, m, m1+1 nl-l’in
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:(11

(for all such A,B) if and only if

n
lim m,, = P, »
. jk k

For a Markov chain on a finite state space the above equation
is valid for precisely those chains which are irreucible and
aperiodicS. (The chain is irreucible if every state has a non-
vanishing prébability of being reached from any other state. The
chain is aperiodic if every state has period 1. If v is the

largest possible integer such that nn is nonvanishing only for n

ij

an integral multiple of v, the state j is said to have period v.)
It is clear that Mn is irreducible for all n. For n even all

states have period 2, since the states can be partitioned into

an "even' class and an '"odd" class in such a way that (one step)

transitions always involve a change in class., For all n we have

3. See ref., [10], p.393.
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"2
i3

sition the system will eventually return to its initial state,

>0, so v <2, Since by jumping to the right on each tran-

we have v = 1 for n odd, Thus for n odd Mn is aperiodic and
the lemma is established,

Proof of Lemma 4.1: One easily checks that

o= Le™ =l [gen, j=k ez 1)

is a Markov generator for §n having the same conditional prob-
abilities as Mh' (The isomorphism (mod 0), & , determined by
Pn is easily seen to map every point x € in into its trajectory
[T]k} € Zz « Equipped with the measure induced by o, er: becomes
the measure-space of Mn and the image of §n under o is clearly
the shift on trajectories).

In the next section we will have occasion to use a general
criterion for determining whether a countable family I of
measurable subsets of a Lebesgue space [37] (X, I, p)generates I.
A necessary and sufficient condition for T to generate (mod 0) is
that the decomposition ((I') determined by I be the decomposition
of X into points (mod 0); i.e., that there exist a set A of full
measure such that for any x, v € A there exists Pu ¢ ' for which
x €T,y I3 r,ory e€r, x £ E, [37].  For the case that T
is generated from a (finite) partition P by the transformation T
this condition reduces to the requirement that the mapping from
points to trajectories determined by (P,T) be injective (mod 0).
It is trivial to check that for the system ;n’ (Pn, Sn) satisfies

this condition (everywhere).
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5. Ergodic properties of infinite discrete system

We have now descended as far as we will go in the direction
of simplification, and we will now begin an ascent to the system
with which we are primarily concerned. We will first investigate
a system ;m which is essentially the thermodynamic limit for the
model of the previous section. (Since the particles are non-in=
teracting‘in all of the models which we consider, there is noth=
ing to be gained by considering a system with several particles.)
We expect the infinite system to have 'strong" ergodic properties,
having found finite systems for which this is the case and remem=-
bering that the thermodynamic limits of some trivial systems
(i.e., the ideal gas) possess these properties.

As the dynamical system Tm(p) = (Xm;Zw um(p),su) is consid=

erably more complex than those considered so far, we will discuss
its components more carefully than we have discussed the compo=
nents of the models considered previously.

Recalling that (B, ):B, u‘B) ( = §) denotes the measure space

B =8 3

of the baker's transformation, we let (im z
4 i==» n=0

@y

®@n

-— denotes the symmetrized

- n n n
e ? (p /nd) 6, « Here §, = 6§
i i
measure theoretic product of § with itself n times. We thus
have at each site a sequence of spaces with the nth member of
the sequence representing a situation in which n particles are
present at the site., We weigh these spaces according to a

Poisson distribution of mean p and take the (measure theoretic)

union. We then take the product over all lattice sites. (We
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will soon describe gm; its definition should, howaver, be
obvious o)
Now it is not difficult to see that ;m(p)4 can be identified

with the Poisson system built over the generalized Baker's trans=

formation (Bm, EBQ, puﬁ&’ Tw). (Bm, ZBQ’ p.ga) = 3‘?51 (and

B = @ = = - T
B by Bi) where 6; = & (and B, B) for all i ¢ Z; T_has a
simple geometric representation: Recall that the baker's trans=

formation can be described geometrically as a two step process:

_q

|
o, Ee A el
Now if we perform the baker's transformation independently on the
doubly infinite array of baker's squaresrand follow-it with the

simultaneous translation of the top half of each resulting square

one unit to the right and the bottom half one unit to the left,

we obtain -m. We thus have the following "picture" of ia:
o8 1 | J : L ] L
— = e o)

H

i}
—
i)
-
-
-

4. We will henceforth usually delete the reference to p in ;m.
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This auxiliary system is, of course, simply a one particle
component of $m.

Using the independence of the lattice sites (there is
no interaction), the homogeneity of the baker's square (i.e.,
that if A, D C:Bi with MB(A) = uB(D), then N(A) and N(Da are
identically distributedos, and the area preserving nature of
the auxiliary dynamics (Em, fm), we can show that ﬁm is the only
"reasonable'" invariant probability measure on (i@, fm). (Note
that it is not immediately obvious that the number of particles
at a given site must have a Poisson distribution, although we
certainly expect this to be the case).
Theorem 5.1: ﬁm is the unique §Q - invariant probability

measure on Z, for which we have:

a) The iu(Bi), i=0,1, -1, ..., form an independent sequence of
Z-algebras.

b) The distribution of N(A), A C:Bi, i € Z, is determined by

uﬁ (A) (and i) and satisfies (N(A)) = Jdﬁm(x) [N(A)](x) =,

5. A nonhomogeneous invariant measure would correspond, e.g., to
a system for which the probability of reflection differs from
the probability of transmission; the natural geometric repre-
-sentation of the internal space for such a process would be,
not the baker's transformation, but some other transformation
on the unit square with respect to which the N(A) would be
homogeneous on each square.
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Proof: We note that

o] @ = o] G0 = WE, D] &
S

and that

S (Ix eX_| )] () =m) = {§_x| N®)] (x) = m}

= x| @] G, % =)= { x| BA_ D] ) =nl

It now follows from the area (uﬁ ) preserving property of iw
that any measure for which the j:lnt distribution of any finite
sequence of random variables of the form {N(Di)},where {Di}'i €T
(a finite index set), is a sequence of pairwise disjoint subsets
of ﬁm , depends only on the sequence of areas iuﬁm(Di)i is invariant
under §m. am is thus invariant (since {N(D)} is Poisson with
constant density).

To prove uniqueness it is sufficient to show that Te(a) is

independent of fm(C) when A [1 ¢ = @. We can assume that A and C

are both subsets of Bo' If Ao and Co are distinct atoms of

v TP (P = {Pik’ Pi = 1§€B|§° ik), there exists j € [-n,n+l]

- ; -j -j & *j = -j i
for which Ty A CLBE and Ty C_ CiBm, L # m. Thus ﬂw(Ton) Sm_ (8 )
is independent of §i Em(Co) = Em('fgco) so that, by invariance, ZQ(AO is

independent of EN(CO). By an induction on n one verifies that for
N =
any N, and for A' and B'disjoint unions of atoms of V T P, &L, (A")

- -N
is independent of Z_(B'). Because (ND)? = (N(E)? for

pﬁm(D) = uﬁm(E), N(D) = 0, a.e., if uﬁm(D) = 0. Thus, since P
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is a generator for T, I (A) must be independent of Z_(B) for

ANB =g, Since <N(Bi)> clearly equals (N(Bj)), we are done.

Using methods similar to those used above, we prove the
following
Theorem 5,2: ;w is mixing.

Proof: Let a= {a,}

i‘j eJ amis:{ﬁk}

k €K

be finite families of disjoint subsets of ﬁm such that Ug and UB

N
are contained in U Bi for some N. Let any set Qk € o an atom
i ==N
» i i
of V '1‘j P for some M and -N <i <N, where P~ is the partition
j=-M - q

of Bi corresponding to the partition P of B. Let

]

fn -
X | ‘j={xg}{m[N(Q§)=nj for all j EJ}

o
and
{m, }
B

X k €X {x e}'cm ]N(Bk) m for all k ¢K}

{n,] {n,}

- n
h ‘'zt Y
We have Sm Xd x’]?md 3

independent of the '"future'". Thus

Also 'EQM o is a family which is
= M+m
T, s m=1,2,... induces a

random walk on a point uniformly distributed over an element of o .

We can, therefore, use the central limit theorem to find an N so

large that
~ N

= N
pﬁm W T, an iS-N Bi) < e .



66

We can now use the independence of N(A) and N(C) for AMC = @ to

conclude that

{n.}  (m}
- =n j M
if: by G, X JNX, 7)) =
n, } {m, } [n,] fm, )
Dy A j & 3 - e
R e gl g UL, T2 Bagmy T
{n,} _
Since finite unions of sets of the form Xa j are dense in T,

we conclude that ;m is mixing,

We will now show that ;m is a K~S§Stem. We first review the
definition. A continuous Lebesgue space (X, I, p) equipped with
an invertible measure preserving transformation S is said to be a
Kesystem if there exists a measurahle partition ;o( a Kepartition)
such that [37, 33, 19, 38]

Vgt

> .
, = C, 2, (mod 0) for n > 0;

2) g Cn = ¢ (mod o), where e is the partition of X into
its elements;
3) Q ;n = vy (mod 0), where v is the trivial partitien of X

whose sole element is X itself,

If {st} is a measurable flow on (X, I, W) and if in the above defi-

nition we replace "n" by "t", we obtain the definition of a K-flow.
We have already shown that ;n is Bernoulli (which implies that

it is a K=system) for n odd., Let E; be the o-algebra generated by

the §:’Pn, k <0, where Pn was defined in section 4, and let

C(E'n) be the partition determined by the family of sets of the
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-k ;
form su Pn,i’ £ 0, Pn,i € Pn [37]. It is easy to see that

C(Er:) satisfies 1), 2), and 3). 1) is trivial, 2) is equivalent

to the fact that the 51:' Pn’ k ¢ ZZ generate (see final para=-

graph of section 4), and 3) follows from the fact that for n odd
the transition probabilities approach the values of the stationary
distribution. (That the partitions which we encounter are measur=
able and that the spaces are Lebesgue are easily verifiable in

each case 6). C(Et'l) can be described as that partition for which

L}
X ~x' (ie€erx = (Ex, mx) and x' = (!-;x . mx,) belong to the same

1 X
= > .
element of {(Z')) when m m , and Ej E‘_‘]: for j 0

We now introduce some notation for partitions of }Em. Let :(

be a partition of ﬁm. We denote by g[-\'(] the partition of }-{m
generated by functions of the form N(D), D €Z(y) < )3}-3 (371
@

Let Qdenote the partition for which B, €Z(¥) for all i and

i

which when restricted to each Bi is "identical" to vy (a partition

of B). We write { [y] for C y]. We denote by Y, the partition
= E' for

3

j >20). We recall that ¥, is a K=partition for (B, ZB’ g2 The

of B into vertical line segments (i.e., £ ~ E' when £

We denote by the trivial partition of B,

“B
Two possibilities for a K=partition for '-rm now suggest them=

selves:

6. See ref. [37], pp. 24, 37.

-

S S W R S-S WP S -
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1y ag (Yo], corresponding directly to C(E&) in an obvious way, and

2) i - V< 55 C[VB], constructed from C[VN], which corresponds
k<0 : .
to Pn' in a manner analagous to the construction of C(EA) from

Pn; by Vv §§ C[VB] we mean the partition determined by the o=algebra
k<0 :
generated from the partitions §Zg[vB], k <0 [33]. We will de-

note by { Lol a partition constructed in such a way from a parti-

tion ¥. We note that { [Yo] k" [VB]. This follows from the
fact that if x and y are in the same element of [YOJ, they have

the same future spatial trajectories and hence belong to the same

element of g[vB].

We will see shortly that g[xoj is, in fact, a K-partition for
;m:z, however, satisfies 1) and 3) but fails to satisfy 2). It
satisfies 1) essentially by construction., That E satisfies 3) is
an immediate consequence of the fact that g[yoj, a K-partition,
satisfies 3). ( fails to satisfy 2) because, with probability
1, any x € im is such that 2 points, T and 7', in some square B,
are occupied; if we exchange the "future" coordinates nj and ﬂi,
j 20, of Mand N' we obtain, with probability 1, a new element
" & im; by construction x and x' have identical extermal tra-
jectories and hence along to the same element of E; hence
E # € (mod 0). A similar argument indicates that any partition
of the form [ [j=€;N TjP] fails to satisfy 2).

Theorem 5.3: ;m is a K-system,
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Proof: We will show that CE‘\{O] satisfies 1), 2), and 3). We
observe that a) §:; Yl=2¢ [‘i‘l; v]l, n €Z

and

b) S, ¢ [vI=¢ [Tyl , n € 7" , y a partition of B,

and y > P,

1) is an immediate consequence of b) and the corresponding proper-
ty of Y,* Similarly, 2) follows from b) and the fact that

XT“ % " € (mod o): for x # y ¢ ;{m, there exists an N such that

N

INAY] (x) # ™N(A)] (v), Ae v TIP! for some i ¢ Z. Thus x

3= =N z

] and hence by V S@n C T'YOJ. Hence
n

vE Ly l=e=yCIryl=C Iyt v 1=¢cl%D (mod 0).

n om™

is separated from y by g[TNYO

We now give a (somewhat) heuristic argument for 3). Let
& 2(§m.’n £ [Yo]) and let o = Q o". To establish 3) we must
show that if A ¢ o we have :x.m(A) =0 or Tj.m(A) = 1. Let Fn be the

n
o-algebra generated by {(N(D): D< U B,}. Let F=U F . We
i n
i= =n n>0

would like to show that if C € F and if A € o then :Lm(A ne) =
= EQ(A) ﬁm(C). For this the theorem would easily follow, because for
any A ¢ o (recalling that im = Z(F) ) we can find a sequence
[An} for which A €F for all n and lim E.m(An AA) =0. We
—

n
then would have

Bo(&) = b, (ANA) =1lim L (ANA) =

n—w

= 1lim EW(A) ;-J.m(An) = E].-J.O'O(A) ]2, so that we would have

n—e




L-Lm(A) =0 or :Lco(A) = 1,

We now use a) to obtain the structure of the cn. Recall that
‘?o partitions ﬁm into '"vertical" lines. Hence '1-.‘;“ ’?o partitions
l-Sa into unions of 2" vertical lines in such a way that the image
under "f;n of a line in Bo is a set of lines scattered among the Bi

with a random walk distribution (i.e., the number of lines in Bj

n

i
bility). We can thus use the central limit theorem to find an N

such that for any A € E(T;N Qo) we have

is p 2n, with p? the n-step 0 - j random walk transition proba=

M
u.E(Aﬂ U Bi) <Ep.-B'(A)
] i= =M @

(given € and M). Thus given any B € F and any € > 0, we might
expect that there would exist an N such that for any o ¢ GN =

= Z(CEE;N Qb]) we would have

B (2N B) = b (D p (B < e, &
Thus for o €c we would have fhm(a’?B) = :LW(G)IIQ(B) for any B € F, and the
proof would be complete.

The difficulty in the above argument lies in showing that *
is valid uniformly as « ranges over . We bypass this difficulty
by using Doob's martingale theorem [8] to directly establish 3).

We need the corollary of Docb's theorem which asserts that for a
decreasing sequence of g-algebras, Zn ! EO, and a measurable set
A we have

lim u(AllZ) &) = w(all), awe., where u(.

n=—xo

«) denotes
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conditional measure (with respect to an arbitrary U-algebra)7.
We want to verify that o, + v. Since uCAllD) = u(a) a.e.
if and only if £ = v (mod 0) we must show that for A € im we

have

lim p (Alle™) = §_(a) a.e. ok
n—x

But, by virtue of the remarks at the beginning of the paragraph

before the preceding one, it is not difficult to see that ** is

{n,}

satisfied by A of the form Xa 173 €] (see proof of Theorem 5.2)

and hence by all A € Em, so the proof is complete,

6. Ergodic properties of infinite continuous system

The continuous case can be treated in essentially the same way
as the model of the previous section., We will therefore limit our=
aelveé to a few remarks, omitting details,

In the previous section we indicated how the system
;arCiw,Bm(p),ga) can be obtained by a Poisson construction from the
(non=normalizable, one-particle) system (Em,puﬁ 5 Em). The auxiliary

®

space ﬁm can be regarded as a product of the baker's.square with the

d s o del = b
iscrete space The continuous models Tv,p me, " pv'p,{st})’

where v is an even probability measure oﬁ[R, absolutely continuous
at the origin, are flows which can be obtained by a Poisson construct=

ion from an anxiliary system
7. See ref. [4], Chapter 3.
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(B, u.Bm(p,v), [Tt}); B =8 ®IR2 and duBc:'- du.l3 ® pdq ®@dv. We
have chosen v to he ahsolutely continuous at the origin so that
the probability of finding a particle at rest in any given (finite)
interval will vanish.,

As already suggested by our notation the only I.'physi.cal'l.y reason=
able" invariant probability measures on I_ are of the form iy, o? v
an even probability measure on {R. Letting ﬁ denote a Maxwellian "
measure on R with inverse temperature B (i.e., B (A) = ,B/2m JAe-%bv e
A CIR, taking the mass to be unity), we obtain a family of "states"

~ } natural from the standpoint of statistical mechanics (since
HE’P

they are infinite volume limits of grand canonical ensembles).

The presencé here of more general invariant measures corresponding

to different velocity distributions is due to the fact that the veloc=
ities play a trivial role in the 'collisions'',

The partitions of X  which correspond respectively to the par-
titions { [Yo] and C f;;j of im coincide, Two points x and x' ¢ X,
belong to the same element of this partition if they differ at most
by values of some 'past" Bernoulli coordinates. In essentially the
same way as for its counterpart C[Yo], this partition is seen to
satisfy the conditions by virtue of which it is a K-partition. We
thus have
Theorem 6: T o is a K=flow if v is absolutely continuous at the

Vs,

origin,
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7. A general theorem

In this section we will establish a theorem relating the
ergodic properties of a (base) system (X, u, T) to those of
X_» By Tm), the Poisson system built over (X, u, T). The
theorem will concern (base) systems which share with
(ﬁm, u.gm, J-Zm) certain key features, In particular we observe
that the group Z' of integers, acting in the natural way upon

im, preserves pz and commutes with ']-fm. We can thus "reduce"
© n

(B_» Uﬁm; T_) to a set % igvnBi by replacing B_= B @ Z
by B ® w2n+1 (Z(n denoting the integers considered modulo n);

we obtain in this way (after normalizing the induced measure) the

systems T s which we have shown to be K=systems (in fact,

2n+1

Bernoulli.).
Let X have a representation as II%with pw defined on Lebesque

sets, (We make this assumption for the sake of convenience of

expression; the appropriate generalizations of the definition

we give should be clear; in particular we could take (X, u) to

be the product of (IRZ, W 2) with any probability space and

proceed in the obvious maillt:ner.) Let T be an automorphism of

(X, p) and let the representation be such that there exist

a, b € 1R for which G(a,b)’ the group generated by

(x, y)  (x+a,y) and (x, y) » (x,y+b), preserves p and commutes

with T. Let Ro = {(x, y) € !Rz | 0 <x <a, 0 <y <b} and let us

call the translates of Ro by the elements of G basic rectangles.

(a’b}
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Let us call rectangles which are unions of basic rectangles

compound rectangles. For any compound rectangle R let TR be the

dynamical system obtained from (X, u, T) by replaxing X with X
modulo G(a' b'y? where a' and b' are the lengths of the sides of
]

R. We will say that a sequence R, of rectangles

i
converges to infinity if the sequence of lengths of the smallest
side converges to infinity. (X, g, T) will be said to be of

periodic K=type if TR has finite entropys, T(Ro) is bounded, and
(o]

(K) there exists a sequence Ri of compound rectangles converging

o infinity such that each of the systems TR is a K-system.

i
(X, p, T) will be said to be of periodic M type if

(M) there exists a sequence Ri of compound rectangles converging
to infinity such that each of the systems TR1 is mixing.

We can now state

Theorem 7: If (X, u, T) is of periodic K-type (M-type), then

(X_» W T¢) is a K=system (mixing).

Proof: It follows from (M) that for bounded measurable subsets A

and B of |R2,

Clim w(T" B NA) = 0.

n—w

The mixing assertion then follows from an argument similar to the

one given in the proof of Theorem 5.2.

8. See ref, [4], Chapter 2 ,All classical systems have finite entropy,
by virtue of Kouchnirenko's Theorem [2].
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Let gm be the partition of X, according to the number of
particles in each of the fibers of a partiton [ of X. We have
seen that* (ﬁb)w is a K=partition for ;m, where ﬁ; is the partition
of Em into "vertical" line segments. Letting P_ be the partition
of Ec)whose elements are the Bi (1 =0,1, =1,.s.), we rgcall that
Ew can be identified with the set of possible P_ = names (what we
have previously called "spatial' trajectories)[39], and that Q;

can be identified with the partition of §m according to "'future"

P_ = names (C ( v T;? ng ). We further recall that a key element
j=0

in the proof of Theorem 5.3 was the observation that by virtue of

the central limit theorem the fibers of QB expand toward

infinity; i.e., the fiber of E;n Qo containing a (fixed) point
x € Em increases (monotonically) with n in such a way that the
fraction of the fiber intersecting any fixed bounded region

AC Em approaches zero.

For the problem at hand we proceed similarly. We let Qo be
the partition of X into basic rectangles and let Q be a finite

partition of R.o which is a generator for tR « (Since Tk has
o (o}

finite entropy, Krieger's theorem guarantees the existence of such

a partition%)

9. See ref- [:43]’ Thin- 9.7’ p. 56.



76

We then obtain Q_ by forming the "product' of Q0 and Q: the atoms

of Qen are obtained by decomposing each atom of Qo according to Q.

Finally we let our base = K = partition { be the partition of X according to
future Q, —names. Now the proof that Cm is a K=partition for

(Xw, M2 Tu) is similar to the proof of Theorem 5.3. We need

mention only that since, by virtue of (K) and the boundedness of

T(Ro)’ the restriction of { to any of the rectangles Ri is a

K=partition for TR , finite partitions of K systems having trivial

i

tailslo, the martingale convergence theorem applied to the T

By

implies that the fibers of [ (within a compound rectangle) expand
1

toward infinity, < permitting us to infer that

the analogue of ** (see proof of Thm. 5.3) is valid for

(xml M Tm)-

We conclude by using Theorem 8 to show that a (certain kind of)
Lorentz gas [11] forms a K-system., Sinai has shown that (apart from
possible pathological situations) the motion of a particle in a two
dimensional rectangle, with periodic boundary conditions, containing
convex barriers from which the particle, which otherwise moves
freely, undergoes elastic collisons induces a K=flow on the unit
tangent bundle of the rectangle [41]. Thus the dynamical system
representing the motion of a particle in a two dimensional (nonpath=-

ological) periodic array of circular barriers (at unit velocity) is

10, See ref. [43], Thm. 7.9, p. 38 .

11, To define precisely the concept of uniferm expansion toward

infinityznwe use the canonical systems of measures possessed
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of periodic K-type, so that the system representing an infinite gas
of such particles, all moving with the same speed, (with a grand
canonical configurational measure on bounded regions) is a K=system
for any discrete time evolution. Though the thermodynamic limit
of the grand canonical ensemble (Maxwellian velocity distribution)
is not built over a system of periodic K=type (since the speed of
a particle is a constant of the motion), we can still use an argu=-
ment similar to the one given above to conclude th;t it, too, is
a K-system; we choose as our base = K=partition { the union of the
partitions ((s) (s ¢ !R+), the base= K=partitions on the surfaces
of constant speed, and use the fact that such surfaces '"'support"
systems of periodic-K-type. (Here we are ignoring the technical -
problem of showing that the partitions [(s) can be chosen in such
a way that their union is a measurable partition. We also observe
that although we have shown that our Lorentz gas is a K=system under
any discrete time evoiution, we have not shown it to be a K-flow,
though an approach similar to the above could probably be exploited
to establish this result as well),
8. Remarks:

We observe that though the infinite ideal gas and Tv, are
both K=-systems, there is certainly a sense in which the "mixing"
which occurs in Tv,p is of a less trivial nature than that which

occurs in the ideal gas. (Recall that we have shown that certain

finite submodels of ;m are Bernoulli)., This difference is perhaps
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reflected in differences in the K-partitions for the respective
systems., Two points, x and x', in the phase space of the ideal
gas belong to the same element of its K=partition if the points
X and X' obtained from them by deleting all particles outside
some region of the auxiliary space coincide, suggesting, perhaps,
the "nonlocal' nature of the dissipation of disturbances. Two
points, y and y', of X, belong to the same element of its
Kepartition if the points § and y§' (belonging to sﬁme new space)
obtained from them by factoring out some of the structure of the
space B_ coincide, suggesting, perhaps, a "local" mechanism
for the dissipation of diéturbances.

We conclude by showing that our obtaining a K-partition of
a very different nature from that of the ideal gas was unavoidable.
Having denoted the one=particle ideal gas space by (XI, T:), we
have seen in Chapter III, section 7 that we can easily construct

I

a partition F = [Fi} of X such that T:IEFj = Fj+1’ and that the
existence of such a partition of the auxiliary space of an infinite
(Poisson) system implies that the system is isomorphic to a Bernoulli
shift. We will show that though the systems we have considered may
be Bernoulli, they are not of the above type.
Theorem 8,1: Let T be an automorphism of the measure space (X, p).
If there exists a set A of finite positive measure almost sll points
of which return to it infinitely often, then we cannot partition X

into [Ci} in such a way that TCj = Cj+1'



79

Proof: Assume we have such an A and {Ci} for which p(A N Co)_? 0.
Let Rn denote the set of elements x € A for which Tn x €A, Then

the Tn(A n CD n Rn) CAN Cn are disjoint so that

n
:21 mT@anc, n Rn)) = 3 w(A N <, NR ) <.
But

Tu@anc NR) = _rdp,ﬂxtAnCO an] (z) =AJC dy R(z) = =,

n X n
o

where R(z) is the number of integers n for which T" z ¢ A, and x[D]
is the characteristic function of D C X.

Since in a symmetric random walk of dimension <3 a particle will
with probability one return to its original position infinitely often
[18], the above theorem applies to the auxiliary space of the models

we have considered. (For ;m'we can set A = Bo)'

We observe that all that is required for the above argument is
that the measure of the subset of A whose points return to A infinitely
often be nonvanishing, If this is not the case we will say that A
is nonrecurrent:, Strengthened in this way, the theorem admits of a
partial inverse,
Theorem 8,2: Let p be o-finite., If all sets of finite measure are
noncurrent there exists a partition {Ci} of X for which

TC (Hence the Poisson system built upon (X, p, T) is isomor=

k Crer®
phic to a Bernoulli shift).
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s = =
Proof: We have X H Dn’ with . Dn+ and u(Dn) < o for all n,

:

for some sequence [Dn}n > Let En be the set of points which

1.

will eveatually be inD ., Let F, =E. and F =E =E ., n>1,
n ) 3 1 n n n=1

Let £ be the measurable function from X to Z such that for

£

x € F,, £(x) is the largest integer n for which T'(x) €D

k’ k*
is defined almost everywhere, and f£(Tx) = f£(x)~l. We therefore

! obtain a partition {Ci} satisfying TC, = C by setting

i+l
¢, = {x | £() = -31.

Since all the states of a random walk in more than 2 dimensions
are transientlz, the above theorem is easily seen to apply to the
(auxiliary)_space representing such a random walk. Furthermore,
the analog of the K=partition of ;m is easily seen to be a K=par=
tition for the Poisson system built over a random walk in any
finite number of dimensions (with an infinite stationary measure).
Thus a random walk in more than 2 dimensions provides a basis for
a system in which a K=partition of the ideal gas type and a K=
partition of the ;m type are present simultaneously. (The preced-
ing remarks apply as well to the higher dimensional generalizations
of the continuous systems Tv’p; the two dimensional generalization
of the periodic field of barriers could be taken, say, to be a

square grid from which particles are either reflected or trans-

mitted according to the same rules as in the one~dimensional case.)

12, See ref., [10], pp. 360=361,




V. Generalized Dynamical Systems and the Space-Time Ergodic

Properties of Infinite Systems of Particles

1. Motivation

As we have seen, an infinite system, such as the infinite
ideal gas, may possess the strongest possible ergodic properties
without exhibiting good thermodynamic behavior. Thus, the
ergodic theoretic concepts introduced so far cannot adequately
account for such behavior. 1In fact, the situation is somewhat
worse. We have found several examples, among them the infinite
ideal gas, of infinite systems of particles, physically quite
distinct, whose time evolutions form Bernoulli flows, and it is
to be expected that infinite systems of interacting particles
exhibiting better thermodynamic behavior also form Bernoulli
flows. Hence, by virtue of Ornstein's theorem, these systems are
indistinguishabie from the standpoint of the {X, £, b, T} frame-
workl; Thus, as well as new ergodic theoretic concepts, we need
an expanded abstract framework to support these concepts.

Fortunately, there is a rather prominent additional element

l. Infinite systems typically have infinite entropy; e.g., an
— —independent generator obtained by a Bernoulli construction
from a continuous measure space will be nonatomic; thus, all
flows which we have so far shown to be Bernoulli have infinite
entropy.
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of structure common to infinite systems of interest in statisti=-
cal mechanics: invariance under space translations. The dynamics
as well as the equilibrium states of infinite systems of particles
are normally required to be translation invariant. Thus, the
measure spaces of these systems pbssess, in a natural way, a
larger invariance group than considered so far: the abelian

group generated by both space and time translations. We have
mentioned that the ergodic properties under space translations
alone of the equilibrium states of these systems have, in fact,
already been subject to investigation. It thus appears natural

to extend our abstract framework by replacing the flow {Tti in

the quadruple (X, Z, K, {th) by the larger abelian group G
generated by space translations and time evolution. Generaliza-
tions of the ergodic theoretic concepts and results for a group
generated by a single automorphism to a group generated by several
comnuting automorphisms have, in fact, already been obtained2 [18,5}.
We shall see that the ergodic properties of infinite systems
relative to this framework provide a much sharper tool of investi-
gation than the ergodic properties with respect to space transla-
tions or time evolution separately.

The extension of our framework to the larger group G has as

2. We shall review some of them in the next section.
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an immediate consequence that the implications of Ornstein's
theorem no longer afford us significant difficulty; though

Ornstein's theorem presumably extends to a generalized dynamical

system (18] ( %, Z, B, G), G a group of automorphisms generated
by several commuting transformations) it should be much more
difficult for infinite systems to be Bernoulli under the space-
time translation groupa. Furthermore, the argument given in
Chapter III, section 4 to the effect that we should normally
expect infinite systems to be K-systems does not generalize to
the extended framework; though it is not plausible that infinite
systems should be "approximable'" by a finite partition, bounded
regions may very well be so "approximable'"; from such a finite-
partition "approximation', using space translations, we may obtain
a "global approximation'.

It seems reasonable to expect that good mixing properties
under the space-time translation group might require more than a
"purely nonlocal dissipation of disturbances'". We will see, in
fact, that the inclusion of space translations in the automorphism
subgroup allows us to control effects due to the infinite extension

of our systems; for example, we shall see that though possessing

3. See the next section.
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infinite time evolution entropies, the infinite systems which we
have considered have physically significant space-time entropies.

2, Properties of generalized dynamical systemsa

We consider a (generalized) abstract dynamical system
(X, &, k, G), where G is generated by n commuting automorphisms
of (X, £, W). To simplify the notation we will explicitly treat
only the case n = 2, Let (S5,T) be a pair of commuting automorphisms
which generates the group G. Every such pair determines a homo-
morphism from the group 22 to G, permitting the representation of
the elements of G by the points of Zz. Though some properties
will be formulated in terms of the pair (S,T), they will, in fact,
depend only upon G, unless we explicitly indicate otherwise. How-
ever, we intend for the definitions we shall give to apply to
dynamical systems of the form (X, Z, W, iS,T}), where S and T are
commuting automorphisms possibly satisfying some relation such as
S =T. We will say that a sequence Pn of parallelograms in Zz
approaches infinity if the smallest of its dimensions (orthogonal
distance between parallel sides) approaches infinity. We will de-

note by N(P) the number of points in the parallelogram P. For any

-1
o ; _ p
measurable partition P and g € G,we let Pg =j¥4m SJP, Pg =j=4” gJP,

and P, = g&; ¢ 8P+ We denote by ® the orthogonal complement in

4. As a general_reference for much of the material of this section,
see Conze [5].
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L2 (k) of the constants. The generalization of the properties
which we shall describe to the case in which the group G is
generated by two flows iSt} and ith parallels the corresponding
generalization from properties of a discrete dynamical system to
properties of a flow.

a) ergodicity: (X, Z, p, G) is ergodic if all A€ Z
invariant under G5 are such that p(A) =0 or K(A) = 1. As in
the case of a one parameter group, we have that if (X, £, W, G)
is ergodic, and only then,

lim 1/N(Pn) L f(g) = lim 1/N(p ) Z f(SkTEx)‘

n
n- 8P n - e (k, 2)€p_

= Jdu £ y 8.4,

for Pn a sequence of parallelograms approaching infinity, f€L1(u),
and X € X. Ergodicity with respect to G is clearly a weaker
property than, say, ergodicity with respect to T. It is the only
such property which we shall encounter.

b) mixing: (X, £, W, G) is mixing if

5. L.e., satisfying the equation g A = A for all g € G
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lim W (gAMB) = p(A) u(B)
g—ocn
6 gy . e ;
for all A, B € Z,” Since convergence to infinity in 2~ is in-
2

variant under automorphisms of Z , the definition of mixing does
not depend on the choice of generators S and T.

c) countable Lebesgue spectrum: (X, £, K, G) has Lebesgue

spectrum of countable multiplicity if there exists a family

{;%. kigl 1% 2 of functions forming an orthonormal basis of
125D ,k)e2
® and satisfying

; i _ .n i . |
Um0 T % TG0 T mem

for all (j,k) € zz, (n,m) € Zg, and i € Z, Just as in the case of
a one parameter group, a system with Lebesgue spectrum is mixing.

d) entropy [5]: The entropy of a group G is defined in a
manner completely analagous to the definition of the entropy of
an automorphism T. We need mention only that the entropy of a
(countable) measurable partition P relative to the group G is
defined by

h(P,G) = lim 1/N(p ) H(V g P,
- Ths . 2 g(Pn

6. By g ” ® we mean in the sense of the natural locally compact
topology on 72, The generalization to an arbitrary locally
compact topological group G is immediate.




87

where ipnt is a sequence of parallelograms approaching infinity.
The limit is independent of the 'particular sequence of parallel-
ograms, and, consequently, h(P,G) is independent of the choice

of generators T and S of G. In much the same way as in the case

of a single automorphism, one verifies that if H(P) < =,

h(?,G) = H(PIIPS ¥ elBdy

).

We will call P; v (PS); the past of P relative to (S,T), and de-

7

te it by P.
note it by G

finite entropy (i.e., QG =€ (mod 0), and H(Q) < ®), we have for

We also note that if Q is a generator for G of

the entropy of G

h(G) (= sup h(P’G) = sup H(P:G)) = h(QsG)o
P finite H(P) <= )

Finally, we will say that (X, Z, Kk, G) has completely positive

entropy if h(P,G) ® O for all nontrivial partitions P, 1If
(X, £, B, G) has completely positive entropy, it is mixing.
e) K-systems [5]:

We define the K-system property for an ordered pair of

7. There are, of course, seven other possible choices of a '"past"
of P which we could insert in the above relation in place of

Pé without altering its validity.
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commuting automorphisms (S,T) rather than for the group G which
they generate. Insofar as space translations and the time
evolution play rather different roles in statistical mechanics,
this development is quite appropriate. The key to the generaliza-
tion is the extension of the natufal ordering on Z, on the
structure of which the notion of K-system for an automorphism T
is implicitly based, to an ordering on 22. We write (n,m) < (p,q)
if m < q, or if m =q¢ and n < p. We will say that (X, Z, K, (S, T))
is a K-system if there exists a measurable partition { such that

1) € is increasing:

s"" < SP1Y ¢ (mod 0) 1f (m,m) < (p,9),

2) V , ST C =€ (mod 0),
(n,m)€ Z

H A sTC=1T g (mod 0),

& B
) n T gS

=V (mod 0).
Note that if (X, Z, W, (S,T)) is a K-system, (X, £, W, T) possess
an S-invariant K-partition, namely QS. If (S,T) forms a K-system,
the group G generated by S and T has competely positive entropy
and, by essentially the same argument as for a single automorphism
T, countable Lebesgue spectrum.

f) Bernoulli systems:

(X, £, K, G) is a Bernoulli system if there exists a measur-

able partition P which is a generator for G such that {g P}gﬁ' G
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is an independent family of partitions. If (X, Z, K, G) is
Bernoulli, then (X, Z, 4, (S,T)) is a K-system for any pair of
generators (S,T): if P is an independent generator for G,
£, 1V s" 7" P is a K-partition for (5,T). Ornstein's
(n,m)<(0,0)
theorems can be extended to this generalized framework Lasd.
g) formula of Abramov:

If G is generated by 1St§, {T },..., iRt}, n commuting

£

groups depending continuously on a real parameter, a generaliza-

]

tion of the formula of Abramov (h(Tt) |t| h(Tl)) can be
proven [5].‘ Let I be the subgroup of G generated by Sl’ Tl""’Rl'
If we regard G as a real vector space with basis Sl’Tl""’Rl’ we

can operate on I by a real n X n matrix M to obtain a subgroup

Tye Then h(I“M)= ldet )| n@).

3. Invariance of space-time ergodic properties under Galilean
transformations

For the most part we will be working from now on with
dynamical systems (X, £, K, G) where (X, £, B) is an equilibrium
measure for a one dimensional infinite system of particles and
G is the group generated by Sl’ the unit space translation, and
Tl’ the unit time evolution. In this framework we will consider
only Galilean transformations determined by integral velocities.

Most of the results generalize to arbitrary Galilean and Lorentz

transformations in the case where G is generated by the complete
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group of space and time translations.

Accordingly, let (X, £, W) be a translation invariant
equilibrium state of a one dimensional (for notational conveni-
ence) system of infinitely many particles. Let Tt denote its
time evolution and Sq the spatialltranslations. We can describe
a trajectory induced by Tt by specifying a family {qi(t)}tEiR of
functions representing the time evolution of the éositions of the
individual particles, labeled arbitrarily. A Galilean transforma-
tion Gv at velocity v transforms a trajectory iqi(t)g into a
trajectory iqi(t) - vt} = Gviqi(t)%' Gv’ of course, also trans-
forms the velocities according to Gvivi(t)} = ivi(t)-vt. Thus,
in an obvious manner, Gv induces a mapping from the system
X, £, 4, (%q’ Tt)) to the system GV(X, L, u, iqq, Tt§) =
(R, Lb, pt. isal, Tlt!)' It should be clear that from the stand-
point of our abstract framework we can identify (X', &', u', ls:;’T't})
with (X, Z, ¥, 1S , T

q t
garded as the replacement of the pair (Sq, Tt) by the pair (Sq’Ttsﬁt)’

S ti), so that the effect of Gv can be re-

or, in the discrete case, assuming v to be an integer, (Sl,Tl) by

v, 8,9

(Sl, Tl Sl)' Consequently, those properties which depend upon

8. The effect of a Lorentz transformation would be to replace §
by some S Bq* @, B € R, since under a Lorentz transforma-
tion both the space and the time axes become obliquely oriented
with respect to the original axes .

9. Henceforth, we will write (S,T) for (Sl’Tl)’ etc..
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only the group G are invariant under Galilean transformations:
Sand TS' generate the same group as S and T. Furthermore,

the concept of mixing for the pair (S,T), which depends upon

the notion of convergence to infinity in Zg, is invariant

under Gv’ inasmuch as the automdrphism of 22 induced by the
replacement (S,T) = (S, T Sv) leaves such convergence invariant.
Finally, the concept of K-system, which depends upon the ordered
pair (S,T) and in particular upon the ordering of 22 which the
pair induces, is invariant under Gv’ since (5, T Sv) induces

2
the same ordering on Z as does (S5, T).

4. Space-time ergodic properties of the ideal gas

We proceed to the investigation of the space-time ergodic
properties of the Poisson systems considered previously. We

will work with one-dimensional systems; the results and arguments

can easily be adapted to several spatial dimensions. Our investi-

gation will provide a precise formulation of the heuristic remarks

in Chapter IV,section 8 concerning distinctions between the ideal

gas and, say, the system TB . In this section we will show that

though the ideal gas has co;itable Lebesgue spectrum even in the

space-time framework, it is not a K-system for the pair (S, T).
We will first exhibit a concrete example of two systems

identical from the standpoint of the framework of the time evolu-

tion considered by itself which are distinguishable from the

- S =

Biis _ mmin
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standpoint of the space-time framework. A system identical to
the infinite ideal gas except that, instead of a Maxwellian
velocity distribution, all particles move with unit velocity
(to the right) is clearly a Bernoulli flow under the time evolu-
tion and hence isomorphic to the ideal gas (with a Maxwellian
velocity distribution). However, since the time evolution and
the space translations act identically on the phase space of
this sytem, it is not "jointly" mixing; in fact, s"t™ is the
identify transformation though (n,n) = ® in 22. Recalling
that we have described the infinite ideal gas as a Poisson
system (Xi, Mi, Tim), with XI =R ®R, etc. (see Chapter III,

: s
section 7), we will denote by Si the spatial translation on XI
(i.e., Sé (q,v) = (g - %,v), (q,v) € R® R) and by lsi’wt the flow
on (Xi, ui) induced by {Sit. That (Xi, Fi, {Si’m, Ti’ml) is not
isomorphic to a gas in which all particles move at constant unit
velocity is a consequence of the following simple
I i

T } e
%,® t,“!) is mixing

Theorem 4.1: (Xi, Mi, {s

Proof: The theorem followa10 from the observation that if A and B

are bounded subsets of R?,

lin bl (s

(r,8) ==

I

L A N B) = 0.
r 8

10, See proof of Thm. IV. 5.2,
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The space-time ergodic properties of the ideal gas are,

in fact, somewhat stronger than mixing:

1
Theorem &.2: (Ki, Hi, Gi)l has countable Lebesgue spectrum.

Proof: In view of the Fock space representation of the induced

2
unitaries on L (ui), obtained in Chapter III, section 6, it
; o S i A |
suffices to show that (X7, &°, ', G') has Lebesgue spectrum.

and VB =7 . Then for f(q,v) € LZ(HI)

I

T8
2,2 -2 ; : :

. (=L (R, e dqdv), with B and P adjusted to obtain a

We let U, = USI
o

"simplified" measure), we have

U, .VB f(a,v) = £(q - @ + vB,v).

2 2 -v2 2 2 -v2 o
Let ¢: L (R, e dgdv) L @R, e dkdv)Jf(q,v) P fk,v),

the gq-Fourier transform of £f.
Let’ﬁx, vb represent the Fourier transforms of U& and VB’ re-

spectively.
L2 gyt . -i(ka-kvB)

Then for £ € L” (R, e dkdv) , U, VB f(k,v) =e f(k,v).
2 2 5 2

2 -v -w /k

tee ¥z b R", e dkdv) - ¥ 0R2, (e /1k|)dkdw) be

the isomorphism induced by Y:iR2 *IR%(k,V);q ¥Y(k,v) = (k,kv) = (k,w).

Letting ﬁa and VB be the images, respecfively, of E; and Gé under

5 0.y STt

?, we have for £ € L° (R, e /lk| dkdw)

11. Gi is, of course, the group of space-time translation of Xi,
induced by the group Gl of space-time translations of xI,
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3 e = -i(k¥ - wB) _
U&‘Vs f(k,w) = e f(k,w). We thus have a repre-
-1 (ke -wB)
sentation of U, VB as the operator of multiplication by e
on L2 @Rz, dw(k,w)) with kb a measure oan? equivalent to the the
Lebesgue measure, establishing the theorem.

Fortunately, countable Lebesgue spectrum is the strongest
space-time ergodic property which we shall find that the ideal
gas possesses. In Chapter IV, section 8 we alluded to the non-
local nature of the dissipation of disturbances of the ideal gas,
as a symptom of which we might regard the manifestly non-transla- .
tion-invariant nature of its K-partition. Since a space-time
((8,T)) K-system must possess, in particular, a translation in-
variant K-partition for the time evolution T, and since it
appeﬁrs implausible that the time evolution of the ideal gas
should possess such a K-partition, we expect it to fail to be a
K-system for (S,T). Rather than verifying that no such partition
exists, we will show that the ideal gas is not a space-time K-
system by establishing that the space~time entropy of the ideal
gas is zero. Since K-systems have completely positive entropy,
this will imply the desired result.

Theorem 4.3: h(Gi) = 0, so that (Xi, Mi, (Si, Ti)) is not a K-
system.
Proof: We will compute h(Gi) by finding a partition PI of finite

entropy such that PIE =€ (mod 0). Then, since PI is a generator
Geo
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I ;
for G, we will have

neh) =net, ¢l =net i et =) =o.

G

==}

We choose for PI the partition whose atoms are of the form

Flas(mypk))see e @k )seeen (k)b = xex] o N(0,1)® B) = n
and for (ql,vl),...,(qn,vn), q; < qj for i < j, the coordinates
of the particles in [0,1) 8 IR,lZ we have qa; + v, E[mi,mi + 1)
and the particle of TOIQX with coordinates (qi + Vs vi) has index
k; in [mi, m +1), for all i =1, T

The theorem now follows from two lemmas:
Lemma 4.4: P T =¢ (mod 0).

Ga

Lemma &.5: H(PI) <

Proof of Lemma &4.4:

It suffices to show that (PIl)- g = % (mod 0), which we will
I
do by showing that (PI )", contains sufficient information to

55 To
determine (mod 0) all the coordinates i(qi, vi)g of the particles

of a point x € )d', ,» and hence x itself. We first observe that

12. We will say that the particle of x € Xi with coordinates
(qi,Ivi) has index i in L0,1) (at t = 0). If the particle
of T, %X with coordinates (qi + Vs vi) has index ki in
[mi, mi+l), we will often say that the particle of x with

coordinates (q.,v.) has index k, in [m,, m.+1) at ¢ = 1.
e - i it T4
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PI determines the number of particles in each unit cell
Sco

(i, i + 1) ®R oflR2 and, in addition, determines the immediate
future of each particle to the extent of requiring, for example,
that the particle which at t = 0 has index j in [k,k+1) will at

t = 1 have index £ in [m, m+l). Similarly, (T‘,:E)-l PII provides

Scﬂ

analagous information for times t = 1 and t = 2, and the index

I
information contained in P~ enables us to unambiguously trace
every particle from t = 0 to t = 2, with respect to the partition

I
of X* into unit cells, using the information contained in

PII ¥ (T;E,)-.l PII . Proceeding in this way, we see that the
Sm Sm
knowledge of the atom of (PII)-I containing a point x € Xi
SCD Tu'."

determines the trajectory of each particle in X, with respect to
the unit cells, from times t = 0 to t =%, so that the velocities
of all the particles are uniquely determined. The Jacobi theorem
for the irrational rotation of the circle implies that positions
of particles with irrational velocity are also determined by

(PII)-I', since for v irrational the sequence q, q + v, q + 2v,...
Scn Too

is dense in R (mod 1) with the standard topology. Finally, since
the Maxwellian distribution MB assigns measure zero to the set of

rational velocities, we have

I .-
(P .) = € (mod 0).
SI TI

== = <]



97

Proof of Lemma 4.5:

The finiteness of H(PI) follows from elementary estimates,
using the observations:

a) For measurable partitions @, B, and v,
HEVB || v) = HE@llY) + H(BlleVy) < mE@llY) + H@BIY).

b) All moments of a Poisson distribution are finite.

c) All moments of a Gaussian distribution are finite.

[==]
d) Forié = 1 and P, 2 0 for all j,

1 Pi

@ .
§=1 P log n < log (Enpn) = log, {n), since log t is concave in (0,%).

e) H(P) < log k for P a partition with k atoms.

We estimate H(PI) by writing pl = P v P, v PI, where P,

is the partition of Xi according to the number of particles in

[0,15 ® R, and PZ is the refinement of P1 according to the cell

membership at t = 1 of the indexed particles in [0,1) ® R. We

then have

H(PI) = H(Pl) + H(leiPl) + H(PI“Pl ¥ P,).

Now H(Pl) = E(P) = -§=0 (e-p Pn/nl) log (e“p Pn/n!); E(O) = 0,13

~ +
and H(t) is continuous for t € R .

13. = lim H(t)

t~0
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e, | 2) =2 (e o%ml) nep, | @)

<€ (P " nc <=
—n=0 ® B E]

where dn = {x € Xi l N([O,IJ ® R) = n! and CB is a uniform

(in 1 and n ) bound on the entropy of the partition of Qn
{normalized to unit total measure) according to the cell member-

ship of the particle of index i in [0,1) at t

0. Let Y be a
typical atom of P, v P2 and let PY I be the partition of Y

3
(normalized) according to the index at t = 1 of the particle with

index j at t = 0. We have

H(PI [ Py \ Pz) = z u}o(v) H(PI | v
Y € Pl ¥ P2
I n(Y)
Y& V5, j=1 >

where n(Y) = the value of N([O,l) & R) characteristic of Y. Let
;& 3 be the partition of ¥ according to Nj , the number of parti-
t

cles at time t = 1 in the cell containing the particle which at

t = 0 has index j in [0,1). Then

H(P. .) < H(P

h Ve y<HE J+uE. (4P
v, = BEy ;¥ By ) ZHEy ) +HE,

Y,

Now, using e) and d),
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: (o S| [ Joe B

=] ~
z log k
Y,i ' Y,i = k=1 Pk B

< log E k;k < log (P + n(Y)),

where ;k is the probability, given Y, that Nj = k. Also, ?& I
]
is the partition of ¥ according to the value of N(AY j), with
2
A, =txext | T xela. (v, n.(v) +1) ®R} - [0,1) ®g;
k £% J J
nj(Y) = the left coordinate of the cell containing at t = 1 the
particle with index j in [0,1) at t = 0, characteristic of Y.
~ . _N I . I & )
Thus, H(Py,j) H(u (AY,j))’ with W (AY,j) P, so it appears
evident that E(MICAY j)) f_ﬁ(P). In any case, since ﬁ(O) =0
] v
and ﬁ(t) is continuous for t € LO, @), we have E(IJ-I(AY j)) E'ﬁd;)
® ;]

for some P € (O,P] not depending upon Y and j. Thus

HE Il 2V 2y) S Znpl@)HE) + log (n +p))

= E (e“p pn/n!) (ntﬁfs) + n log(n + p)) <<=,

completing the proof.

The method of proof of Theorem 4.3 is an extension to an
infinite system of particles of the method of proof for the
vanishing of the entropy of a finite ideal gas [33]. we also‘
remark that a similar method, using, in particular, a partition

I P
analagous to P°, can be used to show that an infinite one-
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dimensional system of hard rods has vanishing space-time entropy
(M. Aizenmann, private communication]. Finally, we observe that
though the above argument works only for a velocity distribution
assigning zero measure to rational velocities, the theorem is
valid for an arbitrary velocity distribution, since we can al-
ways change the time scale in such a way that the argument is

applicable and then apply the formula of Abramov14 to obtain

h(6)= T_ h(G ) =0,
o

where G, 1is the group generated by unit space and time trans-
o
lations corresponding to a change of time scale by the appropriate

factor T .
o

5. Space-time ergodic properties of some Poisson systems built
over systems of periodic type

a) space~-time K-systems
Having shown that the ideal gas is not a K-system for (S,T),
we formally distinguish it from systems such as fm and L 0 by
3

establishing that such systems are, in fact, space-time K-systems.

That we have found K-partitions for these systems which are trans-

14, See section 2g of the present chapter.
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lation (S_.) invariant15 strongly suggests that this is the case.
We will deal in detail with Poisson systems built over a

system of periodic-K-type with one spatial dimension, using the

notation and terminology established previously (for systems of

two spatial dimensions)le. The remarks made there also apply here.

We will denote by S a generator of G(a,b)’ i.e., a periodic trans-

lation, and by S, the automorphism of (X_, k) induced S. We will

prove the following:

Theorem 5.1: If (X, Z, k, T) is of periodic-K-type, then

(Xeo> Zs Moys (Ses T.)) is a K-system.

Proof: If we can express {, in the form ESG, where £ satisfies

1) and 3) of the definition of an (S,T) K-system,17 we will be

done, since 2) and 4) follow from the K-properties of Co- We

=1

obtain such a € by setting € = T, ~ {_  V Cm+, where Qm+ is the

5 s 3 + .
restriction of {, to/R (the nonnegative spatial axis), i.e.,

15. See Chapter IV, sections 5 and 6,
16. See Chapter IV, section 7.

17. See Chapter V, section 2e.
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5 +
Gm+ is the partition associated with the T-algebra £,f=cw N Z (R )18.

It is obvious that {, = §S and that £ is increasing. The theorem
=

thus follows from

Lemma 5.2: A 8.6 = il WA

Proof: The lemma follows, using ﬁoob's martingale theoremlg, from
the fact that for all A ¢ Z_,
boallA 527 €) = Lim p (allsZ” §) = pallrzt ¢, ae..
n—°
It suffices to establish that the above equality is valid for
any A a member of some Lo(K), with K any bounded region of X.

But for A of this form we can find an N such that for n 2 N,
- -1
boall 82" 8) = no(all T." €, a.e.;

we merely pick N so large that @ M K [N,”) = @, for all
@€t (.
The preceding argument can be applied, essentially without

modification, to generalizations of systems of periodic-K-type

18. For any measurable partition @, we denote by @ the Z-algebra
associated with @,

19. See Chapter IV, section 5.
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such as T, and the periodic Lorentz gas. We thus have

p

3

Corollawvy 5.3: T, 0 (if vV is absolutely continuous at the origin)
]

and the periodic Lorentz gas (as well as *w) form space-time
K-systems.

b) space~time entropy

We will now investigate the space-time entropy of infinite
systems of noninteracting particles. The proof of the vanishing
of the space-time entropy of the infinite ideal gas suggests =
and can be generalized to show - that the space-time entropy of
any infinitg system whose finite volume one-particle components
have vanishing time entropy vanishes as well. We will prove a
stronger result. A natural quantity to consider for infinite
systems is the time entropy per unit volume. It would be nice if
the space-time entropy of these systems could b% so interpreted;
we will show that for all translation invariant (infinite) systems
of the type which we have so far considered, this is, indeed, the
case,

We first define the notion of the time entropy per unit
volume of a Poisson system of periodic type, i.e., the Poisson
system built over a system with the periodic structure described
in Chapter IV, section 7. Recall that we have denoted by TR the
restriction of the periodic system (X, Z, i, T) to the compound

rectangle R. We will denote by (TR)“ the Poisson system built
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2
over K(R) TR 0. We define the T_-entropy per unit volume by

ho(T) = Lim  (1/liEl) n(r DY,

R-pcc\

where ||Rll is the Lebesgue measure of R.

We will say that T = (X, Z, B, T) is of periodic-bounded-

type if it has periodic structure and is such that T(RO) is
bounded for R0 a basic rectangle. We will first prove

Theorem 5.4: If T is of periodic-bounded-type,

helTe) = h(Gg) = K(R ) h(Tp) = (L/IRI) a((Tx) ).

Proof: For P a partition of R0 of finite entropy, let us denote

by QD P the '"product" of Qo and P22. Let

1

n 5
h(P,T) = lim Q/n)H( V_, TJ Q | R)

n J=O

=nro IR i Y 1Io R lR)

20, For A > 0 we denote by K(E, E; :, E) the system (E, ﬁ; XE, %);
recall that in obtaining TR we had normalized the restriction
of 4 to R.

21, For T' = (X', &', p', T') we often write h(T') instead of h(T').
In this section R will always denote a compound rectangle.

22. See Chapter IV, section 7.
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where we are using the following notation: For any partition P
of X we denote by P | R the partition induced by’? on R (with
normalized measure on R induced by K).

Let h(T) = sup h(P,T), with the supremum taken over
finite (measurable) partitions of Ro' We will use the fact that
in the same way as for a single automorphism [33], if iPnt is an
increasing sequence of finite entropy partitioms and V . =®
(mod 0) (or even if V PnG =€ (mod 0)), then h(G) = 122 h(Pn,G),
for any (normalized) dynamical system (X, Z, K, G). nA completely
analagous result holds for the h(T) which we introduced at the
beginning of this paragraph.

Theorem 5.4 easily follows from 3 lemmas:
Lemma 5.5: h(T) = lim h(TR) = h(TR).

o

Lemma 5.6: h(G.) = u(Ro) h(T) = Ph(T).

Lemma 5.7: h((Tp).) = B(R) h(T) = PliRll h(Tp).

Proof of Lemma 5.5: The first equality follows from the observation
that for R such that Ro < R and T(Ro) < R we have h(TR) = h(T);
indeed, h(Q_ P | R, Tp) = h(P,T) for any partition of P of R _.

(TR is the automorphism of the system TR.) |

The second equality holds because for any finite partition

P of R0 we have

h(@ PV TQ B | R, T) =h(@ 2 VTa ?lR,n.>

25 (Qo PVT Qo P) | R is finite since T(Ro) is bounded.
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Proof of Lemma 5.6: We compute h(G,) in a manner analagous to the

method used for the computation of h(Gi). For P a finite parti-
tion of Ro’ let P, be the partition of X, constructed from Q0 P
in a manner analagous to the way in which PI was constructed
from the partition of XI into unit cells: Let P = iPii, [ Ly PR
and label the atoms of Q0 P using the ordered pairs (n,i)
(ne 2, i =1,...,k). (n,i) is the label of the "copy" of Pi in
R = s" R - We order the labels lexicographically (i.e.,
(n,i) < (myj) if n <mor if n = m and i < j). Using this label-
ing we forq the future Qo P-names of elements X € X and order them
lexicographically using the lexicographical ordering of labels.
We index the particles in an atom of Qo P according to this
ordering. P, is then the partition of X, according to the number
of particles in each of the atoms of P, the element of Qo P con-
taining, at t = -1, each of these indexed particles, and the index
at t = -1 in their respective atoms of Q0 P of each of these
(t = 0) indexed particles. One easily verifies that, like PI,
P, has finite entropy.

Using the remark preceding Lemma 5.5 we obtain

h(Gy) = sup h(P,, G.) ,
f

P a finite partition of Ro, since we can easily construct an in-

creasing sequence of partitions Pn of Ro for which X (Pn)” =¢ (mod 0).
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But h(Pss Go) = H(E, Il Bor ) ® 2%/n!) nh(P,T) = Ph(P,T),

z

= e
n=0 (
since the index information at t = -1 is determined by the informa-

tion in Rm; , particles coming from R_,n >0,att=0
[++]

automatically having lower t = -1 indices than particles from Ro’

which in turn have lower t = -1 indices than particles from

Rm’ m 2 0. Taking the sup over P mow leads to the desired result.

Proof of Lemma 5.7: We have

@n

R symm)

R =5 ¥ ® wr)®mn ne

(E-M(R)

™8

e
O ®®)/n!) h(ry

=5 P w@)Pal mhy) = k@ hTy).

The first equality follows from the fact that the entropy of a

2
direct sum is the average of the entropies 4. The second equality

: n-l n-1 .
24, (W/n)( Yo TIR VY V) =(/mm(C Yoo TRV
n-1 .
= 1/n KOO +Q/muC Y TP || v)
=T ou(v) heely, T, ),
n—"® k " k Yk
where T is an automorphism of a probability space with (in-
variant) components Y, , Y = {¥, | is the partition into
components, PIYk is tﬁe restriction of P to Yk’ and TY is
k

is the restriction of T to Yk.
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equality follows in a manner similar to the proof of Lemma 5.6.

® @, _ o B
(™, 1T ) = h(Psymm-indexed’ Tsymm

)

where T is an automorphism of a probability space (X, K) and
@n

P = is the partition of X according to membership
symm-indexed symm

in the atoms of the partition P of the (future P-name) indexed
particles.) The third equality follows from the well known fact
that the entropy of a direct product is the sum of the entropies
(since H(P @ PZ) = H(Pl) + H(PZ))'

We have thus shown that our expectations are satisfied for
Poisson systems of periodic-bounded-type: the space-time entropy
equals the time entropy per unit volume (in any compound rectangle
R) which in turn equals the time entropy of a single particle
moving in any compound rectangle times the average number of
particles per unit volume. Thus we can easily compute the space-

time entropy of $m. We have h(G_ ) = Ph(fn) =P log 2, as we

Tm

expect.

We would like the above results to be valid for the generali-
zations of systems of periodic-bounded-type such as Tv,p and the
periodic Lorentz gas. For these systems T(Ro) is not bounded be-
cause RO contains particles with arbitrarily high velocity. How-

ever, the speed of a particle is a constant of the motion. Accord-

ingly, we define a system T = (X, £, i, T) to be of periodic-0-

bounded-type if there exists an increasing sequence lAnk of
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G-invariant Z-subsets of X such that T(An n Ro) is bounded for

any n and Y A =X. It is clear that T, p 2nd the periodic
2

Lorentz gas are built over systems of periodic-U=bounded-
type. We will prove
Theorem 5.8: If T is of periodic-d-bounded-type, then we have

for the (S,, T,) entropy of T,

h(Ge) = hy(To) = (L/IIRI) h((TR)w) = K(R ) h(Tp).

Proof: Let EA be the (invariant) sub-O-algebra of Z associated
n
with the measurable partition of X into the set X-An and the
A
points of A . Let T " be the factor of T with respect to ?A .
A n
Then T " is "essentially" of periodic=-bounded-type, since it
A A A A
can be expressed as the direct sum T "=t Vg1 n’ where T
A

: d n . S
is the restriction of T to An and 1 © is the system consisting

of a single (invariant) "point" (of infinite measure)-the set

A A A A
X—An. Furthermore Tmn = Tmn ® lmn Now, since T % is of

periodic-bounded-type we can apply to it Theorem 5.7 to obtain

n

A A
h@e ) = (T = /IRl (7" )) =

A
n

= n T
b NR) BT ).
We further have

An JAn An ‘An
Bh(Ge) = h(Ga)s B((TDe) = h((F e

and
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A A
R(T™ = (W@ NR) AR)) h(TD.

Recalling the remarks immediately prior to Lemma 5.5, the desired
result follows upon taking the limit n = ® (using, for example,
the definition of a measurable partition and a diagonalization
argument) .

We now calculate the space-time entropy of the T the

V,p’
: - 25
periodic Lorentz gas, and systems of a similar nature ~. Let
T be the infinite volume one particle system of T p (so that

’

T =T
-~} v,p

) or of the Lorentz gas. Let Tv be the component
of T at speed v. T is the direct integral of its components
Tv' We have shown that the space-time entropy of T, is P h(TR ).
Using the representation of the entropy of a direct integral ag
the integral of the entropies of the components, we have
e~

h(ty ) = I Veam) ner, o )

where V is the distribution of the speed of a particle induced

~ +
by k. (For T V is twice the restriction of V to/R .) We prove

]
V,p

this representation for the systems under consideration as follows:

We will use the notation of the proof of Theorem 5.8. Let

25. The Lorentz gas, of course, has two dimensional translation-
al symmetry; the generalization of our method to a larger
number of dimensions is straightforward; we mention only
that one must extend the lexicographical ordering, used in
several places, to a lattice of a larger number of dimen-
sions. :
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Av ={x €x | v(x) < v}, where v(x) is the speed characteristic

of the point x. We have

A
h(T,) = lim h(T)V) .

Ro e Ro

Av Av Av

= - V
Now h(TR ) sup O h(P, TR ) sup o h(P Yv’TR ),
o finite Pe R o finite P€ R o
Av o Av o]

where Yv is the partition of Av according to the number of colli-
sions with the obstacles between t = 0 and t = 1, Yv is clearly
a finite partition. We claim that v(X) is measurable (mod 0) with

A Y

respect to #-A . This is obvious for Ty p? and follows from the
v 3

TR

o]

ergodicity of TV’Rofor the Lorentz gas: Ergodicity implies that on
each surface Xv of constant speed v, v elR+, the asymptotic number
of collisions per unit time is constant, a.e., It is clear that
this time average is proportional to the speed characteristic of
the surface. The claim is established with the observation that
this constant cannot vanish, since, again by ergodicity, it

equals the expected value of the number of collisions between

t = 0and t =1, which does not vanish. Thus,

Av Av Ay |
v = v Vv \
RV Yo, Tg ) = HEV VI, (1) 2V v))

Q.28

v',R ) o

(o]
- [ S(dv') h((@ V Yv)lxv,, T
o o

26. For conditional entropy with resgect to an arbitrary measur-
able partition,see reference [33l.
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Taking the supremum over P € EA n R we obtain
v

A
h(TR:) =17 V(avh h(Tys g )

by Lebesgue's bounded convergence theorem. Now letting v o ®
we obtain the desired result.

Finally we use the formula of Abramov to obtain a simple
expression for the space-time entropy of T,. If we denote by
(XRO, pRo, Tt,Ro) the flow on the surface of unit speed, then

the flow on the surface of speed v is isomorphic to

(XR ] HR . Tvt,R ), so that
o o o

BTy ) = h(EV,R )y =v h(’fl g ) =vh(T ).

o o >0 g 1’Ro

=~
Thus the space-time entropy of T, equals P h(T ) Jo vV(dv)v

LR,

=P (v)v h(T , consistent with our interpretation of it

1,R )
"o
as representing the loss of information (due to '"collisions")
per unit volume per unit time.

We note in particular that, since one easily verifies that

for Tv,p we have h('rl

R ) = log 2, the space-time entropy of
2
o

Tv’p is P <\1'>\J log 2,

6. Concluding remarks

The results of the previous section, in addition to indicat-
ing that the space-time entropy of the systems we have considered

has a natural interpretation, establish that the time entropy per
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unit volume is an invariant of our expanded framework, at least
for the class of systems of the kind considered. We also have
the desirable result that two such systems in which ''dissipation"
per unit volume occurs at different rates cannot be isomorphic.

We would like all these results to extend to general trans-
lation invariant equilibrium states of Hamiltonian systems. The
notion of time entropy per unit volume could be defined by using,
say, sequences of cubes with either reflecting or periodic boundary
conditions [21]. We might then expect the space-time entropy of
the equilibrium states of these systems to equal the time entropy
per unit volume, so that the local rate of dissipation would be
invariané in a larger class of systems, including all systems of
physical significance.

We have found that a system may be Bernoulli under both
space translations and time evolution separately without being
a space-time K-system, much less space-time Bernoulli (e.g.,
the ideal gas). We have not found any models of realistic
systems which are space-time Bernoulli, though we can give a
characterization of such systems which makes clearer what is
involved. It is clear that if a system is Bernoulli under the
space~time group, it is Bernoulli under space translations and
possesses an S-invariant independent generator for T. The con-
verse is also true: Indeed, since factors of Bernoulli shifts

are Bernoulli [28], any S-invariant independent generator for T
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2
can be expressed in the form §S, with §, s§, S"€,...forming an
independent sequence of partitions, so that § is, in fact, an
independent generator for (S,T).

We give a simple example of a class of (S,T)=-Bernoulli

~ 27
systems: Let (B,T) be a Bernoulli scheme. Let X = Bz’,

g
T =T and let S act in the obvious way as a translation on

BZC It is clear that ® Qi (Qi =B for i # 0, and Qo =P, an

i
independent generator for T) is an independent generator for

8,1

Finally, we observe that though, e.g., T clearly exhibits

]

better thermodynamic behavior than, say, the ideal gas, a non-

equilibrium velocity distribution for TS does not approach, as
p
]

t @ ®, the appropriate Maxwellian distribution. This is not at
all to be unexpected because velocities are, perhaps, not very
"natural' within the framework of discrete symmetry (spatial for
Té ). The question of interest would be the behavior of the
veizcity distribution in systems with continuous symmetry

(G = full space-time group) and strong (say, K or Bernoulli)

G-ergodic properties. Systems with continuous symmetry can be

obtained in a natural way from systems of interacting particles,

27.We are, of course, here forming a measure theoretic product.
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which we would hope to exhibit the appropriate behavior of

velocity distribution functions.
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