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ON THE KINETICS OF PHASE TRANSITIONS IN BINARY ALLOYS

by
Joaquin Marro

We report the computer simulation of the time evolution of a
model binary alloy following quenching. 7The model is a simple-
cubic lattice whose sites are cccupied either by A or B particles.
Particles on nearest neighbor sites can exchange position:s with a
probtability per unit time proportiomnal to exp(-84uY/[1 + exp(-BLr)]
where B = (kB T)-l and LU is the change in the energy of the system
resulting from the exchange. Two differeat types of interacticns
are considered; a 'ferromagnetic' ioteraction which produces, at
low temperatures, a segregation into two phases (cne A-rich and
one E-rich), and an 'antiferromagnetic' iateraction which proeduces,
at low temperatures and certain system compositicns, some "alterrate"
ordering. The wmodel is isomorphic to a ferromagnetic/antiferrso-
magnetic Ising spin-one~half system with stochastic spin exchange
dynamics and also to a lattice gas with attractive/repulsive inter~
acticne.

The model is started with an initial raundom configuration

I

(T = =) and its evolution and equilibrium propertics are studied

1

at different tcuwperatures and compositions in the one- and (wo-

phase regions of the corresponding phase diagram.

3]
7]

Comparison Ls wsde with various theories of the precszssea




involved and with experimenés. We analyse in particular the
validity of theories concerning the phase segregation which

occurs when a binary alloy is quenched from a very high tempera-
ture molten state to a temperature T. Results are presented for

the evolution of the structure function, Fourier transform of the

* spatial correlation function, and of the energy; also for the

evolution and equilibrium properties of the distribution of clusters
cf different sizes. Our results, which are very similar to experi-
mental ones on real alloys, are in disagreement with the "classical"

theory ol the process.




ON THE KINETICS OF PHASE 1TPANSTITTONS IN BINARY ALLOYS
by

Joaquin Marro

Submitted in partial fulfillment of the requircments for the deguec

Doctor of Philoscphy
in the Belfer Craduate School of Science
Yeshiva Univevsiiy
New York

September 14975



Copyright @ 1975
by
Joaquin Marro

ii




The committee for this doctoral dissertation consisted of:
Jeoel L. Lebowitz, Ph.D., Chairman
Graham Frye, Ph.D.
M. H. Kalos, Ph.D.

iii




To Julia.

To my mother.

iv




ACKNOWLEDGEMENTS

It is with pleasure that 1 express here my deep appreciation
to Joel Lebowitz, his advice, collaboration, friendship and very
kind hospitality at the Belfer Graduate School of Science, Yeshiva
University. will be long remembered,

I am greatly indebted to Mal Kalos for his warm hospitality
at the Courant Institute of Mathematical Sciences, New York Univer=-
sity, and for very valuable assistance during the completion of
this work. Interactions with Michael Aizenman, Alfred Bortz and
Mikkilin Rao have been very fruitful. I am also indebted to Kurt
Binder, James Langer and Oliver Penrose for several discussions
and critical comments. To Mrs. Annc Cooper my gratitude for the
patient typing of the manuscript, and to my wife, Julia, for help=-
ful collaboration in the preparation of tahles, graphs and biblio-
graphy.

Finally, I wish to acknowledge with gratitude the interest
and help of Prof. L.M. Garrido which made this work possible, and
the financial suppert from the Program for Cultural Interchange
between Spain and the U.S.A., Fulbright-Hays Program, Madrid,
Spain, and from the United States Air Force Qffice of Scientific
Research (Grant No. 73-2430B), Computer time was granted by the
E.R.D.A. Computing and Mathematics Laboratory at New York Univer-

sity under contract AT(11-1)-3077.




I.

II.

III1.

Iv.

VI.

TABLE OF CONTENTS

INTRODUCTION
1.1 * T MDtivation
1.2. - Kinetics

THE MODEL SYSTEM

2.1. =
242, =
2.3, =
2.4. -

THEORY
3.1, =
Jada =
33 -
3.4, -
3.5, =

"Ising=-like" models
Binary alloy model
Kinetics of the model

Computation of time-dependent properties

Classical theory

"Ostwald ripening' theory
Modern formulations
Cluster dynamics

Order-Disorder transition

RESULTS

4.1,
4,2, -
4.3. -
G.b. -
4.5,
4.6. =
L
4.8, -

Structure function

Energy

Scaling analysis

Clusters analysis
Antiferromagnetic interaction
Equilibrium behavior
Comparison with experiments

Discussion

REFERENCES

APPENDICES

A. - Numerical data

B. - Lattice configurations

C. = Cluster distributions

12
22
29
34

38
48
50
57
61

71
103
114
126
166
178
189
192

196

205

208

237
275



I. INTRODUCTION

i

1. = Motivartion

—_—

The analysis of cooperative phenomena in real matter is be-
set by many problems of a mathematical nature and attention is
still concentrated on the simplest ("Ising-like') model systems.
Peierls, Kramers, Wannier and, particularly, Onsager showed that
phase transitions can emerge from a rigorous treatment of simple
lattice systems without the need for any additional assumption
or information. The similarity between the results obtained
from lattice models and those observed experimentally led to the
now common belief that these models, in the beginning regarded
as mathematical curiosities, actually capture many of the essen-
tial physical features of cooperative phenomena. In fact, the
Ising model is now recognised to have certain relevﬁnce for all
phase transitions, the only exceptions being the transitions to
superfluid or superconducting states for which quantum effects
are dominant on a macroscopic level.

The physical relevance of Ising-like models in the study of
the kinetics of phase transitions is less clear=-cut at the present
time. The necessary assumptions about the transition probabilities
make them more artificial when considering the dynamical problem.
Also the general situation here is definitely worse: the difference
in the present understanding of equilibrium and nonequilibrium

problems holéds also for the theory of phase transitions. As a



consequence, the consideration of more realistic systems is at

the moment a difficult task and the kinetic studies are by necessity
centered on simple lattice models which provide a first but signi-
ficant insight into the time evolution of systems undergoing a

phase transition.

The work we are reporting here represents a small contribu-
tion to this exciting area of physics and we expect it to be use-
ful for the understanding of certain processes in real systems.
We present results obtained from a computer simulation of the
time evolution of an Ising model system and its comparison with
various theories of the processes involved, and with some experi-
ments. In particular we are concerned with the following situa-
tion (Fig. 1.1): a binary system in a molten state of thermal
equilibrium at high temperature is suddenly quenched to a lower
temperature. Immediately after the quench the system remains
with a spatially uniform composition (one thermodynamic phase)
but thermal equilibrium requires the coexistence of two phases.
Certain atomic mixtures, e.g. A4-Zn, Cu-Ti, Ni-Si,..., quenched
to temperatures below some critical value undergo coarsening
which in some circumstances is referred to as "spinodal decompo-
sition" and in others-as '"nucleation and growth'. "Ostwald
ripening" and "Smoluchowski coagulation'", which refer to specific
mechanisms, are also familiar denominations. The phenomencn is

in some ways very similar (and in others different, see section 1.2)




to the development of liquid droplets in a supersaturated vapor.,
It also resembles the appearance of magnetic domains in a ferro-
magnetic material (if one ignores the quantum nature of the mag-
nets). Other mixtures, e.g. Au-Cd, Mg-Cd, Cu-Zn, Au-Cu,..., on
the contrary, favor at low temperatures some 'alternate" order-
ing so that the tendency is to the formation of "superlattices'.
The process then bears a similarity to the liquid=-solid transi-
tion and also to anti-ferromagnetism. These are usually known
as '"order-disorder phenomena". Our main interest here is in the
occurrence of coarsening and ordering phenomena in binary alloy
systems where they are of great practical interest.

The nature of the kinetic evolution of the system towards its
equilibrium state in the above conditions presents a difficult
challenge to the theorist, as wiil be analysed in chapter III.

The phenomenological approaches are hampered by several serious
problems (Sato 1970, Langer 1973, Yamauchi and de Fontaine 1974,
Binder et al. 1975), and any microscopic theory will have to

deal with two of the less understood areas of modern physics:
phase transitions and irreversibility. Furthermore, although

some number of x-ray and neutron scattering studies have been per-
formed on binary alloys, experimental results are not yet very
clear-cut, Thus, the computer simulation of those processes seems
to be a good way of attacking the problem. We believe that

despite the many crude over-simplifications of reality necessarily
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made in the model of our simulations it contains thz ecspenitlal
features of the phenomena of interest as they occur in real systems;
indeed we obtain results very similar to experimental observations
(section 4.7). If this is granted, then it follows that any
theory claiming to describe these processes in real physical
systems should also be able to describe what happens in our model
system. The model is thus useful as a test of theory. FEven more
important, the model, because of its flexibility, can be used in
some cases to identify the important physical steps in the phase
separation processes which need to be built into a good theory.

Next in this chapter we present a qualitative description of
the phenomena of interest that incorporates our knowledge from
theory and expecriments ag well as from the computer simulations.
Also in this chapter the occurrence of these phenomena in real
materials and their relation with other familiar processes are
considered. In chapter II we make a detailed description of
the model system and give details of the computational techniques

employed in this work. The binary (AB) alloy is modeled as a

simple-cubic, Ising-spin system with nearest-neighbor spin ex-
changes and periodic boundary conditions. The two possible spin
states will then correspond to the two different kind of particles,
A or B, at every lattice site, Starting from a random configura-

tion, corresponding to the alloy system at infinite temperature,




5

the system is quenched to and evolves at a temperature (ka-‘)-1
where the probability of an exchange between an A and a B atom
on nearest neighbor sites is assumed proportional to e-BAU[1+e-BAU]_1.
AU is the change in energy resulting from the exchange. The
evolution simulates a stochastic process according to the Monte=-
Carlc technique. We are then mainly interested in the time
evolution of the energy of the system and the structure fuaction,
Fourier transform of the spatial-correlation function, as it would
be observed by means of x-ray or neutron scattering.

In chapter III we analyze the theories for the processes in-
volved. The main general conclusion from chapters I and III is
that insufficient knowledge of the microscopic properties of the
samples and complicated additional effects which may influence
the kinetic eveclution make a meaningful comparison 6f experiments
with theory very difficult. Chapter IV is devoted to the analysis
of the results from our computer experiments. These results are
then compared with the theory and with some experiments. While
we obtain an excellent qualitative agreement with experimental
results, some of the predictions of the classical theory are in
disagreement with the computer simulation of the phenomena in
our idealized system. Some equilibrium numerical computations

for our model system are also repoerted in section 4.6.




1.2 « &f

We are concerned here with the separation of a single, thermo-
dynamically unstable phase into two stable phases which occurs
in its simplest form when an AB-alloy is quenched
(i.e. cooled very rapidly) from some high temperature, where the
system is in a molten state, to a temperature T below Tc, the
critical temperature for phase separation in the solid alloy.

The system, initially with a uniform spatial composition,
will develop local inhomogeneities that one expects to describe
by means of some order paramater. For instance one can think in
terms of the variables qA(E) and nB(E) giving respectively the
concentration of atomic species A and B in a region of some size
around the positicn r. Denoting by EA and ﬁB the average of
these variables in the system, we can have ﬁA +-ﬁB = 1 and define
a single local parameter TI(z) = nA(g} - nB(E) that describes the
composition in those regions throughout the system. Then
1 > M(x) > -1 with the extremun values corresponding to an A-pure
or a B-pure region respectively. The average composition will be

N = SA = EB' We define the spatial correlation function

6(x,t) = ((x' + r,t) - (', e)-Ty)

(1.1)




where the angular brackets refer to an average over r' in the mac-
roscopic system. The structure function S(k,t) is the Fourier
transform of (1.1):

S(k,t) = Jdr e 5 Gz, 23} (1.2)

it can be measured experimentally by means of x-ray or meutron
scattering and is thus a quantity of interest in the analysis.

The features of the equilibrium state of the system are recog-
nized to be fundamentally different according to the position of
its representative point in the temperature-composition plane
of the phase diagram (Fig. 1 of this chapter). At very high
temperatures, say T , where the components of the system are
miscible in all proportions, one expects essentially no correla-
tion between the composition in different microscopic regions
(Appendix B, Fig. 1). Then Ti(z) will be independent of r and
equal to ﬁ, and the microscopic S(k) effectively zevo everywhere.
If the temperature is not so high, however, microscopic correla=
tions can develop. The structure function is then expected to
have approximately an Ornstein-Zernicke form, S(k) ~ 1/(1+k2§2),
with a very short correlation length §. If one considers some-
what bigger regions in the system, whose size has to increase
with decreasing temperature, the correlations will disappear.

This would also he essentially the situation outside the coexistence
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curve at T < T,. On the other hand, at temperatures below T, and
for certain ranges of composition the equilibrium state is one of
coexistence of two phases, one A-rich of composition HA and one
B-rich of composition ﬂB if there is a predominance of attraction
between atoms of the same species. These values are determined
by the end of the miscibility region at the temperature T as
shown in Fig. 1. This means that ﬂ(;j will have spatial dependence
(with, however, nA(E) + nB(£) = 1), and S(k) will also reveal the
two-phase structure. In particular it will have a peak at a
value of k whose inverse is a measure of the size of the differ-
entiated single-phase regions. The height of the peak will in-
dicate in some way how well defined these regions are.

Suppose now that a system, in equilibrium at the high tempera-
ture To’ is cooled very rapidly so that its homogeneity is not
altered during the process. After the quench it will be left in
a thermodynamically unstable state, still without correlaticns.

It will then undergo a process of phase separation as it approaches

its equilibrium state at the temperature of quenching. This

kinetic evolution will lead to different final states depending

on the nature of the atomic interaction in the system. Let us

consider first the case of a net attraction between like atoms. Accord-
ing to the classical theory of the process (section 3.l1) one has

to distinguish two regimes of different kinetic behavicr. If the

quench is to a state within the so-called "spinodal curve', the
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system is supposed to be unstable with respect to weak delocalized
(i.e. long wave-length) fluctuvations and the phase separation pro-
ceeds then by the '"spinodal decomposition' mechanism. If the
alloy is quenched to some phase point in the region between the
coexistence and spinodal lines (Fig. 1) the corresponding state

is supposed to be metastable. Some activation energy is then
required for the system to undergo a phase separation; that is,
nuclei of a certain size (strong localized fluctuations), built
up by some mechanism, have to be present. It seems however that
the distinction between spinodal decomposition and nucleation is
not as dramatic as stated by the classical theory.

The process will begin with the formation throughout the
system of small regions in which there is an excess of one of the
phases, n, > EA' The scattering intemsity will then have a
maximum at some comparatively large value of k. The coarsening
of these initial '"grains' may then proceed essentially by two
different mechanisms*. One may consider single atom processes
which cause the growth of larger grains at the expenses of
smaller ones., This is the basis of the "Ostwald ripening" theory
as considered in section 3.2, The '"Smoluchowski coagulation',
on the contrary, assumes the preponderance of an effective

diffusion of the clusters and their coalescence with other clusters

*
This point is being expressly analyzed nowadays in a two-
dimensional system (Rao et al., to appear).
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of a comparable size. This is considered in section 3.4. During
the coarsening it is observed that the maximum of the scattering
intensity shifts toward smaller values of k while it becomes
sharper. These facts are respectively associated with the growth
of the linear dimensions of the differentiated regions and with
the increasing compactness in the clusters.

Spinodal decomposition in alloys is formally similar to the
spin diffusion in ferromagnets. We shall frequently use the spin
language keeping in mind that the concentration, composition and
chemical potential in an alloy correspond to the spin density,
magnetization and magnetic field in a magnet. The corresponding
critical point is the Curie point, One outstanding difference
consists in that the total magnetization need not be conserved in
a magnetic system while the average composition is constant during
the time evolution of the alloy.

The condensation of liquid droplets in a supersaturated vapor
is also a similar phenomenon. The conceptual difference comes
from the fact that in the vapor the thermal atomic motion is closely
Associated with temporal changes in the spatial composition, an
effect that can be disregarded in the alloy problem. This might
also be true, to a lesser extent, when considering fluid mixtures
in which the coarsening process should be qualitatively very similar
to the one in alloys. In this case, however, there is a finite
viscosity and hydrodynamic effects may be expected to be dominant

over atomic diffusion.
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Spinodal decomposition is supposed to be characteristic of
all alloy systems as far as they present a miscibility gap, the
experimental difficulties in obtaining a rapid enough quenching,
however, lead to its being mixed up with other competing pro-
cesses., Also, inperfections of the alloy, grain boundaries,
elastic strain fields, etc. can modify its development, by
limiting the phase separation in a later stage. These difficul-
ties are not present in the computer simulations, where the
phenomenon can be isolated.

The typical experimental evidence of spinodal decomposition
corresponds to the situation in which a metallic alloy, such as
Zn - AL, rich in aluminum, is rapidly quenched from about 400° ¢
and then annealed at 100° C (Rundman and Hilliard 1967, Rundman
1970, Butler and Thomas 1970, and others to be quoted later).

The phenomenon has also been reported in some glassy mixtures
(Zarzycki and Naudin 1967, Nielsen 1969, Andreev et al. 1970,

and Tomozawa et al. 1970). When the scattering length of the two
kinds of atoms in the alloy is sufficiently different, it is
possible to determine experimentally the structure function, S(k),
which is proportional to the intensity of the radiation scattered
with momentum transfer k. In sections 4.3 and 4.7 some such ex-
periments are compared with our results. In some cases magnetic
measurements techniques (Butler and Thomas 1970), as well as

measurements of the electrical resistivity (Richter et al. 1974),
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have been used to determine the structure of the alloy. More
directly comparable with this work are the analysis of thin foils
of the sample by means of electron microscopy and direct estima-
tion of the particles size (Ardell 1969). Some of these experi-
ments are considered in section 3.2 where it is pointed out that
while they are consistent with power-laws with small exponents,
these exponents cannot be determined unambiguously in that way
(Speich and Oriani 1965, Smith 1967), even apart from other
difficulties (section 4.7).

In the case of an antiferromagnetic coupling the process in-
volved is in some sense the opposite to the clustering described
above. It occurs in the development of antiferromagnetism in
magnetic systems, the absorption of a gas upon a crystaliine sur-
face, the formation of "superlattices'" in alloy systems and the
solid-liquid transitions. In the latter case, the liquid state
possesses only short-range order while the crystalline structure
of a solid is a long-ranged ordered structure (there is a certain
degree of correlation between the positions of different atoms
thch is almost independent of their distance apart); the transi-
tion from liquid to solid thus requires the building of some order
in the system. We shall use here the widely-accepted (Green and
Hurst 1964) term "order-disorder'" (although '"disorder-order"
might be more appropriate to our case) to refer to this kind of

transition, in spite of the fact that the clustering processes
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are sometimes also called by that name.

A quenched binary alloy undergoes such an ordering process
when unlike atoms attract each other more strongly than like
atoms, This interaction favors having different kinds of atoms
as nearest-neighbors. For a simple-cubic lattice at zero temp-
eratures and 507% concentration of A-atoms the equilibrium state
is one in which each atom is surrounded by atoms of the other
species. This type ordering will persist for higher temperatures
(below Tc) for certain range of compositions. When there is an
appreciable difference between the concentrations cf the two
atomic species (ﬁ # 0), most of the A-atoms will be separated
from each other by distances larger than the interaction range.
The A-atoms are then allowed to keep '"travelling" in a sea of
B-atoms without changing the total energy of the system aﬁd
there will be no long range order in the system. This peculiarity
£*)

of ordering phenomena , which is observed in our simulation, is

associated with a degeneracy in the ordered state (Sato and

Kikuchi 1973).

(fg difficulty of a similar nature (Kikuchi and Sato 1974), not
present in clustering phenomena, may induce essential differences
between the ordering process in a simple-cubic lattice and body-
or face-centered cubic lattices, which is of more practical
interest.
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An accurate description of the processes involved is more
complex than in the case of the spinodal decomposition; every pro-
posed order parameter fails fo describe some aspect of the phenomenon,
and this usually hampers the theoretical approaches (Guttman 1966).
A convenient way of dealing with binary systems is the considera-
tion of two equivalent sublattices (or superlattices): at zero
temperature and equal concentrations all of the A-atoms will occupy
a sublattice, @, and all of the B-atoms the other sublattice, B.
This suggests (Bragg and Williams 1934) the consideration of a

"long-range order parameter',

&N =RV F R (1.3)

where Nr refers to the total number of atoms occupying the proper
sublattice and Nw to the total number cf "misplaced" atoms in

the system. Thus © varies from 0 (the completely random distribu=-
tion of atoms favored by the thermal agitation at "infinite"
temperature) to one (the completely ordered state at T = 0 and

ﬁ = 0). This long-range order (LRO) parameter, however, provides
on some occasions a poor description of the state of order in the
system; one can construct atomic arrangements (such as the one
shown in Fig. 1.2) with a high degree of order, for which @ = 0,
Other order parameters have been proposed (Bethe 1935, Cowley

1950, Klein 1951, Fowler and Guggenheim 1949) for specific or

general purposes.
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The description via the structure function (1.2) is still
very useful in this case. In fact, the scattering intensity from
a partially ordered system is essentially the sum of two differen-

tiated parts. A disordered system will cause diffuse scattering

with a small number of peaks ('"fundamental reflections') which
correspond to the presence of some short-range order (SRO) in the
system. When the system undergoes an ordering process, some of
the diffuse intensity will concentrate into sharp lines (''super-
lattice reflections"). This corresponds to the development of
LRO and is intimately associated with the lowering of the lattice
symmetry. These superlattice lines have been detected in a
number of different systems; the classic experiments by Jones and
Sykes (1938) and Wilson (1949) refer to the temperal evolution of
binary alloys. The typical example of a substitutional alloy in
which ordering takes place, and where the above effect are observed
(Dietrich and Nielsen 1966), is the so-called B-brass (Cu-Zn at 50%).
This crystalline alloy presents a BCC structure that, in the
ordered state, can be considered as made up of two interpenetrating
simple cubic lattices, each occupied by one of the atomic species.
Some more experimental evidence, as well as some related theoretical
concepts are analysed in section 3.5.

The mathematical problem (Green and Hurst 1964) associated
with ordering phenomena in the Ising model is very similar to that

of clustering phenomena, and they are equivalent in the case of
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zero external field for loose-packed lattices. In fact (section

2.1), the spins are dummy variables in the expression for the

partition function so that one may change the sign of all the

spin variables on one sublattice without altering that function
and, in consequence, without altering the thermodynamic properties
of the system. Our model system can simulate the kinetics of the
transition as it occurs in the simple-cubic binary alloys, and in

section 4.5 we report some results in this system.




II. THE MODEL SYSTEM

2.1. - "Ising-like" models

"Ising-like'" models (Brush 1967) have often been used for
the modelling of alloy systems for the study of cooperative
phenomena. We describe them in this section since they

form the basis of the kinetic alloy model studied in this work.

Consider a regular lattice with N sites and dimensionality
d, and assume well-localized spins (angular momenta) so that
we can associate a spin variable Ei’ ¢ >1/2, to each
lattice site i. The system is placed in a magnetic field h,
and there is an isotropic, pairwise spin interaction. Under these
conditions the energy of the system is given by the Heisenberg

Hamiltonian (Heisenberg 1928),

By =8 Yy % * S -, 08, 4

where Jij is the "exchange energy'' between spins i and j and BHy
is the magnetic moment per spin (g is a pure number and “B the
Bohr magneton). The spin operators ¢ satisfy the usual commuta-
tion rules ([0 ,, 0 .1 =i ¢ _, while O, and O, commute for j # k

Wit " zj’ = —& £
and g? =0(0 + 1),

Equation (2.l) can be seen as a particular case of the more

general Ising-Heisenberg Hamiltonian,

(2.1)
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= g C g o g C - bl
i TR R yid - ¥ g0 b,

HIH reflects the fact that actual magnetic materials exhibit
neither pure isotropic nor pure anisotropic interactions. The
Ising case (Lenz 1920, Ising 1925) follows from (2.2) when @ = 0,
If the field h is parallel to the z-axis the Hamiltonian has a

trivial diagonalization and, upon identifying the operators czi

with semiclassical variables with 20 + 1 values, one can write

= - e =hie
HI igj Jij i 4 4 R
where we included guB in h, the constant iatensity of the field.
The most familiar realizations of the Ising model keep a
short-ranged interaction specified by setting Jij = J when i and j
are nearest neighbor spins and zero otherwise, The Hamiltonian

is then written

The value 9 = 1/2, with ozi = + 1/2 corresponding to "up and down"

spins, is appropriate when simulating the two atomic species in a

(2.2)

(2.3)

(2.4)
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binary alloy, and @ = 1 when vacancies (or a third species) are
allowed in the lattice. The case J > 0, in general Jij >0,
is associated with ferromagnetic coupling since the
energy is minimized for % parallel to Ej. Likewise J < 0
generally corresponds to an antiferromagnetic interaction.

One can think of the above formulae ag referring to a system
confined to a certain domain of finite volume V., The free-energy

per lattice site is then given by

rh
I
<|=

where kB is Boltzmann constant, T the temperature and Z the parti-

tion function of the system. Z is a function of the configurations,

zZ = g § viy N e (-kaB T) (2.6)
2 N

in the classical case, whose determination thus implies the ''solu-

tion" of the model. One is generally concerned with bulk proper-

ties so that it is important to know if the above quantities have

a well defined limit when the linear dimensions of the system are

allowed to become infinite, The existence of the thermodynamic

limit has been proved (Lebowitz 1968, Griffiths 1972) for the cases

considered here.
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2,2, - Binary alloy model

Let us consider a system made up of two different atomic
species, A and B, in which we can distinguish N disjoint re-
gions of the same volume, each containing V atoms. The region
i, i=1,...,N, whose center is determined by the
position vector P presents the concentrations nA(Ei) and
DB(Ei) for A- and B-atoms respectively, with nA(Ei) + nB(Ei) =1,
In order to simulate a metallic alloy we have to provide for some
structure; then we suppose each region attached to one of the N
sites of a regular lattice. This picture helps when considering
the extension of the model to the continuum case, but only one
atom per site, V = 1, will be considered in the following. This
precisely determines the size of the regions considered in
section 1.2 and in consequence the results of the c&mputer simu-
lation will always refer to the lowest "microscopic" level. 1In

these conditions the Hamiltonian of the system can be written:
= z b - zZz
H i§j o8 n, (x;) nB(_t_‘_j) o 2 =25 (e e 2.7)

where @, B = A or B, and By is the chemical potential correspond-
ing to species @, The interaction energy of the system is supposed
to be the sum of pair potentials %23 that should have a hard-core
part and reflect the fundamental property in coarsening (ordering)

phenomena of a predominant attraction (repulsion) between like atoms.
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The common repulsive part automatically enters in the model when
one requires that each lattice site can be occupied at most once;

this hard-core potential has a range a0/2, with a, the lattice

spacing which is set equal to the unity in the following. The
simplest realization for the attractive (repulsive) part con-
sists of an interaction between atoms when they are nearest
<0,

0, ¥ 0

neighbors in the lattice and zero otherwise, ?AA e >

BB
(YAA 20, YBB = 10, YAB < 0). More general interactions might also
be considered, but they would increase unsuitably the computer
time necessary for the simulation; only the allowance for
vacancies (or the simulation of defects in the lattice) seems to
be at the present time inside of reasonable limits, but they

were also neglected in this work. We can arrange then the

Hamiltonian (2.7) to get
H= -J 53! Mz, ﬂ(gj) ~h¥ ﬂ.(gi) : (2.8)

where the prime indicates that the sum is over nearest neighbor
< _=Y +‘Y —Y = = - i
sites, ~J ik BB 2 AB® h gB gA, independent of r, and
we have introduced the composition at site i, ﬂ(;i)= A(Ei)-nB(Ei)’
as in section 1.2,
The system is then isomorphic to a spin one-half Ising

system of Hamiltonian (2.4) in which there is at each lattice site

i a spin variable, n(gi)= + 1, which can either '"point up or
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down". Spin up will correspond to an A-atom and spin down to a

B-atom. The system is also isomorphic to a lattice gas where

each site can be either occupied or empty.

The Hamiltonian (2.8) reflects predominance of attraction
between alike atoms (ferromagnetic interaction ) when J = 0;
this is the situation considered here. Eventually an antiferro-
magnetic interaction, J < 0, is also considered. The results we
present here refer to a simple cubic lattice which allows the
direct comparison with experiments and with the current three-
dimensional theories. In this case the position I, ranges over
an L by L by L cubical region containing L3 = N sites.

In every case we use periodic (toroidal) boundary conditions so
that corresponding atoms on opposite faces are considered near-
est neighbors.

In a zero magnetic field, h = 0, the interaction energy

between atoms on nearest neighbor sites is given by

= =J L ' 2.
U=-J ﬂ(;i) Tl(gj) (2.9)
The composition n(gi) corresponds to the local magnetization in
the spin representation and the microscopic state of the system

is specified by giving the value of ﬂ(;i) at each lattice site,

x={Nz), 1 =1,...,n} (2.10)
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(Sometimes in the following we shall use ﬂi = ﬂ(;i) in order to

simplify the notation.) The variable x can thus take on 2N values.

The total magnetization, 1l = n,

- ﬁB (average values in the system),
is conserved. This is a consequence of considering a spin exchange
mechanism as the elementary dynamical process in our system. We

have

ﬁ=

=2 |~

gﬂ( ) =2n, =1 (2.11)

; £
=L

that corresponds to the difference between the total number of A-
and B-atoms divided by N. Sometimes Wwe use c = ﬁ in the
figures.

The equilibrium properties of the model can be directly ob-
tained from the free-energy density, (2.5), which is simply re-
lated to the partition function of the system. The computation
of the partition function (2.6), however, involves a complicated
combinatorial analysis and, as is well-known, has only been
exactly determined in a few particular cases, mainly in one and
two dimensions with zero external field (Ising 1925, and Onsager
1944, respectively; Newell and Montroll 1953, Mattis 1965). In
other cases, in particular for the simple-cubic lattice of rele=
vance here, most of the equilibrium properties have been accurately

determined by approximate methods (Fisher 1967, Kadanoff et al.

1967). The most accurate procedure consists essentially in the
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expansion of certain physical quantities in power series about
T=0and T =% and the application of standard techniques (for
instance Padé approximants) in the determination (or guessing)
of the radius of convergence of these series. 1In this way it
has even been possible to obtain knowledge about the behavior of
those quantities near singularities.(Domb 1974).

The critical point for the binary alloy model in the thermo-
dynamic limit L = ® is located by this method at T, ~ 4.5103 J/kB
(Fisher 1967). The phase diagram of the infinite system 1is shown
in Fig. 2.1 where it is drawn using low temperature Padé&'s and

a 5/16 power law near Tc (Essam and Fisher 1963).

Here appears an interesting question: how large has
a model system to be in order to simulate cooperative macroscopic
behavior. The problem has been studied both by means of exact
analytic computations (Ferdinand and Fisher 1969, Fisher 1970)
and computer simulations (Yang 1963, Binder et al. 1970) in
small systems. The finite size causes a "rounding phenomena'
which smoothes the singularities (for instance the peak of the
specific heat as a function of the temperature) as the number
of particles in the system decreases, and the critical peoint is
replaced by a "transition region' in which one can localize a
"transition temperature", Té. For a finite three-(or two-)
dimensional system with periodic boundary conditions this transi-

tion temperature is always above Tc’ the critical temperature for
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Fig. 2.1

Phase diagran for the AB-alloy or for the infinite
3-dimensional Ising model. The coexistence curve
(solid line) is drawn according to a low-temperature
series expansion (Essam and Fisher 1963). The "spino-
dal curve'" (dashed line), supposed boundary between
metastable and unstable states, is characterized by
32f(ﬁ)/aﬁ2 = 0 and is drawn assuming a free-energy
density of the form f£(') = 41ﬂ2 + Bﬂh below T_. The
asterisks denote points discussed here in connection
with a ferromagnetic interaction, and the circles in
connection with an antiferromagnetic interaction., The

case T/T = 1.5, T =0 is not included in the figure.
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the infinite system, and rapidly approaches Tc with increasing
size. For free boundary conditions the transition temperature

is always below Tc' Ferdinand and Fisher (1969) conjecture

! =T (1 +a/lh,
with a of order umity, T some characteristic linear dimension of
the system in units of the lattice spacing, and the sign + (-)
standing for periodic (free) boundary conditions. The exponent
b in (2.12) is b ~ 1 for very small systems and the relation
seems to be confirmed by Mente Carlo analysis (Binder 1972) for
free boundaries., For larger systems it is b ~ 3/2, In the case
of periodic boundaries the coefficient a in (3.12) is somewhat
bigger than that for free boundaries. As a consequeﬁce it seems
reasonable to admit that the critical behavior of our system of
27000 spins should be practically indistinguishable from the one
of the corresponding infinite system., We also computed some of
the equilibrium properties in our model system, and the compari=-
son with the ones approximately known for the infinite system
seems to confirm this point. Some results for a system of 125000

spins are also reported.

The free energy density for our model has a rigorous symmetry
about Tl = 0 and for the scaling analysis performed in section 4.3

is assumed the conventional Ginzburg-Landau polynomial (3.2)

(2.12)
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(Fig. 2.1). The form suggested by Wilson and Kogut (1975) for
the critical region, with a sixth-order term in 7|, should do a
better work in the neighborhood of Tc (see also section 3.1).
This is in any case a delicate point. The spinodal curve (as
drawn in Fig. 2.1) is only an artifact of the phenomenological
approach which does not follow from equilibrium statistical
mechanics; non-equilibrium considerations, however, can lead to
a distinction between unstable and metastable states (Penrose
and Lebowitz 1971, Binder 1973).

The time evolution of the models so far described has been
studied in the consideration of a number of different phenomena.
Flinn (1974), Binder (1974) and Bortz et al. (1974, Bortz 1974)
carried out machine computations on this model using essentially
the kinetics described in the next section. Our kinetic model
is also similar in some ways to models discussed by Kawasaki
(1966, 1972). This model differs from the spin-flip models con-
sidered by Glauber (1963) and Gotlib (1970), where the total
magnetization is not conserved and thus cannot be used to simulate
the binary-alloy problems of interest here. A simulation of order-
ing kinetics has been performed by Flinn and McManus (1961) using
second-neighbor interactions and exchanges via vacancies on a
rather small (N = 2000) BCC lattice.

2,3, = Kinetiecs of the model

An alloy system after the quench is usually in a solid phase
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which makes atomic migration difficult. The lattice vibrations

or phonons, nevertheless, can supply the energy necessary for an
evolution of the system. This picture provides the basis for the
kinetics of the model. The microscopic time evolution thus de-
pends on the interaction with a heat or phonon reservoir which
helps atoms overcome the potential barriers necessary to change
their positions. The reservoir is in equilibrium at thevtempera-
ture T during the evolution and provides the driving force for the
configurational part of the system to approach its equilibrium

state at that temperature.

We consider a Gibbs ensemble of the systems so far described
and denote by P(x) the probability of the microscopic state x
in the ensemble. The reservoir is always in equilibrium and P(x)
is the fraction of systems in the ensemble with the configuration
x, (2.10). Then, when the ensemble is in equilibrium at tempera-

ture T one has
_Peq(x) = % exp [—BU(x)] § % = § exp [-Bu(x)] , (2.13)

where B = l/kBT and U(x) is the configurational part of the

Hamiltonian, (2.9).




31

Immediately after the quench, which we shall take as the time
origin for the evolution, the ensemble finds itself with a non-
equilibrium probability distribution P(x,0). P(x,t) will in

general evolve according to an equation of the form

ap Bp) ap )
t \ot/ % e S5t Jr

where the first term in the right hand side contains the own in-
ternal dynamical evolution of the lattice system and the second
term refers to the interaction with the reservoir. But our
model has no dynamics of its own (the Hamiltonian (2.9) commutes
with the spin variable at each lattice site) so that only the
fluctuation part has to be considered in (2.14). I£ is assumed

that this part evolves according to a "master equation':

OP(x,t)
—— = I, [kx' = ») P(x',t) - K(x = x') P(x,t)]

where K(x ~ x') represents the probability per unit time of a
transition induced by the reservoir from the state x to the state
x*.

The determination of the transition probabilities K(x — x')

is in general a difficult matter. It is well known that the con-

dition of detailed balance,

(2.14)

(2.15)
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RK(x = x") exp [-BU(x)] = K(x' = %) exp [-Bu(x")] (2.16)

is sufficient, although not necessary, to ensure that the equili-
brium distribution (2.13) is a stationary solution of the master
equation. When, as in the model considered here, all the configura-
tions x are accessible from any initial state then the equilibrium
distribution will actually be approached as t = ®, even for an in-
finite system (ilolley 1974). The elementary process in the model
consists of a spin interchange between nearest neighbors so that

K(x — x') must have the form

K(x ~ x") =.2' u(N

. Mt 1 1%, - oL ne
i i ﬂj, ﬂi, ﬂj) &(x ﬂi nj,x ni ﬂj)ﬁ(ﬂi+ﬂj,|i+ﬂ5). £2.17)

(2.17) is a sum over all nearest neighbor pairs, and W gives the
probability for the spin variables ni and ﬂj to become ﬂ£ and ﬂi.
The first ®-function ensures that all spin variables other than

ﬂi and ﬂj are not altered in the interchange. The second &-function
in (2.17) ensures that the total magnetization is conserved so that
only spin exchanges (and not spin flips) are performed. The vio-
lation of any of these two conditions will annul the corresponding
term in the sum (2.17). W has to reflect the relative probability

of the configuraticn x and x' that, according to (2.13), is
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= -2BJ4
Py = exp [ -2BJ ij] (2.18)
with ZJA_j = U(x) - U(x'), and thus Aij is simply the change in
i
the number of unlike nearest neighbor pairs that would result
from the interchange. This change depends on the configuration
of spins on the ten sites surrounding the pair i,j. W in (2.17) was

chosen as

This satisfies the detailed balance condition. U-l, which is

assumed to be independent of x and x', is taken to determine the

unit of time and treated as a temperature-independent quantity.
Nevertheless, in comparisons with experiments on real systems @
will certainly need to be taken temperature dependent since the
strength of the phonon reservoirs decrease with temperature. In
this case our time scale will have to be rescaled for each tempera-
ture, apart from the necessary rescaling necessary to model differ-
ent materials (section 4.,7).

To carry out the computer simulation we start the system
with a magnetization ﬁ in a "random configuration" X, i.e.
we choose the sites at which to place the A particles 'at random'
from among all sites. Then we select at random a pair of nearest

neighbor spins and the Markov transition probability (2.19) is
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calculated for this case. The wvalue of W is then compared to

a random fraction R that is chosen each time with uniform prob-
ability over the interval (0,1). If W = R the interchange is
performed, otherwise the process (''try'") is repeated by select-

ing a new pair of nearest neighbor spins. In this way a stochastic
evolution is simulated in which the number of tries per lattice
site is the natural unit of time.

As the system approaches the equilibrium state, it becomes
more unlikely that a pair of nearest neighbors selected at random
will be different, that is, more tries are necessary in order to
perform an interchange. Thus, after a relatively rapid early
evolution it is necessary to use a large amount of computer time,
especially at low temperatures, to proceed further in the simula-
tion. This problem can be largely avoided when studying long time
effects by means of an a_priori classification of the spins accord-
ing to their probability of interchange; the time variable is then
computed in a stochastic way (Bortz et al. 1975).

The "programs' were written in Fortran Extended (FIN) Language
for a CDC-6600 computer; the (Central Processor) time the machine
employed in the simulations is indicated in some of the tables.

2.4, - Computation of time-dependent system properties.,

The expected value of any function cf the configuration at
time t is obtained by taking the average over the ensemble with
the initial state X distributed according to the probability

P(xO;O). This means that we can obtain it by averaging over
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"many" independent evolutions of our model system. We expect,
however, that for functions which are "extensive' (like the energy
and a "smoothed" structure function) the number of runs needed
should decrease with increasing system size (for a macroscopic
size system almost every run should produce typical results).

The results presented here correspond to averages over eight
statistically independent evolutions, unless otherwise indicated.

We define the pair correlation function G(x,t) as

6r,t) = & T [(g,0 Mg + o) - T (2.20)

Z
X

where r and I, run over the N sites and we have indicated ex-
plicitly the time dependence of ﬂ(zi). Thus, the structure

function is given by
i Z ik’r -
S(k,t) =Z e™="2G(z,t) , k = 2M/1) p (2.21)
where

B = (I-Lx: u'y: IJ‘z)ls FLQ =0,1,000,L -1, @ =x,y,2 (2.22)

Note that from our definition,
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Z st = -, (2.23)

1l
N
S(k = 0,t) = 0, (2.24)

and that corresponding to the random initial configuration pre-

sent at t = 0,
(k00 (1 =0°) . For%d 0., (2.25)

We also define the spherically averaged structure function

S(k, t)

" s, /3" 1 (2.26)

where k = (27T/L)k, & = 1,2,..., and the sum EE goes over all
values of k such that (27T/L) p < Lﬁi < (Zﬂ/L)_(H + 1). 1In the
actual simulation in three dimensions we computed S(k,t) for k
in one octant of the reciprocal lattice up to lhl = 2T/3, i.e.
in ten shells in which there were 6, 13, 19, 39, 55, 72, 91, 114,
169 and 178 different k values respectively (for L = 30).

The energy U, given by (2.9), is related simply to the value
of G(x,t) for r a nearest neighbor vector. If we denote this
value of G(r,t) (averaged over the three orientations) by 1 g,

3
we have
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U/N = =3J(g + ﬁz) = JizNAB/N - 3] = J(2u-3) (2527)

where NAB is the number of bonds between spins of opposed orienta-
tion (A-B bonds).

A "cluster" is defined as a group of spins with "up orienta-
tion" (A-atoms) linked together by nearest-neighbor bonds on the
lattice,

In the case of antiferromagnetic interactions (J < 0) we also
computed, in addition to the quantities above, the ''sublattice
magnetization"

& oY |
O = (I/N) o § yop 1) Mg (t) (2.28)

where each set of integer numbers @, B, vV (= 1,2,...,L) specifies

a given lattice site (HJ&Y = ﬂ(;i)). The quantity (2.28) corresponds
to the so-called "long-range-order parameter', (1.3). The usual
"short-range order parameter' corresponds to the pair-correlation
function over nearest-neighbors, g, and is related simply to the

energy of the system by eq. (2.27).




III.THEORY

3.1. - Classical Theory.

The production of alloys with desirable properties by rapid
cooling of a molten mixture has a very long history but systematic
attempts to understand the nature of the processes involved are
relatively recent. The concept of spinodal (but not the term which
is probably due to Cahn) as the limit of metastability in a fluid
solution goes back to Gibbs and van der Waals. On the temperature-
composition section of the phase diagram (Fig. 2.l) it is generally
believed to correspond to a line that can be characterized
by the condition (azf/anz)T y'= 0, where £ is some '"Gibbs free-

P
energy density" and T, as before, the composition of the system.
The regions in which that derivative is negative correspond to
unstable states (Fig. 3.1.). The division of the phasce diagram
in this case is more subtle and very far from being as rigorously
justified as the one implied by the coexistence curve. A
spatially uniform solution with a concentration and temperature
corresponding to a point in the region between the coexistence
énd spinodal curves is metastable with respect to small fluctua-
tions. Some thermal activation energy is then required for the
appearance of two stable phases; only a nucleation and growth
mechanism can account for the separation in this case. On the
contrary, if the solution is held at a temperature inside the

spinodal curve, it is unstable and spontaneously separates into
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two phases by what is called the spinodal decomposition mechanism.
Eventually, also nucleation and growth is expected to occur in
this region as a competing mechanism (Cahn 1962).

The great metallurgical interest of the problem led to the
extension of the spinodal concept to solid systems (Hillert 1956,
Cakn 1961) and to the development during the last decade of an
essentially phenomenological theory which is apparently quite
successful (Hilliard 1970). Hillert (1961), Cahn (1961, 1962)
and others (see Cahn 1968 for further references) supposed the
process entirely governed by diffusion. First they assumed that
the system can be described by a free-energy (functional) of the

form
FIN} = Jar [eM) + 3 x (@2

where K = 652, with € an energy density and § a characteristic
length for the variations of 1. An elastic energy term can be in-
cluded in (3.1), in order to account for strains in the system
when atoms of different nature are interchanged (Cahn 1962,
Christian 1969), but it is not essential and will be omitted in
our discussion., What is essential in (3.1) is the gradient energy
term that gives rise to the necessary surface tension; as express-
ed in (3.1) it can be interpreted as the first term of an expan-
sion for the additional free-energy due to gradients in composi~
tion (Cahn and Hilliard 1959). The free-energy density f is ex-

pected to have two distinct minima at temperatures below Tc’

(3.1)
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corresponding to the two stable phases (Fig. 3.l.). Assuming

a symmetry about Tl = 0, Cahn and Hilliard(1958)suggested the

form
£ = o + 80, (3.2)

with o ~ (1 - T/Tc)a and B a positive constant. This form has

been generally accepted as a reasonable approximation. In Fig.

1.1 f is plotted as a function of Tl. Also plotted is the

spinodal line corresponding to (3.2); (which implies ﬂs - ﬂcﬂfj,

with ns and ﬂc the respective abscissas of the spinodal and co-
existence curves at a given temperature). The parameters in (2.2)
can also be adjusted to more realistic situations (de Fontaine 1967);
the form sketched in Fig. 3.1 is believed to be more appropriate for alloys
(Cahn 1966). It is important here (Langer 1971) to make the
distinction between f in (3.l1), where it has the meaning of a
"coarse-grained" free energy density, and the true, statistical
mechanical, free-energy density, (2.5), obtained from Z the parti-
éion function of the real system, which would be observed in the

true equilibrium state., In fact they only are approximately equiva-
lent at very low temperatures where atomic thermal fluctuations are

" negligible.

The classcical kinetic analysis essentially proceeds as follows.

The driving force that causes the interdiffusion of the atomic
species is taken to be -8F/8T(xr), which is interpreted as the local

chemical potential, so that there is a current density
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i(x,t) = -M[6F/8MN(x,t)], (3.3) :

where M is a phenomenolegical mobility (temperature-dependent
in actual systems). Equation (3.3) only differs from Fick's first I
law in the interpretation of the force. It follows then from the

continuity equation that,

glg.=-y..j=m2[g-ﬁ-lcvz;l} g (3.4)

Eq. (3.4) is due to Cahn and Hilliard.

' The introduction in this equation of the fluctuation variable
C(x ) = M(z,t) -1 (3.5)

to describe what were supposed small deviations from the average

composition of the system, Tl , and the expansion of f around 7,

leads to a linear equation,

3¢ 2 azf) 2
=MV 2 N ANTVE A 1 03 (3.6)
] [ 3%/ =0

when only the first term in that expansion is kept. This is the
Cahn's equation (Cahn 1961), which is the basis of the classical

theory. 1In Fourier space one has

ol(k,t)
e R(k) C(k,t) ~ £3.:7)
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where R(k) is the amplification factor of the fluctuation given

by

A
R(K) = Mk [C’—g) K k"ﬂ , (3.8)
2/ |

with K and M positive constants. The quantity M(azf/anz)n=ﬁ is
identified with the chemical or diffusion constant, so that there
is "negative diffusion' below the spinodal line, where that deri-
vative is negative. In this case (3.8) will be positive for small
values of k, k < Kh% [gazf/anz)n=ﬁ|%, and the solutions of equation
(3.7), proportional to exp [tR(g)J, will increase exponentially
with time. The structure function S(k,t) is proportional to

C(k,t) C*(E,t) so that if one multiplies the solution of (3.7) by

®
£ (k,t) it follows that

9s(k,t)

= 2 R(k) S(k,t), 3.9
—_— (k) S(k,t) (3.9)

with solutions proportional to exp [2tR(E}]: the structure function
also increases cxponentially with time for small values of k. At

the value k = k_,
m

2
A O [ (3.10)

k. om oo fe—s - |
m 2K Bﬂz'néﬂl
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the amplification factor (3.8) has a maximum; it vanishes at
k = ko =/2 km and becomes negative for greater values of k.
Fig. 3.2 is a schematic representation according to this picture
of the variation of R(k) with k for a mixture inside and outside
the spinodal region. (Note that the inclusion of a strain energy
term in the expression for the free-energy, (3.1), would be re-

flected in the expression (3.8) for R(k) so that the values ko and

km would be slightly decreased).

R inside the spinodal

(a)

R ovtside the spinodal
0 K

(b)

Fig. 3.2 Amplification factor R(k), (3.8), inside the
spinodal region (a) and in the stable or
metastable regions (b).
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The resulting picture implies that one should observe, after
quenching from a single phase, composition modulations symmetric
around the average composition of the system, that eventually would
lead to a two phase structure. Looking through the microscope one
should early observe a precipitate of grains with typical linear
dimensions proportion to hm = 2TT/km in which there is an excess of
one of the phases. These grains would essentially maintain their
initial size during the '"early" process while becoming purer in the
predominant phase. Grains with characteristic linear dimensions
smaller than lo = Zﬂ/ko should rapidly dissolve. The scattering
intensity should develop a clear maximum at km which would grow
exponentially with time while remaining at that iocation. For
k > ko the x-ray scattering intensity should rapid%y decay to zero
with time,

This basic theory has led to the experimental identification
of spinodal decomposition in a number of alloys and in other differ-
ent mixtures (section 1.2 ) and to the recognition of the importance
of this process in the temporal evolution of a mixture after a
rapid cooling. The available x=-ray and neutron scattering
studies (although the reported results are not yet very clear-cut)
indicate, however, some systematic discrepancies with the
theory. TIor instance, the theory allows via eq.(3.9) the deter-
mination of the amplification factor R(k) from measurements of the

scattering intensity, and eq. (3.8) predicts a linear variation of
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R(k)/k2 with k2 with coefficients corresponding to some quanti=-
ties of interest. In general the theoretical fit of the data
grows worse with increasing values of k (Rundman 1967, Neilsen
1969, Cook and Hilliard 1969, Fhilofsky and Hilliard 1969).

Some authors reported a definite bending for any k when plotting
R(k)/k2 vs. k2 (Zarzycki and Nandin 1967, Andreev et al. 1970).
This curvature was alsc observed by Erb and Hilliard (1970;
Hilliard 1970) who attributed it to the neglect by the theory of
thermal effects in the process. Other authors reported a temporal
dependence of R(k) (Tomozawa et al. 1970). Recent experiments in
fluids have observed the collapsing of the ring of scattered light
which corresponds to the maximum intensity of S(k) (Huang et al.
1974).

Since the theory described above neglects nonlinear terms in
the free-energy (passage from eq. (3.4) to (3.6)) its applicability,
if any, is certainly restricted to the "early stages" of the process.
Some aspects of this limitation have been analysed by Hillert (1961)
by means of machine calculations on a one-dimensional equation de-
rived from (3.4). In a slightly different direction, Cahn (1966)

proposed starting with the equation,

$1 - o7 - 2 + B (V)2 (3.11)

that contains some nonlinear terms. Expanding the three coeffici=-

-

ents in this equation around 1| Cahn obtained a linear equation, with
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more information than (3.6), that we shall not write here. The
computer treatment of one-dimensional versions of that equation
(de Fontaine 1967, Swanger et al., 1970) showed that the nonlinear
effects were not essential during the early decomposition. In
the current formulation of the theory they had the effect of
limiting the exponential growth in the later stage, but they did
not include the necessary corrections to account for most of the
experimental discrepancies. More recent work by Langer and co-
workers has shown, however, that any realistic formulation should
avoid such a linearization around ﬁ given that we are expecting
the appearance of regions with composition near nA and ﬁB’ which
are in general very different from ﬁ (Fig. 1.1).

The suggestion by Erb and Hilliard was examined, on a linear
approximation, by Cook (1970) who pointed out that the effect of
thermal fluctuations in the system might fundamentally affect the
process from the earliest stages. The formal modification in
Cook's equation, which will be further considered in section 3.3,
comes from the introduction in the expression for the current
density, (3.3), of a random current derived from a fluctuating
scalar field, It represents the counterpart to the Langevin force
in Brownian motion and thus it corresponds to the interaction with
the thermal reservoir in the model system described in section 2.4.

While in a fluid mixture this could be of less importance, in an
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alloy it decisively helps the atoms to overcome the potential
barriers that prevent their migration. A one-dimensional study
(Bortz 1974) that compares the predictions of a conventional
diffusion equation with the evolution of a model system in which
these fluctuations are included indicates their possible import-
ance in a more accurate description of the phenomenon.

3.2, - "Ostwald ripening'" Theoryv.

At the beginning of the last decade there was developed, on
a different basis from that so far discussed, a theory for the
clustering process which a mixture undergoes after a rapid cool~-
ing. Following Ostwald's earlier ideas (Lifshitz and Slyozov
1961, Wagner 1961) these studies are directly concerned with the
growth of the clusters and with their size distribution. Originally
the approach referred to particles dispersed in a fluid but it has
been widely accepted (Ardell 1969) for alloy systems following the
work of Oriani (Oriani 1964, Li and Oriani 1967).

Lifshitz and Slyozov, and also Wagner, assumed the process
governed by diffusion and concluded that the distribution of
cluster sizes will evolve towards a ''quasi-steady-state' distribu-

tion whose dependence on A, the cluster radius, and on the time,

t, has the separable form:

B, 0 ~p'(t) /A2 pra/h),

(3.12)
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with A the average cluster radius at time t, independent of the
initial distribution 3IA,0). These authors presented an explicit
form for P"(A/A) which is identically equal to zero for A > A, =
so that no clusters greater than 1.5 should exist. This theory

also predicts that

where Ao is A at the onset of coarsening and the coefficient ¥
is proportional to the diffusion constant and inversely propor-
tional to the temperature. Wagner showed on the other hand that
if one assumes a predominance of interface control in the

process, the appropriate size distribution has the form
P(A,t) = P2 (t) (A/A) p", (A/A)

where Ac = 2A in this case. From this distribution one has

with ﬂw proportional to * in (3.13).
Since these theories permit a direct determination of the

diffusion constants via the easily measured A they have

1.5A

(3.13)

(3.14)

(3.15)
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attracted much attention. The Lifshitz-Slyozov predic=-
tion (3.13) has been reported (Dalal and Grant 1973, Cornie et al.
1973, Flewitt 1974, Richter et al. 1974) to be essentially confirm-
ed in a number of different alloys, typically the ones made up of
nickel with other elements (Al, Ti, Si). The predicted cut-off
in the cluster radius at any time turns out to be not so dramatic
in experiments (Smith 1967, Ardell 1969). Wagner's law (3.15) has
also been reported to hold in similar alloys (Higgins et al. 1974)
and, interesting enough, Smith (1967) showed how the data from an
experiment with manganese in magnesium can reasonably well fit

both relations (3.13) and (3.15) (Fig.3.3). In any case we are in the
presence of definitely slower time-power laws for the coarsening
process than the ones predicted by Cahn and Hilliard. Langer (1971)
has shown that the relation (3.13) can be consistent with a theory
including thermal fluctuations, and Binder and Stauffer (1974)
suggest that this 1/3 law might be quantitatively characteristic

of spinodal decomposition in binary liquid mixtures rather than in

. alloys » what seems to be confirmed by some recent experiment (Huang
et al, 1975).

3.3, - Modern Formulations,

The identification of the physical steps in the phenomenon is
at the present time a difficult matter by means of experiments in
real materials and some effort has therefore been
directed toward computer simulations in model systems. In

this direction are the works by Bortz (1971) on a cne-dimensional
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model, by Shendalman and 0'Toole (1968), Flinn (1974), Binder
(1974), Bortz, et al. (1974), and Rao et al. (1975) in two di-
mensions, and by Marro et al. (1975) in three dimensions that have
led to recent modifications of the theory, particularly those due
to Langer and Binder and Stauffer. In particular the last analytic
computations by Langer et al. (1975) produce an excellent agree-

ment with the results we report here.

Langer and coworkers (Langer 1971, Langer and Bar-on 1973,
Langer 1973) still assume a Ginzburg-Landau free-energy, F, 3.1),
for the system, but they present a much more elaborate formulation
for the phenomenon based on the importance of both the thermal
fluctuations and the non-linear effects. The fluctuations are
accounted for by assuming that the atomic migration is driven
by interaction with a phonon reservoir, just in the same sense as
in the model of our simulations. The system then evolves accord-
ing to a master equation of the form (2.14). Defining the dist-
ribution~functional p({nl) (the counterpart of our ensemble distri-
bution) on the space of functions n(z) where r specifies a small
region in the system, the theory transforms that master equation

in the continuum limit to the form

plnd (. 89(x)
TtL = -Jdr - (3.16)

5T
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where the probability current P(r) is given by

2
@(r) = M 5F P +k.T 6p|.
L o BETT]

Now, taking the first moment in (3.16) with (3.17) one formally
recovers almost exactly the non-linear equation (3.4) of Cahn and
Hilliard. The difference is obvious; here the equation will refer
to the average of ﬂ(zjt) in some region, that only will coincide
with the point function of the classical theory if P is a sharply
peaked function of the Tl's, which usually is not the case.

Alternatively, multiplying eq. (3.16) by [n(gdt)-ﬁ] [ﬂ(;',t)-ﬁ]
and integrating over the space of functions T| one gets in the

Fourier space, with the same notation as before,

9S(k,t
€

-nac? [RiZS(k, b)) + OCk,t) - kBT] ;
Here fl(k,t) has the explicit form

e 3¢
Q(k,t) =n§2 (E)! (g’[}gﬂ:ﬂ Sn(kst)’

where f was introduced in (3.1) and

s_(k,0) = Jax L ([M(prr,0)-10" [N, 0) -1

(3.17)

(3.18)

(3.19)

(3.20) |
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with Sz(g,t) = S(k,t) a semi-microscopic structure function.

The non-closed form of equation (3.18) makes it necessary to
introduce some approximation in order to proceed to its analysis.
As a matter of fact, it can be seen in that equation what are the
differences between the proposed theories for all practical pur=-
| poses. The linearized theories formally follow from eq. (3.18)
l when one only considers the first term in (3.19). 1In this case

| we have

3_36(_15,9_ = 2R(K) S(k,t) +2M kT e, (3.21)

with R(k) given in (3.8). Cahn's linear equation, (3.9), is a
particular case of this equation in the sense that we can recover
it by neglecting the last term in (3.21), which appears
as a consequence of the thermal fluctuations. Eq. (3.21) was first
derived by Cook (1970) and one sees that it also, like Cahn's equation,
predicts an unbounded growth of S(k,t). Besides, although the last
term introduces some limitation when k 2 ko (Fig. 34) in the
decay of S(k,t) to zero predicted by the classical theory, Langer
and Bar-on (1973) noted that the limit solution of (3.21) is not
consistent with the expected form of the equilibrium structure
function -

The application of standard many-body techniques leads to the

approximation
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with the "mean-field" T(t) = (1/8“3) Jd& 8(k,t). The result-
ing equation has the form (3.21) with a modified amplification
factor that only differs from R(k), (3.8), by the inclusicn in R
of the last term in (3.22). This gives a smaller and time-depend-
ent value of km’ more in accord with the observation, but the des-
cription is soon invalidated by non-linear effects (Langer 1973).
Also, as in the case of a linearization of the generalized diffu-
sion equation around its stationary solutions (Langer 1971), there
is some trouble here in the predicted form for the equilibrium
structure function. This can be avoided by introducing in the
analysis of the master equation a certain cell-phase space (Wilson
1971) intermediate between the Fourier space and the position
space, but the resulting picture only refers to a few values of k
(Langer and Bar-on 1973). The results of this analysis, however,
.have provided important information regarding the phenomenon.
- First it made evident the implicit high non-linearity and
asymmetry, not clear at all from the classical theory, that
appears when dealing with eqs. (3.18) and (3.19) (or similar
equations); second,two new features arise for the expected behavior
of S(k, t) and both are evidenced by the existing experimental
data. The structure function in this picture soon develops a peak

at a value k_ sensibly smaller than the classical one, which will

(3.22)
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slightly shift toward k = 0 with time; in the mean time, S(k,t)
decreases for values k = ke As we shall see this behavior is
also present in our model.

A recent approximation (Langer et al. 1975) for the expression
(3.19) provides the best current (excellent indeed) quantitative

description of the phenomenon, at least as it occurs in our over-

simplified model, The basis of the approximation consists in suppos-

ing that S (k,t), (3.20), is linear in S(k,t), S _(k,t) 7 ((ﬁ“)/(ﬂzbs(k,t),

so that

Ok,t) ~ Y(t) s(k,t)

where Y(t), see (3.19), depends both on £(Tl) and on S(k.t) in a
highly non-linear way, but is independent of k. We shall make,
later on, some detailed comparisons of these calculations with our
results.

3.4, = Cluster Dynamics.

Binder and Stauffer (1974; Binder 1975) have suggested a semi-
phenomenological approach that provides some definite predictions
concerning some of the most characteristic parameters in the

phenomenon. The theory assumes the process governed by diffusion

of large clusters.

(3.23)
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Consider a cluster in the system with a given volume Vy (which,
at low temperatures, is proportional to £, the number of A-particles
linked together). According to our model kinetics, there will be
random interchanges between the A-particles in the cluster surface
and the surrounding B-particles. The frequency of these inter-
changes can be taken, at least when the cluster is compact enough,

proportional to the cluster surface area, Vﬁd'l)/d

, and two inter-
changes of opposite sign (an A-particle is changed to a B-particle
in some place of the surface and an A-particle is added to the
cluster) will shift the center of masses of the cluster in an
amount proportional to 1/V£. This suggests a random diffusion of
the cluster with diffusivity of the form D, ﬁ‘(l/Vﬂ)z-Vid-l)/dﬁj§ﬁ+l)/d.
During this diffusion the cluster may grow by coalescing with other
clusters. Binder and Stauffer (1974) argued that a cluster moving

1/

d 2
the mean distance between clusters (~ vy ) in the time &t will in-

crease its volume in an amount &V, ~ V,, so that Vi/d ~ D, &t and
(de/dt) ~ V£ D£ V;zld ~'V£3/d. Thus, the volume will grow as
v, ~ /G [ p< 7. (3.24)

This yields a definite prediction for the behavior of the energy u
as defined in (2.27). The quantity u = uP(T) (sections 2.5 & 4.2) at
any time is proportional to the total surface of the clusters at

that time. Assuming that the cluster distribution is strongly
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peaked at some value £ and denoting by n,(t) the number of clusters

with £ particles at time t, we have n,(t) - 4 = constant by conser-

vation of the number of particles. Then

s @=1yja  .~1/d
u - up(T) n, Vy, wr Ry ‘ (3.25)

Inserting (3.24),

n
P, B =1/, TS T, (3.26)

u - (T) ~t
p( )

It is interesting to note that the introduction in (3.25) of
the Lifshitz=-Slyozov Law, (3.13), and the Wagner Law, (3.15), give
respectively the exponents -1/3 and -1/2, independent of d.

Now one can introduce some form for the structure function;

for instance Binder (1975) assumes that

S(kat) ¥ 6, (6) 11 - exp [-p_(t) 1Pel}, (3.27)
L2
k +km(t)
for small values of k and "low temperatures', where Dm is the
diffusivity associated with clusters having the characteristic
length k;l(t). The combination of this equation with previous

results (Binder and Stauffer 1974) leads to the relation

B0k (£),8) ~ k(8™ . TSE |, | (3.28)
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and

wri
kAt~ ¢ 3, a'=b"=1/(3H) , T< T .

In the neighborhood of Tc (one- or two-phase regions) the
composition fluctuations are not so dramatic and the situation

is quite different (Fisher 1967b, MUller-Krumbhaar

and Binder 1972). In these cases the corresponding cluster diffu-

-6) /68 ~
sion constant is D, ~ 2 ) A Tc, where the exponent & is

introduced so that the average cluster volume is

gd -86(1+1/8)

~ (1 < T/T) with £ the correlation length. Then

(Binder and Stauffer 1974):

-a!

k (£) ~t e a’ ™ /24", T~ T

where N' = d(6-1)/(8+1), and

-p"
- ~ c i
u uP(T) t s B o

n

a'c d@' - 1)t , T:Tcs

where @' = B(1+0), with B the critical exponent for the total
magnetization in the Ising model, and & previously introduced
(a'c ~ 0,25, b"c ~ 0,36 for a three dimensional system; aé=ﬁ/15,
b ~ 415 in two dimensions), Also the exponent bg =2a_d B /ot

(~ 0.97 a, for three dimensions)

(3.29)

(3.30)

(3.31)
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has been suggested (Binder 1975). On the other hand it is expect-

ed that outside the critical region:
-a'
km(t)~t 5 BT 3T G E
and
bll

u - uP(T) S g B WaRT o &P Tc'

These expected behaviors are analysed in sections 4.1 and 4.2,

3.5. - Order-Disorder Transition.

The "antiferromagnetic'" coupling favors some alternate spin
ordering rather than the clustering of spins with the same orienta-
tion (section 1.2), and the processes involved are of an essentially
different nature. Even the kind of the transition is, in principle,
different; while spinodal decomposition is associated with a first-
order transition in the Ehrenfest (1933) classification, order-dis-
order phenomena generally correspond to a second-order transition
talthough the distinction is not so great in real systems; Guttman
1966, Kikuchi and van Baal 1974). The analysis of these processes
in multicomponent systems, where clustering and ordering can occur
 simultaneously, seems to indicate (Morral and Cahn 1971, de Fontaine
1973), however, that both are essentially governed by diffusion

in a very similar way. The same was concluded by Borelius (1947)

(3.32)

(3.33)
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and Nystrdm (1950) from measurement of the activation energy.

This suggests, a formulation of ordering kinetics parallel to that
in the ferromagnetic case. Cook et al. (1969, de Fontaine and
Cook 1971) have developed a phenomenological approach within the
framework of the linear classical theory for spinodal decomposi-
tion (section 3.}). The basic equation in this case is again
equivalent to eqs. (3.7) or (3.9), which predict exponential be-
havior for S(k,t) with the amplification factor in this case given

by
32
R() = -Mw() [(—] _ +xwk)]. (3.34)
=Tl
Here M is a phenomenological mobility (always positive),
W) = (e/a) (1= %), %= (1/2) T cos(k-n), (3.35)

with z the coordination number of the lattice, and a_ the lattice
spacing. K,the coefficient of the gradient energy term in the
free energy (see eq. (3.1)), is negative for ordering systems.

Now Cook et al. expand w(k) in (3.34) about k = 0 up to the fourth
order. In this way these authors retain the first gradient energy
term in f that was neglected to find eq. (3.8), and which seems

to play an important role in the diffusion of ordering (Cook and

Hilliard 1969, Yamauchi and Hilliard 1972). TFinally,
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2 o
ROK) = vMik éﬁ) iz T L )ﬂ=_ E(z-_kf* (3.36)

The last term in the bracket of (3.38), and the sign of K, differ-
entiates this equation from (3.8); the dependence of R(k) on k

is sketched in Fig. 3.5 (Yamauchi and de Fontaine 1974). Accord-
ingly, the structure function for a system quenched to T < 'Ic

should decay exponentially with
R 4 T<Te

: ¥ /\ k Fig. 3.5 Ampli-

fication factor,

K, Kumax (3.36), below

and above T for
an orderingcsystem.

T2Te
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time for small values of k and increase, also exponentially, for
certain values of k = ko developing a sharp peak at km. The
values of ko and km can easily be obtained from eq. (3.36). For
T > T, an exponential decay is expected for any value of k.
Yamauchi (1973; also Yamauchi and de Fontaine 1974) have
investigated the validity of this approach starting from the
master equation (2.15). Multiplying both sides of this equation
by ﬂ(;,t) or by [n(g;t) - ﬁ] [ﬂ(g iy - ﬁ] and integrating
over the possible configurations (see sections 2.4 and 3.3) one
can again recover the simple equations (3.7) or (3.9) in Fourier
space. To this end one has to introduce several drastic simplifi=-
cations. First, the intermediate formal kinetic equation is ex-
panded about J/kBT = 0, which corresponds for all practical pur-
poses to the zeroth order approximation introduced by Bragg and
Williams (1934). Further, it is assumed that there are only
very small deviations of T(x,t) from f for all r. Thus, the
range of applicability of these approaches is limited to systems
at very high temperatures (T ~ ®) during the early stage of the
evolution. Yet, it seems that there is some qualitative experi-
mental evidence when one creates unstable composition modulations
and then up-quenches the alloy into the stable region. Thus
x-ray scattering on Au=Cu, 16% Cu, at 225% (just above Tc)
shows (Paulson 1972) a variation of R(k) versus k that resembles

the graph at the bottom of Fig. 3.5, Similarly Murakami et al.
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(1975) report, from the scattering analysis of an up-quenched

(to ZSOOC) sample of Ag-Au, that log [S(k,t)/S(k,O)] varies

approximately linearly with time during the whole duration of

the experiment. In other cases, however, the agreement is not

so good. In Fig. 3.6 we collect some results from scattering
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~ [__ % o llie | S
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of the x-ray scattering in=-
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tm-,152 & (-,30.4 A (a) Au-Ag up-quenched to
, 228.3°C (Cook and Hilliard
ol 1969), and Cu-Pd (b) at
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experiments on the alloys Au=-Ag, 327 Au, and Cu-Pd, ~ 20% Pd,
which show deviations from the straight line behavior pre-
dicted by the above theories.

A kinetic equation for the LRO parameter O, as defined in
eqs. (1.3) or (2.28), can also be derived by phenomenological
treatments (Dienes 1955, Vineyard 1956) or from the master
equation (2.15) (Yamauchi 1973) using the Bragg-Williams' zeroth

order approximation. The basic equation has the form

g% > Ko(l-ﬁz) gy K, [(149)? - 12(1-0)2] (3.37)

The solution of this equation corresponding to a BCC lattice,
ﬁ = 0, is shown in Fig. 3.7 for the case (Dienes 1955):

K, = V' exp(-V'/k;T), K = V' exp Leve + U'c)/kBTJ, where V',

V' and U' are thermodynamic parameters of the system (Yamauchi and

L]

Fig., 3.7 Solution of eq.
(3.37) for an AB-alloy
with a BCC structure
quenched to various temp-
eratures (T = 2500K)
(Dienes 19555.

4o -
& (sec!)
dt i

[P il




de Fontaine 1974).

A striking peculiarity of ordering kinetics, whose actual
relevance has not vet been clearly established (Sato 1970),
concerns the existence of two differentiated stages in the approach
of the system to equilibrium. Lord (1953) presented some evidence,
Figs. 3.8-3.9, based on the analysis of Young's modulus on the
alloy Cugy Au quenched from 414.2°C to various temperatures T < T,

A qualitatively similar effect has been reported in a number of
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Fig. 3.8 Variation of Young's modulus, E., with time
after quenching a sample of Cu, Au to various
temperatures (Lord 1953). Ec is the value of

ET immediately before the quench.
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Fig. 3.9 The variation of Young's modulus, as in
Fig. 3.8, showing the separation of the
stages (Lord 1953). E, and E_  correspond
to the inflection points, and the initial
stage (including the extrapolated dashed
line) is fitted by the formula
(8 = E = (B8 (L-e~t/T), with T the

associated relaxation time.

different alloys (Kaya et al., 1943, Weisberg and Quimby 1963).
Although there is no adequate theory, (Jones and Sykes 1938,
Sato 1970) the first "fast" stage might be associated with the
development of short-range order throughout the system by means
of normal atomic interdiffusion. After a relatively short time
"out-of -step" ordered domains ('"antiphase domains') would appear

in the system. These domains are supposed to be highly ordered,
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but in the opposite way as are their neighbors (as was shown in
Fig. 1.3). Once the system presents such a structure, which is
sometimes evidenced by electron micrography (Marcinkowski 1963,
Stoloff and Davies 1966), there is a much slower approach to
equilibrium. This stage is then associated with the coalescence
of the antiphase domains: certain domains are abscrbed by others
and the excess atoms diffuse along the domain boundaries.

The theories above do not account for this peculiar effect,
although eq. (3.37) can be shown to be consistent (Yamauchi and
de Fontaine 1974) with the critical slowing down (divergence of
the relaxation time when the critical temperaturec is approached
from below) observed by Lord (1953). TFinally we shall mention
that a modification cf the linear thecry by Bragg and Williams
(1935) and Dienes (1955) to include non-lirear terms in (O - Ue),
where Ge is the equilibrium value of the LRO parameter at the

considered temperature, leads to (Nowick and Weisenberg 1958):

o =1+ (1-0) Ly - (1-nue)l. (3.38)

Here Y stands for a thermodynamic parameter which vanishes as

the temperature approaches the absolute zero, and

w(t) = coth(yY't + c), (3.39)
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with Y' also a thermodynamic parameter and c¢c an integration con-
stant, when eq. (3.38) refers to a sample quenched below Tc' This
equation was shown to fit well some data from the evolution of
up-quenched states when K(t) = tanh (@'t + c) is used instead of

eq. (3.39).




IV, RESULTS

4,1, - Structure function

We report first the results of our observations of the time
evolution of S(k,t) after quenching the system at two different
concentrations to various temperatures., For =0 (EA = EB = 1/2)
the system was quenched to temperatures T/‘l‘c = 0,591, 0.780,
0.887, 1.068 and 1,501. The three lower temperatures are in the
two phase region of the phase diagram, the spinodal region, while
T/Tc = 1.1 and 1.5 are in the one phase region; see Fig. 2.l.

For N = =0.6 (EA = 0.2, n, = 0.8) the system was quenched to

B
temperatures T/Tc = 0.591, 0.887 and 1.068. The two lower tempera-
tures are in the two phase region of the phase diagram but, accord-
ing to the spincdal line drawn in Fig. 2.1, they are outside of

the spinodal region. As we shall see, however, the evolution of
the system at T = 0.6 Tc in this case is very similar to the

evolution at the same temperature for | = 0. At T = 0.9 Tc and

ﬁ = =0.6, on the contrary, the evolution is qualitatively quite
different from the one at the same temperature for ﬁ = 0, and
resembles more the cases T = 1,1 Tc, T=90.6and T=1.1 Tc, ﬁ = 0.
The last two points of the phase diagram are sufficiently close

to the coexistence curve so that significant "local ordering",

which for short times looks similar in some sense to coarsening,

may be expected.
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All our results for the different reported quantities are
averages over eight independent runs which appeared sufficient
to wash out most fluctuations. In the case of the energy, the
typical r.m.s, fluctuations between the eight rums,

8
[,Z, Gi(e) - u, (0?7812

s with G(t) the value reported here
for each time and ui(t) the corresponding value for each run,
are approximately 0.5% = 27%. The corresponding typical r.m.s.
fluctuations for S5(k,t) (whose average values for each time and
for each value of | = Lk/2™T are given in Tables A.1 -~ A.8) are
approximately 5% = 157% but, for the latest time and for values of
k in the neighborhood of the maximum of S(k,t) (where the largest
uncertainty is), the r.m.s. fluctuations are sometimes as large
as 50%. The data reported were collected at initially assigned
intervals of a certain number of (actual) exchanges. The inter-
vals were increased as time progressed and the evolution slowed
down.

The spherically averaged structure function is plotted in
Figs. 1 = 8 of this chapter as a function of k for different
éalues of t after quenching to the temperatures mentioned earlier.
An interesting result (also reported in the two dimensional study;
Bortz et al. 1974, Rao et al. 1975) is the shift of the peak of S(k,t)
" to smaller values of k as time passes. The shift is very rapid at early times
continuing more slowly at late times. As the peak shifts from

large k to small k, it grows considerably. The growth and the
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shift of the peak (in disagreement with the classical theory) is
similar to what is reported by experimentalists on some occasions
(section 4.7 ) and agrees fairly well with the solution of eq.
(3.18) with the approximation (3.23). One outstanding difference
in qualitative behavior at different temperatures and compositions
can be seen in Figs, 1 - 8. 1In the one-phase region, and for

T = 0.9 Tc and ﬁ = ~0.6, S(k,t) initially grows rapidly for large
k, then quickly decays to its apparent equilibrium value. This
shows up as the common tail of all the curves in Figs. &4, 5, 7

and 8, In Figs. 1 = 3 and ¢, however, the tail as well as the

peak is changing, thus in what seems to be the spinodal region,
S(k,t) continues to change at large k, even at late times. These
“"erossovers" in the spinodal region are consistent with the
approximations (3.22) and (3.23) at ﬁ = 0. Cook's equation, (3.21),
however, predicts a common tail in that region, and is not support-
ed by these results.

The point T = 0.6 Tc, ﬁ = ~0.6 is sufficiently close to the
spinodal line drawn in Fig. 2.1 so that the behavior in that case
should be very similar to the one predicted for points lying on
that line, According to the linearized classical theory we would
have km = 0 and no decomposition at all. Langer et al. (1975) pre-
dict a broad but well-defined peak for S(k,t), with considerably

less intensity than in the case of the spincdal region, and a

cocmmon teil for S(k,t)(Fig. 9). The computer solution of the one-
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dimensional diffusion equation with parameters corresponding to
the AL-Zn alloy, 20% Zn, (de Fontaine 1967) also presents a
similar behavior. The observed S(k,t) in Fig. 6 is similar to
that shown in Fig. 4 (note our normalization (2.23)) and therec is a
cross~over in the tail as in the case ﬁ = 0, very similar to
what is observed in the x-ray scattering spectra from A-Zn, 227
Zn (Fig. 96 ). Langer's calculation, Fig. 9, more resembles our
Fig. 7. Fig. 8. bis and Fig. 31 bis corresponds to a 50 x 50 x 50
lattice at T = 0.6Tc and ﬁ = -0.75. Although the cross-over
effect is less pronounced here than in Figs. 1 and 6, the maximum
intensity at, say t = 1000 is comparable to the one at the same
time in Fig. 6. This fact may indicate, as also suggests a
dynamical definition of spinodal (Binder and MUller-Krumbhaar
1974), that the spinodal curve is much closer to the coexistence
curve than is shown in Fig. 2.1.

We have also investigated the shape of S(k,t) for k = km’

the location of the peak, by fitting it to the formula

S(,t) = o) (/LK + ¢, (6)] (4.1)
This is plotted in Figs. 10-11 for the latest times. For 1|l = 0
"at T =1.1T_and T = 1.5T_, and for 1l = -0.6 at T = 1.1T_ and,
perhaps, T = 0.9TC, ¢ and <, become time independent very early

while for the other cases the c¢'s definitely change with time
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(see Figs. 12-15 where 1/c1(t) and cz(t) are plotted vs, time).
Note that c, < 0 for ﬁ =0, T/Tc = 0.6 and 0.8, and for 1| = -0.6,
T/TC = 0.6, as one would expect in that region (Langer 1971).

The behavior (4.1) was also found in the two dimensional study for
T/TC = 1.1, where <y ~ 0, in agreement with the calculations of
Fisher and Burford (1967) of the equilibrium S(k) for the two-
dimensional Ising model above Tc (see section 4.6 ).

In Figs. 16-31 S(k,t) is plotted as a function of time for
different values of k, Figs. 16-23 corresponding to the very early
time behavior. It is clear from these figures that there is no
time regime in which S(k,t) can be said to grow exponentially

with time as is predicted by the classical theory. 1In

fact S(k,t) for each value of k, has an initial growth in time,
reaches a peak and decays. The time required to reach the peak
increases as k decreases and the peak is never reached, during
the course of the experiment, for the smallest values of k. The
slope of S(k,t) vs. t appears to decrease monotonically with t
(for almost all values of k) until S(k,t) is past its peak. As
the temperature is increased,the decay after the peak is reached
becomes less pronounced,and for T = 1.1 'I‘c and T = 1.5 Tc, S(k,t)
appears to reach its maximum value for ecach k, beginning with

the largest values of k, and remain there. This agrees with some

predictions of Langer (1973). (Note that at T = 0.9 T, M= -0.6,

-
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S(k,t) almost follows a similar pattern). At T = 1.5'1‘c for 1 =0
and at T = l.ch for 1 = -0.6 we ran our computer simulation to
values of t for which the system seems to have reached equilibrium.

Two important parameters characterizing the time evolution of

S(k,t) are the location of the peak km(t) and the height of the
peak S(km(t),t). Due to the finite (small) size of our system,
which leads to a wide spacing between the values of k we can
measure, it is difficult to determine these parameters precisely.
Using a parabolic fit for three values of k around km we find a

reasonable fit, Figs, 32 =35, with the following formulae:

k (£) ~@'(t + W + A (4.2)

S(km(t:),t) = UNE 4 10)2 +4n - (4.3)
We also computed the first moment of S(k,t), k(t) = E k - S(k,t)/ES(k,t).
This quantity is plotted in Figs. 36-37 and has the "asymptotic"

behavior

k() ~a(t +10)™ +4 (4.4)




The values of a, a' and a" are listed in Table 4.1. Table 4.2
lists the values of @, @' and @", which, of course, only have a
qualitative significance, and the values of 4, 4' and 4" ,
the standard errors of the estimates (4.4), (4.2) and (4.3) re-

spectively, in percent.

M=o = -0.6

T/E. =1 0.6 10,8 | 0.9 [l.l ' 1.5 0.6} 0.9% 1.1

3

i ‘l;

a 0.17 | 0.21] 0.23 10,12} 0.06"% 0,191 0,12 0.07
i i |
a' 0.21 | 0.25| 0.25 |0.22 ! 0.25! 0.20! - &
i
a" 0.69 | 0.74] 0.65 o.3s! 0.19H 0.70 | 0.41 0.24 |
Table 4.1. Values of a, a' and a" for different points

in the phase diagram.
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Figs. 4.1-4.8

78

Development with time of the spherical
averaged structure function S(k,t) vs. k at
different temperatures. In each figure the
increasing values of the time (in units of
Q-l, eq. (2.19)) correspond to the different
graphs from the bottom of the picture to the
top (C = ﬁ in all the figures.)

In every case the peak grows and shifts
toward small k. Inside the two-phase region
(Figs. 1-3 and 6) the intensity at a given
time decreases with increasing temperature and
seems independent of composition; the tail
shifts toward small k producing a characteristic
cross-over. In the one-phase region-(Figs. 4=-5
and 7-8) the intensity is much smaller and clearly
depends on composition (Figs. 4 and 8); the tail
is common for all the times. In these cases, the
shift of the peak for the latest times, if any,
is very slow. Note the similar behavior shown in
Fig. 8 bis and in Figs. 6 and 1.

Figs. 8.bis and 8.ter correspond to the

50 x 50 x 50 lattice.
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: H
#, 6 .8 1.0 T
q

Fig. 4.9 Development with time of the structure function
versus k (reduced units; section 4.3), for a system
quenched to a point on the spinodal curve drawn on
Fig. 2.1, according to the computations by Langer et
al. (1975). This is to be compared with Figs. 6 and
8 bis, and Fig. 7.
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Figs. 4.10-4.11. Plot and least-squares fit of S(k,t)-l,

2
k > km(t), vs. k", The slopes shown correspond

to 1/c1(t) in eq. (4.1) at t = 613, 1643, 6528,
421, 554, 3896, 1611 and 727 for increasing
temperatures and decreasing concentration, re-
spectively.

Figs., 4.12-4,15. Time evolution of 1/c1(t) and c2(t) assuming
the form of eq. (4.1). In the one-phase region
(with perhaps the exception T/Tc = 1,5, ﬁ =0) and
for T/Tc = 0.9, M= -0.6 they soon become time-
independent. See also section 4.6.

Figs. 4.16-4.23. Early time evolution of S(k,t) as a function
of time for different values of k. At the end
of each line is shown the corresponding value of
b= 30k/2T,

Figs. 4.24-4 .31, Complete evolution with time of the spherical
averaged structure function for different values
of k. No exponential growth is seen in any case.

Figs. 4.31,bis and 4.31,ter correspond to the

50 x 50 x 50 lattice.
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Tables 4.32-4.37 Least~square determination of the parameters
in eqs. (4.2)-(4.4) for t 2 50, 1In Figs. 32-35 is
assumed that the highest points of S(k,t) around km
follow a parabola; the inadequacy of this fit
probably accounts for most of the fluctuations in
those figures. Note that for T/Tc = 1,5 in Fig. 32
and for T/Tc = 1.1 in Fig. 33 the slope correspond=~
ing to the latest times is practically zero, indicat-
ing the end of the growth of the peak of S(k,t).
This effect is less transparent for the location
of the peak in Figs. 36-37 for the same cases.

It seems again evident from the figures that
the evolution is independent of the composition when
the system is quenched to some '"spinodal region"
(this would include T/'I‘c = 0.6, ﬁ = -0.6, but not

T/Tc = 0.9, N = -0.6 nor T/Tc = 0.6, 1= -0.,94).
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T=o0 1 =-0.6
/T, = | 0.6 0.8 |0.9 l 3 Prs § 0.6 ] 6.8 1.1
i | ;

o 2,21 12,56 |2.841 1,73 11.35 1 2.42] 1.73 ] 1.46
8 ss b1 1sgdos boe Vas low t1g
at | 2530 2.77 | 2.46! 1.95 ' 1.81 I 2301 - -
At 1.5 é 2.8 17.2 ! 4.8 ? 9.8 1.8 1 -
o 0.51/ 0.33 | 0,40 1,03 1.25 ' 0.37! 0,73 [1.02 ! .
an 3.5 tes lsadssise Nag w 56.4 | '

Table 4.2. Values of @, @' and @", and values of

A, A" and A" in percent corresponding
to the relations (4.4), (4.2) and (4.3).

A basic cluster dynamics theory (section 3.4) predicts
a" = 3a' and a'= 1/6 at "low temperatures'". The first of these
predictions seems to be satisfied well for T = 0'6'Tc and
T=0.8 Tc, the second apparently not. For T :;Tc the prediction
is a' ~ 1/4 and for T > T,, a' =1/2. Only the first of these
predictions seems in agreement with some of our results. On the
other hand, the solution of eq. (3.18) with the approximation (3.23)
is consistent with a' ~ 0.21 (Langer 1975).

4,2, - Energy

The behavior of u defined in (2.27) is plotted in Figs. 38-
41 and a part of the numerical data (the energv was collected
more frequently than the rest of the quantities) is listed in

¥ Tables A.9 - A.16, At t = 0, the number of A-B bonds is
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approximately NAB = (an) (nA N), with z = 6 the coordination
number of the lattice; then u = 3/2 for Tl = 0 and u = 24/25 for

TN = -0.6. This quantity, excluding the very early times, appears

to behave (Figs. 38 and 40) as
. u~a(t +10)° 44 , (4.5)

This behavior must clearly be modified for still longer times when

u should approach a finite value uy(T) which will be very small

at low temperatures. The parameters for eq. (4.5) are given in
Table 4.3 for t > 100, Figs. 39 and 41 correspond to the early

behavior of the formu~ t .

Unfortunately we have no reliable way of estimating u,(T),
the equilibrium value of u for our system, at T < T.- What
exists in the literature (Baker 1963, Binder 1972) are estimates
based on Padé approximants for the equilibrium energy in the pure
phase, up(T), i.e. along the coexistence line, and in the one
phase region ﬁ =0, for T Z'Tc' As discussed in section 2.2,
the size effect corrections to this energy can be expected to be
very small for our system. What is not negligible for our system
are the interfacial energies, which since we have a finite system
(with a fixed value of ﬁ) give a non vanishing u_(T) even for
T = 0. Fisher (1975) suggested that we estimate this interfacial
energy, uI(T), for T < T, by multiplying uI(O) by the surface

tension O(T). This would give
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Ue(T) = up(0) O(T) + u (T) , (4.6)

where O(T) = 0 and up(T) is the one-phase equilibrium u for T 2 Tc’
and O(0) = 1, ﬁp(O) = 0. The values of u (T) obtained in this

way, using for O(T) the results of Monte-Carlo computations

(Leamy et al. 1973), are listed in Table &4, 6 ; its accuracy is
uncertain (see section 4.6). Above Tc it was possible to obtain
the value of u_(T) in our system from the Padé approximation and/
or by means of the simulation technique, as described in section
4.6. This gives, excluding the very early times, an asymptotic

behavior, Figs. 42 - 45,
-b!
u = u (T) ~o'(t + 10) + A (4.7)

We have also looked at the behavior of log[u - up(T)] and find

that
_bll
u - uP(T) ~a"(t + 10) + 4 (4.8)
The parameters in relations (4.5), (4.7) and (4.8) at different

temperatures and compositions are listed in Table 4.3. In the

two dimensional case Bortz et al. (1974) found for
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Table 4.3. Values of b, b', b", @, @' and @" and
values of &, &' and A" in percent
corresponding to the relations (4.5),
(4.7) and (4.8).

M=0,b~b"~1/5at T =0.6 T, and b' ~ 7/12 for T = 1.1 T_
( the only two points analysed there). The extension of the
computations at T = 0,6 1‘c in that case to much longer times gives
b ~ 1/4 (Rao et al. 1975).

The behavior of b at the lowest temperatures is in good
accord with the predicfion of the cluster dynamics theory in
section 3.4 which gives, at "low temperatures', b" = (d + 3)-1

with d the dimensionality of the space considered. For T > T,
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this theory predicts b' ~ d/2 and a change-over effect at T :;Tc
with b" ~ 0.36 or b" ~ 0.24, that might still affect the behavior
at'T =151 TC (Binder 1973): there is also in this case some
suppori from our data.

It is not clear to us at the present time how much weight
one should put on the fits or misfits batween our recults and
the predictions. CQur data is limited and the theory may cv may
not be adequate. In fact, as also has been poiated cut by Binder
(19275), the inspection of the figures 43 and 45 seems to indicate
a certain time dependence in b' (and also in a) and perhaps a

change~-over effect in the behavior of u = u (T) vs. time at a

AAALT A AR

definite, temperaturc-dependent value of the time. The data

from very early times is reasonably fitted hy a power law with
the exponents given in Figs. 43 and 45 (or in Figs. 39 and 41 for
the bchavior of u with time). After a temperature dependent
interval of time there is a short interval during which the
¢xponents change rapidly to a new value. After

this, znd during most of the evolution we have studied, the
exponencs In Fizs. 42 and 44 describe fairly well the temporal
dependence ni the excess energy. We have at the present time no
adequate expiznation cf this effect, nor do we know if it has

any actual significance, but it is interesting to note that Langer
¢t el, (1975) have found a similar temporal break on certain

occasious in the solution of eq. (3.18) with (3.23). One cannot




Figs. 4.38-4.41

Figs - 4 142 "4 .45

Figs. 4.46-4.47
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Logarithmic plot of u, a measure of the
energy of the system, vs. t for different temper-
atures. In Figs. 39 and 41 the early data is
fitted. Note in these figures a temporal varia-
tion (of different sign below Tc than above Tc)
of the slope.

Logarithmic plot of u=-u,(T), u (T) is the
equilibrium energy of the system, vs. time. In
Figs. 43 and 45 the early evolution is emphasized.
The change-over effect described in the text, is
clear. Note the peculiar graph for T/Tc = 0.9,

M = -0.6 in Fig. 45.

Logarithmic plot of the number of (actual)
exchanges vs. time for different temperatures.
The straight lines, whose slope is shown, corres-

pond to a least-square fit to the data for t = 50.
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expect, on the other hand, the basic cluster dynamics sketched in
section 3.4 to account for this effect. This may indicate a
slight change in the clustering mechanism below Tc (see Fig. 43)
when a certain cluster size is predominant in the system. Note
that the time at which the change-over is observed below Tc in-
creases with temperature, while above Tc the efifect appears much
earlier, the time of its appearance becoming smaller for higher

temperatures.

The number of exchanges vs, time is plotted in Figs. 46-47
We expect that the slope of this graph, the number of exchanges
per unit time, should behave, at the lower temperatures, approxi-
mately like the number of A-B bonds, and this is confirmed by
the results. It is not exactly the same since the probability
of an exchange depends on the configuration on the sites surround-
ing the A-B pair. When the A and B regions are well segregated
however this should affect the rate only through a constant factor.

4,3, - Scaling Analysis

The introduction of dynamical scaling can, in principle, re-
move the temperature and composition dependence from our data allow=-
ing a detailed comparison with Langer's theory. Assuming the

" validity of dynamical scaling (Kawasaki 1966, Kadanoff et al.
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1967, Tarko and Fisher 1975) the function S(k,t) may be express-
ed in the vicinity of the critical temperature T < T, in a
"universal form" xf(q,T) in terms of the dimensionless variables

Y42V

a1 - 3 /1) b, q =ay(l - T/T) T k

,J(q.‘f) =gl - T/Tc)Y S(k,t).

The values of the parameters in these equaticns for the kinetic

three dimensional model simulated here are given by Langer et al,

(1975) as

= 0.35 and @, = 2,59 .

Y =5/4, v =29/14, @ =351, @ 5

1 2

The power-law tomperature dependeace “n (4.9) and (4.10) with the
above exponents is known to be valid only very near Tc' In order
to extend the validity of the scaling to other temperatures, low
(or high) temperature expansions (Essam and Fisher 1963) should
be used instead. On the other hand, the calculation of “1, dz,
~and 03, (4.11), involves the assumption of a Ginzburg-Landau
polynomial for the free energy density of the system and this

may seriously affect the results, especially at 7 # 0. These

(4.9)

(4.10)

(4.11)
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assumptions may cause (at least in part) the reported disagree-
ment between the calculation by Langer et al. at the spinodal

= *
line and our results at 1| = =0.6 T, , and therefore we shall

only perform here the scaling analysis of our data at 1 = 0.

In Fig. 48 we plot #J(q,T) for ﬁ = 0 as a function of T
for selected values of q. If scaling is valid and we were in
the region of scaling (which we definitely are not for T = 0.6 Tc
and only marginally for T = 0.8 Tc) then, for a given a, ﬁf(q,T)
should be the same function of T for different temperatures.
Surprisingly enough for q ~ 1 this is the case even for T = 0.6 Tc.
For smaller values of q the deviations increase as T increases.
The dotted lines in Fig. 48 correspond to Langer's calculations
for values of q close to the ones reported by us. It is because of
the scaling of t that we ran our computer simulations to larger

values of t for T = 0.9 Tc.

*We note that the position of this phase point relative to the
spinodal line is critically affected by the definition of that
line. 1f one defines the spinodal by TE = (1.57%/3)IT-TCI5/16,
implied by (4.9) and (4.10) with (4.11), the point (1l = -0.6,T/T_=0.6)
lies, at difference from the case in Fig. 2.1, well inside of
the spinodal region. According to a molecular-field-free-energy
density (Suzuki and Kubo (1968)), this poirt is also inside this

region, but very close to the spinodal line.
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In terms of the reduced variables q and T, eq. (3.18) with

Langer's approximation (3.23) leads to

d ~
= - -—q2[q2 + Y(7)] sj(q,") + q

.

with Y(T) the scaled ¥(t) in (3.23). It was this equation which
was solved by Langer et al. (1975) and the results compared in
part with preliminary data from our computer simulation. We make
such a comparison in Figs. 49 -352 where we compare the function

;z((q,T) obta;ned from (4.12) (and an equation forlq(T) obtained

from (3.19) after simplifying assumptions; Langer et al. 1975)
with the results of our simulation. The agreement for T = 0.8 Tc
and 0.9 Tc in this case is quite impressive. As a more direct,
and more stringent, test of the approximation (4.12) we have also
plotted in Fig. 53 the function

P(q,m = |- 2 21| Fa,m +d”

2 T
q

which is taken directly from our computer simulation. Function
(4.13) corresponds to the negative of Y(T) in eq. (4.12); thus,
according to the approximation (3.23), ['(q,T) should be independ-

ent of q and of the temperature T if T ST . Fig. 53

(4.12)

(4.13)
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shows again a surprising temperature independence, even outside
the scaling region, and a definite dependence in q that is not
included in Langer's approximation (which gives the dashed line
in Fig. 53).

We also note that Cook's equation, (3.21), follows from
eq. (4.21), using the scaling relations (4.9) and (4.10), when
Y(T) is given by

2 2
o 2M(O”£ /3N )7 =
V() = ——— - )P (4.14)

where, according to (4.11), 2V-Y is close to zero and

M(azflanz)ﬂzﬁ is the classical diffusion constant. Thus, the
linear fluctuation theory implies a constant value for our

function (4.12).

In Figs. 54 - 55 we plot the function R(q,'f)/q2 where R is

the logarithmic derivative of;J:

9
R(q,T) = T dn j(q"l') . (4.15)

The linear classical theory predicts a straight line in this case
(see eq. (3.8) ) whose intersection at k = 0 would give the nega=-
tive of the diffusion constant. For this reason this is a

quantity usually plotted by experimentalists, and they also
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- T=0.8
/
30 q=0.41

Fig. 4.48 Structure function vs. time in reduced units for three
24

different values of q (scaled k) and differeut tempera-
tures., Note that for q ~ 0.65 (which is in the neighbor-
hood of g{r(q,T) for intermediate times; see Figs. 49-52)
the results for T/Tc = 0.9 can be affected by the slight
differences between the chosen values of q. The dotted
lines correspond to the predictions by Langer et al, (1975)

for similar values of q.
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6L X STLT.~0.8
.r.ggll.:s ® X TUI.TQ:=(3.SB
- ®T/T.=0.6

0 I | 1 | [ i | |
0 e 4 6 .8 1.0 1.2 1.4 1.6

Fig. 49

Figs. 4.49-4,52 Comparison of the computer simulation results

at different temperatures (scaled data) with
the solution (solid lines; Langer et al. 1975)
of equation (3.18) with the approximation (3.23) I

for different values of the time.

Fig. 4.53 Time evolution of the function I'(q,T) as defined
in equatien (4.13). The dashed line is obtained

using the approximation by Langer et al. (1975).
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: Huang e al. (1934)
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report a bending (and sometimes a time-dependence) qualitative-

ly similar to the situation in Figs. 54 - 55 . Fig. 54 also
contains the predictions by Langer, and the inset there
corresponds to the observations (Huang et al. 1974) of the same
quantity in a binary mixture of methanol and cyclohexane quenched
to about 2mK below its critical temperature (TC = 45,14°C), Sur-

prisingly enough for a liquid mixture (where hydrodynamic

effects are expected to be of importance in the coarsening process)

these detailed observations of phase separation (also Huang et al.

1975) bears, during most of the evolution, a great qualitative
similarity with our ohservations near Tc'

4,4, - Clusters analysis.

We report here our observations concerning the formation of

"clusters" as the system evolves in time. A '"cluster'" is defined ‘
as a group of A-atoms linked together by nearest-neighbor bonds. It "
v

turns out that there is an essential difference between two- and three- ~
-

L

dimensional systems with the same compesition so that, in addition
to the 30 x 30 x 30 lattice so far considered, we have alsc studied

*
cluster formation in the 80 x 80, 200 x 200 and 50 x 50 x 50 lattices .

* Other results on these systems will be reported elsewhere

(Rao et al. 1975).
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In two limensions we are reporting the cluster analysis corres-

ponding to six statistically independent evolutions for the

80 x 80 system and one evolution for the 200 x 200 system, all

of them (which were run to comparatively very large values of t)

at T/Tc = 0,588 and ﬁ = -0.6. In three dimensions we report an

average over eight independent evolutions fer the 30 x 30 x 30

system at fl = -0.6 and each of the follewing temperatures: 0.6Tc, 0.9Tc,

and 1'1Tc; and one evolution for the 50 x 50 x 50 lattice at each of the

phase-points: (1=-0.6, 1/T_=0.59) (fl=-0.75, T/T_=0.59) and (fl=-0.88,1/1_=0.59).
For two-dimensions we present in Appendix C, Figs. C.1-C.16,

histograms at different values of the time showing the per cent

of A-particles in the system which constitute clusters of a given

size., In this case, given the similarity of the results from the

two different studied lattices, we combined the results from the

seven evolutions, each weighted according to the number of

particles in the correspounding system. In addition, each graph

there includes the information from a certain time interval (see
figures captions). The qualitative behavior shown by these

figures is much as expected, and they look similar to experimental
histograms. 1In Fig. 56 are sketched, from left to right, thes
theoretical cluster distributions at some given "late" time
according to Lifshitz and Slyozov, eq. (3.12), to Wagner, eq. (3.14),

and a characteristic experimental one (Smith 1967). On occasions




SU%1 SU%+ $0%+
o o4Ok o viop odop
Fig. 4.56 Clusters distributions(per cent of particles vs.

clusters size in microns) at some late time after

the quench according to, from left to right, Lifshitz

and Slyozov, Wagner, and experimental observation on

Mn-Mg (Smith 1967).

(Ardell 1969), the experimental histograms agree better with the

Lifshitz-Slyozov distribution (and, in consequence, worse with our

Figs. C.1-C.16 corresponding to a two-dimensional system) than the

one transcribed in Fig. 56.

We have also looked at the behavior of the following quantities

in the system: the average cluster size,

l = E oeln% E nL
<g< <4<
RN RIS

with ny the number of clusters made up of £ particles, the standard

deviation for the distribution of sizes,

o bl bl e |
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with d the dimensicnality of the system and c = (3/4”)1/3 for

d=3and ¢ =147 ford = 2, the average cluster energy,

g = 5 €. a L H O &
§ St 4 %/;i<w<z 5

== g

and the average ratio ("surface/volume'):

— /

b.< A<L L <4<i

s o e 3 fe=etf
EL is the number of A-B bonds of a given cluster of size L. For
the two-dimensional system, ii = 10 and Ef is large enough
to include all clusters. The numerical data is
tabulated in Tables A,17-A.18, and its analysis, according to
predictions in chapter III, is summarized in Figs. 57-63. Fig.

57, including the data from the 80 x 80 and 200 x 200 lattices

and the mentioned temporal average, indicates

=1

12
124
o

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

3 o JQ A ARdes
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with a ~ 0,36 for t 2 1000; the earlier evoluticn does not seem
to follow (4.21), as seen in Fig. 58. This later figure also
shows that the medium cluster size for any time is slightly
larger in the 80 x 80 lattice. Binder and Stauffer (1974) pre-
dicted (4.21) with a = 0.4 at "low temperatures". We also find

for the average radius:
A ~ ¢ (4.22)

with a' ~ 0.18 (~ % a) for t 2 1000. 1In Figs. 59-60, which refer
to the same data as above, we emphasize the fact of the ambiguity
of that kind of plots, which are used by experimentalists to con-
firm Lifshitz-Slyozov, (3.13), or Wagner, (3.15), laws. Figs.
59-60, however, show more transparently than Figs. 57-58 a change-
over effect similar to thie one discussed in scetion 4.2.

According to Fig. 61,

) -b

€l ~ B ¢ (4.23)
with b ~ 0.44 for t£ > 1000 ( and b ~ 0.47 for t > 4000); the

data in tables A.17-A.18, however, shows a size-dependence (the

only one which affects the temporal behavior) in the decay with

time of €/4 (actually we obtain for t 2 4000, b ~ 0.60 for the

system of 6400 spins and b ~ 0.43 for the one with 40,000 spins.)
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Fig. 62 also refers to the evolution with time of the clusters

compactness; we obtain (size-independently)

bl

€ ~ prl (4.24)

with b' ~ 0.488 for t > 1000 and b' ~ 0.492 for t > 4000, very
close to the value 1/2 of the contour/area ratio. Fig. 63 shows
the evolution with time of the standard deviation (4.17).

The evolution with time of the cluster distribution in the
30 x 30 x 30 lattice at ﬁ = -0,6 and different temperatures
is shown in Figs. C.l7-C.50. There becomes evident an essential
difference with clustering in a two-dimensional system with the
same composition. Instead of the peaked distribution of the
later , the histograms for three dimensions present (or have the
tendency to), after a relatively very short time which increases
with temperature, two different maxima. In fact, each of the
eight evolutions at T/Tc = 0.6 showed very early one or two
clusters totalizing between 2000 and 5000 particles (see for
instance the cluster distribution accompanying Figs. B.1-B.19
which correspond to a single run). At T)’Tc = 0.9 (Figs. C.31-
C.40 and B.20-B.24) the big clusters appear much later and, at
" a given time, their size is smaller than at 0'6Tc' Above TC
(Figs. C.41-C.50 and B,25-B.30) only one out of the eight runs

developed a big cluster of about 1500 particles and the

e e e om o

_am S8 o S

o SSecah IS
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distributions present no second maximum as it occurs below Tc'

This interesting behavior, very different from the one re-
ported by experimentalists for real alloys (see Fig. 56 and
section 4,7), seems to be a consequence of the natural extension
of the "percolation" effect (Shante and Kirkpatrick 1971, Essam
1972) to interacting systems, a phenomenon rarely considered
(MUller-Krumbhaar 1974) in the literature. In this case, of
course, the system, when quenched to a low temperature, is crossed
by thick layers of the minority phase instead of presenting the
diluted network of connected particles which is characteristic of
the familiar "random percolation".

We have also studied a 50 x 50 x 50 lattice; Figs. C.51-C.56
contain the corresponding histograms for the cluster distribution
at different values of the time for T/Tc = 0.6 and ﬁ = -0.6. A
big cluster (~ 9000 particles) develops very early; then its
size increases very rapidly up to about 17000 particles and its
size fluctuates around that value for the rest of the considered
evolution. Thus, we note that the size of the big cluster has
roughly increased, as compared with the eight evolutions of the
30 x 30 x 30 system, in an amount proportional to the ratio
between the total number of particles in the systems
(503/303 ~ 4,63), and this strongly suggests that we are in the
presence of an "infinite cluster" in the sense of percolation

theory (connected by periodic boundary conditions).
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In Figs. C.57-C.64 we present similar histograms for the
evolution of the 50 x 50 x 50 lattice at 1 = -0.75 and T/Tc = 0.6.
Regarding our latest distributions in this case we note that,
although the biggest clusters are only of a few hundred particles,
the situation is qualitatively similar to the case of composition
ﬁ = =0.6. In fact, it is also present here the peculiar gap
between a 'typical' distribution for small clusters and a few big
clusters, and we think that, letting the system evolve long
enough in time, one would finally observe the appearance of an
infinite cluster.

We also mention that the '"typical" distribution for the small
clusters, as clearly observed for instance in Fig. C.64, is also
characteristic of the temperatures below Tc and concentrations
previously reported; Figs. C.17-C.50 do not show this typical
distribution due to our choice there of wide bands to smooth the
fluctuations between the eight evelutions. Figs. C.65-C.66 con-
tain the same information as before (approximately as C.23 and
C.37, respectively), but this time the bands are more sensible
and the mentioned '"typical distribution" is clearly seen. This
suggests the separate analysis in the system of properties (4.16)~
(4.20) corresponding to "small" clusters and "big'" clusters. We
shall take 10 < £ < 300 as "small" clusters, and £ > 300 as "big"
clusters. We prepared in this way Figs. 64-66 corresponding to

the 30 x 30 x 30 system, 1| = -0.6, at different temperatures.




134

An interesting difference between the qualitative behavior
at T = 0.6Tc and T = 0'9Tc’ 1.1Tc is shown by Fig. 64. After a
relatively short interval of time, the mean size of the small
clusters decreases slightly for the later temperatures, while at
0.6'Ic the mean size increases very fast (as t0.42)- Note that
the rapid decrease which is observed at 0.6'1‘c after t ~ 1500 only
means that clusters with more than 300 particles are predcminant
in the system after that time. This fact also affects the inter-
pretation of the behavior at T = 0.6'1'c shown by Fig. 65, which
corresponds to "big' clusters. Again, the decrease of the mean
size for this temperature corresponds to the formation and growth
of clusters of size between 300 and 1500 particles (at the expense
of the smaller clusters) wnile the total number of particles in
the (few) very big clusters is approximately stationary (although
important fluctuations are seen due to the breaking, and subsequent
recombination, of these big clusters). Fig. 66 corresponds to
the evolution with time of the quantity 371 for small clusters.

In fig. 67 we analyse the temporal behavior of the mean
éluster size including all the clusters with £ = 10 (Tables A.19-
A.21). Given the "untypical" form of the cluster distribution
in three dimensions, one has to be cautious when interpreting
this figure; this is obvious when one compares Fig. 67 with Fig.

68 for the temporal evolution of the clusters radius (~ 4 ).

We emphasize in Fig. 67 two different temporal behaviors; for
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t > 500 a least-square fit according to eq. (4.21) gives a = 0.385,
as compared with the prediction a = 1/3 of the Ostwald ripening
theory and with a = 1/2 which is given by the cluster dynamics in
section 3.4, Figs. 69-70 refer to the quantities defined in eqs.
(4.20) and (4.19) respectively.

When the fraction of A-particles in the system, iﬁ’ is below
the critical value for percolation (this wvalue is 0.307 + 0.01 for
site percolation, as computed by the series method; Essam 1972),
one expects the initial, random, cluster distribution to decrease
monotonically with cluster size., Fig. 71 corresponds to the
average of eight infinite-temperature configurations for the
30 x 30 x 30 lattice at EA = 0.2. At higher concentrations,
"infinite size'" clusters appear in the system. This is shown in
Figs. C.67-C.84 which correspond to the average over twelve ran-
dom configurations of the 30 x 30 x 30 lattice for n, ranging
from 0.282 to 0.350 at intervals of 0.004.

Also of interest is the analysis of the behavior of the very
small clusters (monomers, dimers, etc. ) in the system. The
variation of the percentage of A-particles constituting clusters
of small sizesras a function of EA ie given in Fig. 72, while
Figs. 73-80 bis are concerned with the evolution in time  of the
same quantity for different situations. A common fact to all these

situations is that, apart from fluctuations, the number of monomer,

dimers, trimers, etc. reaches very early the corresponding
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equilibrium values. We denote these values by ni, I =1,2:350e0,
and they are tabulated in Table 4.5 for different situations as
computed by a temporal average over the part of the corresponding
evolution after stabilization. Note the qualitatively different
behavior shown by Fig. 80 bis (the only one at M = 0) for early
times as compared with the one in Figs. 71-80.

In the lattice-gas-model language, one may think of the "very
small" clusters in the system as constituting the vapor phase;

then, large clusters would correspond to the solid phase. The ,

mean density of the system is then given by [

p=X Pv + (1 -~ %) Ps (4.25)

L4

with Pv and Ps, respectively, the density of the vapor and solid

phases, and X, (1 - X) the corresponding fractions. When Pv is K
small, n? ~ PN with N the number of sites in the lattice. One =
may write

zN in the one-phase region
W, A= (4.26)

Xz'N in the two-phase region,

and

oy ~ 3 W2 exp(43/k1), (4.27)
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ng 507 Loy 17l oan (4.28)
From these equations,
X g B
x B ;g n3/(n2) = 15/9 . (4.29)

This value reasonably agrees with the one computed from the
evoluticn of our model system (rightmost column in Table 4.5),
especially if ore has in mind that Dv is not so small in the
cases considered in Table 4.5. From the values for the

30 x 30 x 30 lattice one observes, however, that r slightly de-
pends on the temperature. The value of r for the 80 x 80

lattice is 8.6% higher than (4.29) (while the one for the

200 x 200 lattice is 2.2% smaller) perhaps corresponding to size
effects in the smallest system. A similar {less pronounced)
difference affects the values for the 30 x 30 x 30 and 50 x 50 x 50
lattices, and is remarkable the fact that the largest lattices
at T = 0._6Tc and 7 = -0.6 give almost the same value for r, very
close to the prediction (4.29). We do not expect (4.27)=(4.29)

to hold at T = 0.

Other cluster properties will be considered in section 4.6.




. n S S S S 5 S S S S S
lattice T/T, 1 ny n, ny n, n ng n ng Rg 0 r
80 x 80 0.é -0.6} 15.624 1.99; 0.46 l 0.27 | 0.16 { 0.14] 0,09 } 0.05 } 0.03] 0.06] 1.81
-
200 x 200 0.6 -0.6] 90.38 12.1112.,64 §1.38 | 0.93 | 0,70 0.78 1 0.67 ] €0.56] 0.56] 1.3
30 x 30 x 30} 0.6 -O.6§ 226.92 38.48;11.42 4,154 1.85 1 1.88) 0,33 1 0.29 § 0,11} ©,09} 1.95
| ! :
| | |
30 x 30 x 30;0.9 -0.6; 474.,13; 113.60 50.59 { 27,74 17.60} 11.67; 9.10 | 6.32 | 5.38 | 4.39 i 1.86
30 x 30 x 30{1.1 -0.6§ 573.9 {140.25 65.13 { 37.15| 24.48] 17.76] 12,59 10.27{ 8.25 | 6.86 | 1.90
30 x 30 x 30j1.1 0 % 112.13} 7.81 1.78}0.395] 0.194| 0.157] 0.046{ 0.020} 0.018 0.010; 3.27
:- ! !
30 x 30 x 30j1.5 0 illA.Sl; 6.18 1.32 {0.315{ 0.174} 0.047} 0.033 0.013 j 0.003 0.005; 3.95
: : | :
! i ] ;
50 x 50 x 50}0.6 -0.6 1066.0 :193.6 i 56.9 - - - - - - = 1 1.62
e ) ? i L i : i !
i | 5 e o oty ;
50 x 50 x 50{0.6 -0.75 1425.3{296.8 ‘ 108.3; 43,71 24.0} 18.0 9.5; 5.3 } 3.D 3.3 % 1.75
£
1 ' H { i g
i f ! ; : {
50 x 50 x 50{0.9 | ~-0.38 1157.1{213.8 | - | - - - ~f = & o« e F -
Table 4.5 Equilibrium value of the number of monomers, ni, dimers, ng, etc. computed as an

average over the stationary evolution shown in Figs.

clear the stabilization of these values.

- B
r =n] n3/(n2) .

73-80, in the cases for which it was

The right most column corresponds to

8¢€T
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Figs., 4.57-4.58 Logarithﬁic plot of the average cluster size
(number of particles) vs. time as obtained from
six evolutions of the 80 x 80 lattice and cne
evolution of the 200 x 200 lattice at T/Tc = 0.6
and ﬁ = -0,6 (Fig. 58) and the combination of
the seven evolutions (Fig. 57). The straight
lines shown are a least-square fit to the data;
the figures show the slope and intersection of
these lines with the vertical axis for zero
value of the horizontal axis, and the standard
error of the estimate (RMSF) in percent.

Figs. 4.59-4.60 Same data as before, this time referring to
the average cluster radius, plotted in the way
experimentalists use to do., The RMSF are in
absolute value. This kind of plots do not deter-
mine unambigously a law for the temporal evolution.

Figs. 4.61-4.62 Logarithmic plots of the decay with time of
€/, eq. (4.20), and of € vs. I, eqs. (4.19) and
(4.16), for a combination of the results from the
two-dimensional systems.

Fig. 4.63 Evolution with time of the standard deviation
of the distribution of clusters sizes correspond-
ing to the two different two-dimensional lattices.

Figs. 4.64-4.70 Same as Figs. 4.57, 4.58, 4.61 and 4.62, 'this

time referring to the 30 x 30 x 30 lattice, 1l = -0.6,
at different temperatures., Figs. 4.64 and 4.66

refer to "small" clusters and Fig. 4.65 to "big"
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Fig. 4.71 Initial cluster distribution, average of
eight random configurations for the 30 x 30 x 30
lattice at ﬁ = =0.6. The horizontal axis was
divided in bands of 5 particles up to size
51 and in bands of 10 particles for the rest.

Fig., 4.72 Percentage of A-atoms constituting very
small clusters as a function of the fraction EA
of A-atoms in the system. The corresponding
cluster size is indicated at the end of each
line.

Figs. 4.73-4.80bis Evolution with time of the percentage of
A-atoms constituting very small clusters for
different systems, compositions and temperatures.
The number at the end of each line corresponds
to the cluster size to which it refers. DNote

that the very early times are not considered

in any of the graphs.
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4o5. - Anti-ferromagnetic interaction.

We present in this section some results on the temporal evolu-
tion after quench of the Ising anti-ferromagnet as discussed in
Chapter II. They refer to an average over eight independent evolu-
tions (Tables A.22-A.27) of the 30 x 30 x 30 lattice at the phase-
points (Fig. 2.1):(1 =0, T = 0.591T ), (M =-0.4, T= 0.591T )
and (ﬁ =0, T-= 0.887Tc).

The spherically averaged structure function,(2.26), is plotted
in Figs. 81-82 as a function of k for different values of t after
quenching the system with different compositions to T = O.GTk.

Figs. 83-84 refer to the evolution with time of S(k,t) for differ-
ent values of k. All these figures show a rapid decay of S(k,t)

with time which corresponds to the decay of the short (microscopic)
ranged correlations. According to Fig. 83, this decay is quanti-
tively similar to @ll the studied k values with the exception of

the very small ones. This is also seen, although less transparently,
in Fig. 84 and might indicate the appearance of a peak for S(k,t) at
k < 27T/30 (the smallest value of k we can mcasuré in our finite
éystem). The visual inspecticn of Figs. 8l=82 also helps to guess
the presence of this peak. On the other hand, these figures show no
"superlattice reflection" corresponding to the development of corre-
lations of order ~ 2 a_s this may be due to the spherical average
performed in S(k,t). If one avoids this average, however, the fluctu-
ations in S(k,t) will probably hamper the usefulness of the resulting

picture,
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These figures evidence that the system reaches its equilibrium
state much earlier than the corresponding ferromagnet; this is also
true for quenched real alloys favoring ordering for which the
relaxation time (though may vary from several seconds to several
days) is, generally speaking, one order of magnitude smaller than
in the case of alloys with a ‘tendency to clustering. In our model
system the relaxation time at 0.6TC is larger for ﬁ = 0 than for
ﬁ = -0.4., On the other hand, a remarkable fact shown by the pre=-
ceding graphs is that one can clearly distinguish two different
stages in the approach to equiiibrium. This evolution, however,
presents no exponential regime for any case. S(k,t) seems to
vary almost linearly with time during most part of the evolution.

The energy u varies with time as shown in Figs. 85 (very
early times) and 86 for the cases studied here. The last figure
also evidences the two different stages in the relaxation of the
system. The first stage is a very fast one and, according to
Figs. B.31 - B.33 for the lattice configurations at early times,
it is associated with single atoms processes which built up
small ordered regions in the system. These regions ('"antiphase
domains") clearly show up in Figs. B.35 - B.37; in Fig. B.37
we limited the boundary of two of these domains by a dashed line.
The "diffusion" and reaction of the antiphase domains is a much

slower process and will then correspond to the flat part of the
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evolution of u in Fig. 86. Note, however, that one can still
distinguish two different slopes in the upper succession of
points in Fig., 86; the latest, slightly slower, part of the evolu-
tion seems to correspond to the diffusion of "defects" (very small
clusters which break the general order) throughout the lattice.
Fig. 87 corresponds to the variation with time of ug,-u(t),
where the equilibrium energy u, is given in section 4.6 as computed
from the evolution of our model system tc long times; that figure
shows a similar behavior of u, - u(t) for ﬂ = 0 at different
temperatures. In Fig. 88 we present the temporal dependence of
Ou/dt for all the cases considered here; this is to be compared
with Fig. 89 corresponding to Iida's classical experiment in which

a sample of the Ni, Fe alloy ('J.'c :;SSOOC) is quenched from 600°C

3
to the indicated temperatures (Iida 1955). Finally, Fig. 90 shows

the evolution with time of O - U at = 0, T= 0'9Tc’ where O is
the long range order parameter defined in (2.28) and its equilibrium
value is given in the next section.

We mention that we find not much support from the present
data for some of the predictions in section 3.5. In particular,
when our data for S(k,t) is plotted in the same fashion as in Fig.
3.6 we find a much more serious deviation from exponential behavior;
we expect to report soon on higher temperatures which will be more

comparable to those studied. Neither the evolution with time of the

long range order parameter seems to agree with the theoretical
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expectations (3.37) or (3.38) which are supposed to hold below

T .
c
| |
| | :
-40| : | -40
| ‘ -
I Y
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-zoll— 500°% -5l
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Fig. 4.89 The rate of the internal energy decresase plotted
against time for NisFe quenched to the indicated
temperatures (T :_O.QATC, 0.89Tc, respectively)
(Iida 1955).



Figs. 4.81-4.82

Figs. 4.83-4.84

Figs. 4.85-4.88

Fig. 4.90
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Decay with time of the spherical averaged
structure function S(k,t)_vs. k at T = 0.6Tc
for total magnetizations 7| = 0 and -0.4,
respectively, in the antiferromagnetic model

system.

Evolution with time of S(k,t) for different
values of k. The corresponding value of

b = 30k/2T is shown at the end of each line.

Temporal behavior of the energy u (number
of AB-bond per site), as indicated in the
figures, for the given compositions and

temperatures.

Evolution with time of 0, - C at T = 0.9TC
and T = 0. O is the long range order parameter
defined in eq. (2.28) and 9, the corresponding

equilibrium value (sec. 4.6).
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4,6, = Equilibrium behavior.

The minimum interfacial energy u. at zero temperature in our

b

three-dimensional system is given, depending on the composition,
by three possible different configurations: (1) a rectangular
parallelepiped (ﬁA LxL x L, with L the number of sites on a

lattice side and EA the fraction of A-particles in the system)

with four faces connected by periodic boundary conditions; (2)

%

a rectangular parallelepiped (n E Lxn A L x L) with two connect-
- 1/3

1/3 Lxn 1/3 Lxn

% A A L). When the

ed faces; and (3) a cube (ﬁ
system is large enough, the corresponding zero-temperature inter-

facial energies are

P :
S Vemy = o, o0y = o8 Bn, Ve =68 2, (4.30)
1 1 A 1
- =% - 1/3
(Note that for small systems for which qAL, n, Lorn A L are

not integer numbers, the expressions (4.30) should be corrected;

this correction, however, may be neglected here.) Then we have

u(i)(O) < u(%)(O), form, £%, and

(4.31)

W@ 0) < @0y, for &, < 647729 (= 0.088).
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Thus, aA ~ 0.088 corresponds approximately to the, so to speak,
critical value for "percolation" in our interacting system at
zero temperature., The determination of the tempevature depend-
ence of this critical value is an open problem. Our simulation
for the 50 x 50 x 50 lattice seems to indicate that this value
is between EA = 0.03 and ﬁA = 0.125 at T = 0.6Tc (and less than
n, = 0.2 at 0.9T and 1.1T_ for the 30 x 30 x 30 lattice.) The

A
"random percolation" theory gives the value 0,307 for the in-
finite system at infinite temperature.
In two dimensions the situation is similar (case (1) would
then correspond to a cross with bars connected bv p.b.c.), but
in this case
(4.32)

u(i)(O) = u(i)(O), for EA =

\J
s

2 %
with u(I)(O) = 2/1, and u(i)(O) = AHA% L. Thus, in two dimensions
we expected no percolation effects at n, = 0.2 for any temperature,

A

and this is the case in our simulation at O.6Tc.

The surface tension 9(T) for the Ising model has been computed
using the Monfe-Carlo method (Leamy et al. 1973); Fig. 91. The
relation U(T)/U(0) between the equilibrium energies in the pure
phase can be determined by integration of the low and high tempera-
tures expansions (Baker 1963) for the specific heat. This value

is then simply related to our energy up(T) (section 4.2) by
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eq. (2.27) (U(O)/N = (%) =zJ).

) G‘(ZJE/k;Tj

!
|
] |
| |
¢r/ ! l
14 ! By
| |
| 5 0 4
[ Biatar g
| | |
1 b
|
gt Lty
) LD i
12 2y 16 uy KeT
“
Fig. 4.91 Temperature dependence cof the interfacial enersy

O(T) for an Ising system from Monte-Carlo simulations
(Leany et al, 1973). The values of relevance here are

indicated.

The combination of all of this quantities according to rela-
tion (4.6 ) fipally gives the values in Table 4.6 for the equili-
brium energy, u,(T). In the cases for which the simulation was
run to large enough values of t, we were able to compute directly
u,(T) for our model system. The inspection of the temporal vari-

ation of the quantities in the system was the criterion we use to
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u_(T)
up(T) 30 x 30 x 30 lattice 50 x 50 50 lattice
T/T M=o M=-0.6 { N =-0.38]|7=-0.6|N=-0.75
0.6 0.08 0.20 0.18 0.15 0.14 0.13
0.8 0.29 0.44 0.43 0.38 0.37 0.35
0.9 0.53 0.66 0.65 0.61 0.60 0.59
1.1 1.10 1.10 | - - - -
1.5 1.26 0 - g =
Table 4.6 Equilibrium energy u_(T), (4.6), in the cases of interest
here, as computed from relation (4.96).
ferromagnetic interaction ][ antiferromagnet }
e N e o e srompuomre g s e v
T/, | 1.068 | 1.068 [1.501 1? 0.591 0.591 ! 0.887 |
i 0 | -0.6 0 il o ok o
n 57 | 67 117 i 52 2 ;]
ue(T) | 1.097 + 0.792 + | 1,255+ 2,917+ g 1.709 + | 2.457H
0.0064 ! 0.0050 0.0065 0.0042 | 0.0044 ¢ 0.0152
c(T) /Kl 0.19 | .22 0.10 625 1 a0 1 4.5
o: long range order parameter 10,970 + !0.407 + | 0.752i!
10,0018 |0.0149 0.010 |
Table 4.7 Equilibrium energy u,(T) for our system as given by

the computer simulation. n is the number of the different

time points considered in the corresponding average. Our

computed values for the specific heat and LRO parameter

are also shown.
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determine whether or note the system had reached its equilibrium
state, Then the system was allowed to evolve during a certain
time, and the latest values of the quantities of interest were
averaged (these late parts of the evolutions are generally not in-
cluded in the previous analysis.) In this way we obtain for

o 3. ak
u (T) + Ay, b&u = [121 (u - ui) /nl? , the values in Table 4.7;
there is good agreement for the cases contemplated in both tables,

As seen in eq. (2.27), in equilibrium we have

ferr ferr ferr
T = - = = > i
U INT BT T, FNL) 2JN° 07 + 3IN, J > 0, in the

case of a ferromagnetic coupling. For an antiferromagnetic inter-

action and T = T.s | 2JNaZ; -3JN = Uferr’ which implies

f
umerr(T)= 3= u:nt(T). We note that our data in Table 4.7 for

T/Tc = 0.6, 0.9, 11 = 0, gives uierr(T) = 0.08,0.54, 1in agreement

with the valves of up(T), the equilibrium energy for the infinite

system. The same procedure gives up(T) =1.,29 for 1 = -0.4 and
T =0,6T .
c
From Einstein's formula for the energy fluctations in the

system, AU (simply related to 4u by eq. (2.27)),

2

@y = kT NC (@, (4.33)
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one can also determine the corresponding values for the specific
heat C(T); these values are also given in Table 4.7, as well as
the equilibrium values we computed for the long range order
parameter in the case of antiferromagnetic interactions.

We have also looked at the equilibrium shape of the structure
function S(k) in some of the studied cases; this is shown in
Figs. 92-95 where also are indicated the equilibrium fluctuations.
The data in Figs. 92-93 for k = 2/a0 fits fairly well an Ornstein-
Zernicke expression for S(k) but, as expected, there is a strong
deviation for larger wvalues of k; this will be reported else-
where.

In Fig. C.86 we present the equilibrium cluster distribution
at T = 1.1TC and ﬁ = =0.6. This is calculated by means of an
average over an interval of time (whose mean time is shown in
the figure) in which were performed 1,350,000 exchanges in each of
the eight independent evolutions (corresponding to the last 17
time points in Table A.21). The same procedure (average over
1,900,000 exchanges) gives Fig. C.85 at T = 0.9T_, M= -0.6;
although in this case the system had not reached the equilibrium
state, Table A.20 shows that there is no appreciable change in
the cluster distribution during the averaged temporal interval.

In other cases we computed the equilibrium cluster distributions

corresponding to small clusters; this is given in Table 4.5.
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function S({k) as a function of k for the indicated
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fluctuations are also indicated.




{ o
wn v @]
0 =L o
— [aN]

o
(=3
- AR
@
o
| od
18]
(€]
=5 ]
¥ =~
(S = Ry
T —
e
T.Il
=
(U] -
o kit
| @ —
e |
d L = i
ad
o2 \
—~ | = | ~
-+
i \
= \ %
Um — R 1
L i i 1 L —d ' w
0e*yg .qum 0L h 06°E 0i°g 0E® 2 0st 1 g
(M)S 9°0~-=3 “0EX0EXDE




D
3 53
= [ ou
-~
=
gt <t
o
i
[ cu
a0
W0
=
[ ~
(48] L "
- —t
~
s
i 4
o e g
O e
U —
+I
(@] "
w N
D
G|
. b— — —_— 7%,
i ud
WES M =, s ;
— 2
} L . 1 1 | L w
0281l 0L ST Oe2’El oL ot 02" 8 aL-s 02" e 7 A
(MIS 0=3J *0DEXBEXOE




187

U, (T1=2.81702.0042 T1/T¢=.581 ANTIF .

07

S(K)

08

Gzl

01

30X30X30.

-+

.00

=
L o)

"
0
cn

57 1Y 172 9.28

—

4.95




188
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For 1| = 0 at every temperature we considered, the system in
equilibrium showed, in addition to the very small clusters, most of
the particles connected in a single cluster. At T = 1.1TC, the

corresponding values in Table 4.5 are to be completed with

Bt gL e S
niy 0, n, 0.005, D5 0, N

with the only exception of a big cluster whose mean size we

= 0002 and. ot = 0 €or 1 > 14

4
computed as 13316.61 (98.647 of the particles.) The correspond-

ing average values of the energy per particle are:

Fel 0 T &) S By e B e B8, Y DAIELEAL

€,/k =6, 5, 4.67, 4.46, 4.35, 4.18, 4.04, 4,20, 4.04, 3.80, 3.75, 4, 2.43.
At T = 1,57, T =o0:
bR By G By &y T Bie®y d8, 31 1535608

€,/ = 6, 5, 4.67, 4.bh, 4,34, 4,30, 4.22, 3.9, 4, 3.90, 4.09,  2.75,
with nil = 0.005 and ni = 0 for the values of £ not shown above.

Note that for 8 < £ =< 13000 our statistics are poor and the
corresponding values above are not accurate.

4,7. = Comparison with experiments.

In order to compare the results of the computer simulation
with possible real experiment (i.e being able to neglect vacancies,
defects, etc.) we have to establish some (order of magnitude)
relation between our units of length and time and those of real
systems. Our unit of length is the lattice spacing, a s which is
of the order of several Angstroms. In the experiments of Rundman

and Hilliard (1967, Rundman 1970) on the Zn-Af (22% Zn alloy)
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at 423°K (~ O.TTC) is a7~ 2.5 R. Thus we have k = 2”u/aé:0.849107cm-1.
The location of the peak in the Rundman-Hilliard experiment, Fig.

1

96, is around k < 107 cm ~, as is also, according to the above
value of a s in Fig. 3 from our "experiment'. Interestingly
enough, the location and height of the peak in the real experiment
described in Fiz. 96 appears to behave in accordance with eqgs.

(4,2) and (4.3) with a' ~ 0.2 and a" ~ 0.7, which are close to the

values found by us.

" T T T T T

:S(DC)'_ 5 G

— )l -

w = -

8 i No. Time(sec) |

Z 200} 1 g -

S > B 2 15 =

e - —

@ s Ly ]

& 100 e =

- - 5 60 -
=

i ~ -

O T

0 i 2 3

K (cm™')(x1077)
Fig. 4.96 Dcvelopment with time of the scattering in-

tensity as a function of k in the Rundman-
Hilliard experiment on the Zn-AZ alloy at 0'7Tc°

Note the resemblance with our Figs. 1-3 and 6.
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Our unit of time is &-1 which according to (2.19) is just
one half of the average time between exchanges which do not
change the energy of a configuration, e.g. 2/@ is the mean time
between jumps to @ neighboring site for an A-atom in a sea of
B-atoms. Hence, according to (2.19), ol is related simply to
S(T), the diffusion coefficient of an A-atom in a crystal of

B-atoms (and vice versa),
a (1) = ai [12 D(m)], (4.34)

where E(T) is the diffusion constant at temperature T in the
limit of zero concentration of A(or B)-atoms (when the system
would of course be in a cne-phase). If we set (deFontaine

1967, Cook 1970; see, for instance, Ardell 1969 for other alloys)

16 cn?/sec for the Rundman-Hilliard experiment,

D(T) ~ 8.8 10~
then G-l ~ 3/50 sec. Accordingly, the time limit in our simula-

tions below TC runs from 37 sec to 392 sec and we are reporting
evolution intervals which can be observed experimentally.

On the other hand, we mention that there is an outstanding
difference between the cluster distribution reported in a certain
kind of experiments on real alloys (Fig. 56) and the corresponding
graphs we report in Figs. C.1 - C.51., Those experiments (Ardell 1969)

report a direct counting of clusters size and number which is

performed on a thin foil of the alloy separated from a "frozen'
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extraction replica. This procedure is justified if the clusters
are spherical, but cannot detect the presence of "infinite size"
clusters in the sample. To obtain comparable results we would

have to determine the cluster size from Figs. B.l - B.30 which
correspond to sections of the system (and doing so we approximately
obtain at T = O.6Tc a' ~1/3 for eq. (4.22)), but this is not
justified here. An experimental analysis of this point on real
alloys, as well as detailed scattering studies (similar to the
Rundman-Hilliard experiment) at different phase-points on differ-
ent alloys would be very interesting.

4,8, - Discussion.

We want to summarize here some qualitative conclusions
which emerged during the preceding analysis.

The coarsening process in our model binary alloy is
accompained by a growth of the structure function S(k,t) for certain
values of k which is no faster than linear with time (sec. 4.1).
This result is in serious disagreement with the linearized Cahn~-
Hilliard theory (sec. 3.1), including Cook's modification (sec. 3.3),
and we conclude that these theories, which have been usually con-
sidered as a2 reasonable approximation for the early stages of phase
segregation in quenched binary alloys, do not provide a valid
description.

The computer treatment of one-dimensional diffusion

equations (sec. 3.1) and statistical-mechanics formulations of
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the above theories (secs. 3.3 and 3.5) have shown that the intro-
duction of non-linear corrections is not enough by itself to ob-
tain a proper description. A partial, very satisfactory picture

of the coarsening process is provided by a recent anmalytic model

by Langer, Bar-on and Miller (sec. 3.3), and we have shown

(sec. 4.3) in relation with this model that usual dynamical scaling
laws seem to be valid at temperatures surprisingly lower than ex-
pected in the case of zero total magnetization. Several approxima-
tions contained by this model might be improved (sec. 4.3), in
particular the assumption about a Ginzburg-Landau free-energy which
prevents it of a more general applicability.

The "Ostwald ripening" theory, as formulated by Lifshitz
and Slyozov and Wagner (sec. 3.2), quantitatively disagrees with
our results. Nevertheless, there is some evidence about the
relevance of simple power laws in the temporal evolution of the
system. If this is so, some of the preceding analysis (secs. 4.1,
4.2 and 4.4) indicates an important role of the "Smoluchowski
coagulation'" mechanism and the predictions by Binder and Stauffer
(sec. 3.4) are approximately correct, at least for some early
stages of the evolution. Later, if one accepts the existence of
a rapid change in the mechanism of cluster growth, our empirical
exponents for the corresponding power laws are closer to the ones

predicted by the Lifshitz-Slyozov theory.
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The main conclusion, however, should be stated at this stage
in terms of the lack of a satisfactory theory for "spinodal de-
composition'". 1In fact, the last conjecture is not quite con~
sistent with the reported good agreement between the computations
by Langer, Bar-on and Miller at ﬁ = 0 and the evolution of our model,
although it is interesting to note that those authors report a
crossover effect when trying to fit the temporal evolution of the
peak of S(k,t) by a simple power law. Also, as a consequence of
the possible inadequacy of theory, some of our empirical fits in
sections 4.1, 4.2 and 4.3 are to be quarantined,

The results we report here for the ordering binary alloy
(sec. 4.5) are of very little support for the corresponding
approaches considered in section 3,5. There is also little hope
from those preliminary results for an exponential decrease of
S(k,t) which is predicted by an extension of the Cahn-Hilliard
theory to the case of an antiferromagnetic model quenched to
T = TC.

Another interesting conclusion concerns the concept of limit
of metastability as introduced by Gibbs. We have seen that our
results at ﬁ = 0 and ﬁ = =0,6 are practically independent of
composition for T < 0.9Tc; this is not consistent with a Ginzburg-
Landau polynomial for the free-energy of the system, o far
always assumed by theory. More than that, the gradual change

observed in the behavior of the system when quenched to different
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points inside Lhe coexistence line (and its comparison with the
behavior outside that line) indicates that there is no well-
defined limit of metastability for our system, but some tranéi-
tion region very close to the coexistence line

Finally, we want to comment that some of our results bear a
close similarity with observations from scattering experiments on
real alloys, and this supports our belief that the model analysed
in this work contains the essential physical features of the
phenomena of interest. This, of course, does not mean that ex-
perimentalists will always report & behavicr similar to the one
of the model. They deal with systems in which there are vacancies,
strain fields, grain boundaries, long ranged interactions, lower
symmetries, etc., etc. and, on the other hand, the reliable scatter-
ing experimeunts on real quenched alloys seem Lo present a very
difficult realization. There is no apparent reason, however, to
assume that a theory failing to describe what happens in our over-
simplified model will work better in more realistic systems. A
deeper understanding of these systems may partly follow from the
incorporation of complications in the flexible computer simula-

tions.
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VI. APPENDICES,

In part A of this section we collect selected numerical data
from the computer simulation to which we refer in the preceding
analysis. 1In the tables for the structure function we indicate
the value of i = kL/2T, with L the number of sites on a lattice
side. See section 4.7 for the appropriate units of k and t ("time"
in the tables). The term "energy" in the tables refers to the
number of A-B bonds in the system. In tables A.17-A.21 we denote
by (SIZE), (E/L), CEN) and (RADIO) the quantities defined in
eqs. (4.16), (4.20), (4.19) and (4.18), respectively; the cluster

size interval to which the corresponding average refers is also

indicated in the mentioned tables.

Part B groups some lattice configurations at different
temperatures and for different interactions. Each figure contains,
in this order, the values of the temperature and composition (ﬁ)
of the system which corresponds to the instant of time at which
the "picture was taken', the number of interchanges performed
up to that time, the value of the energy of the system (u) and
the corresponding cluster distribution. The occupation state of
four equidistant sections in the system is represented in each
figure, Three different symbols are used: () denotes an
"interior" A-particle (surrounded by B-particles at the nearest
neighbor sites), * denotes a non-interior A-particle, and /

denotes an interior B-particle; the absence of any symbol denotes
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a non-interior B-particle., Figures B.l - B.30 correspond to a
ferromagnetic interaction (clustering), and Figs. B.31 - B.38
to an antiferromagnetic interaction.

Part C is devoted to the temporal evolution of the cluster
distribution, Figs. C.1-C.16, in our two-dimensional and,Figs. C.17-
C.66,for the three-dimensional systems. The graphs for two
dimensions correspond to the weighted combination of six runs for
an 80 x 80 lattice and one run for a 200 x 200 lattice; in addition,
each graph includes information from a certain time interval
(four time-points from the 80 x 80 lattice and corresponding five
time-points from the 200 = 200 lattice). The different clustex
sizes in the system are grouped in bands of ten particles-wide.

In three dimensions, Figs. C.18 - C.50 refer to a temporal aver-
age of four different time-pcints, Fig. C.51 to three time-points,
and Figs. C.60 - C.64 to two time-points. The bands are 500
particles wide most of the times in Figs. C.17 - C.56, 5 particles
wide in Figs. C.57 - C.59, and 10 particles wide in Figs. C.60 -
C.64, Figs. C.85 - C.86, which correspond to the steady, or quasi-
steady, part of the evolution whose mean time is shown in the
figures, refef respectively to 20 and 17 time points and bands are
of 200 and 100 particles.

Figs. C.65 =~ C.66 refer to an average over the eight evolu-
tions of the 30 x 30 x 30 lattice (nc temporal average), but this

time the intervals for the horizontal axis are of 5 particles up
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to size 51, of 10 particles up to 201, of 20 up to 501, of 50 up
to 2001, and of 100 particles in the rest.

Figs. C.67 -~ C.84 correspond to an average over twelve inde-
pendent initial (random) configurations, and show the evolution
of the cluster distribution with the fraction of A-particles in

the system in the interval ;A = 0.282, 0.350.



208

Appendix A.

TARLE A, 4

IX30X30 LATTICE
0,00 PERCENT OF A MOLECULES

EMPERATURE = ,5%1 TIMES THE CRITIC TEMPZRATJRE
MyERAGE CF 8 RUNS WITH [HFORMATION AT 29 POINTS
QMPUTER TIME = £17,6 NMINUTES

STRUCTURE FUNITINN, S()

fCHANGES TIME S(1) S{2) St3) Si4) 35y Btey S¢7y Scg) S69) 5(10)
v 0.0 B4 97 87 126 1.08 §96 1,91 4,07 I8 L 0%

2500 '5 57 Ly01 {91 408 X297 1,13 1331 4435 126 230
5000 1.4 0 2508 105 | X 2E 1053 3,32 A6 1 66 1,50 (1092

7500 1,8 SRR Ll 118 308 .78 4,59 1.87 .92 L. Te 1.6%
10000 247 JE2 4513 I420 21480 1:97 1,73 4.3 €13 4,890 1,74
15000 4,6 95 1,18 2,39 177 2,481 2,19 23497 S¢%y 0 £,10 3,48
20000 6.8 JF9 183 1,56 2,00 2,82 2,686 790 Eu7A 2,28 1,82
25009 .1 1,08 2,86 1376 2,28 .26 I, OB ;28 @96 £.€7 1,78
30000 11,9 1,06 1,31 1,90 2,50 3,66 3,84 35,69 §5,16 2,29 1,67
35000 1410 3. 00 ALY i RDEL 400 3,89 9,072 Sl @21 (182
40000 14,7 1,158 21,485 2,34 3,31 455 4,22 3,94 JN8 2,22 21,53
50000 93 8 L. 25 1,65 2;868 J, 89 5,38 4,85 418 91N Ey00 L85
60000 98,4 1,31 1,83 5,03 4,87 6,29 5,38 9,35 6,128 1:92 1,99

70000 34,2 1.96 1,98 3,48 4,88 7,08 5,90 4,58 I,01 3,82 31,27
80000 40,5 1.940 2;16 5;88 5,486 7.57 528 4,39 2,92 1,65 1,95
Y0000 473 1,44 2,34 4,48 6,25 8,49 6,656 #,38 2,72 24,57 1,15
100000 Bdet 1,88 2,80 5,24 6,95 9,19 703 4:20 2L B0 kel
150000 003 1,85 S.49 8,04 131,03 12,05 7,04 &,57 1,87 1. 3¢ ,97
SEBA0E $29;7 L.83 5,23 10,73 13,95 13,64, 6.0y J,09 1,79 1,24 , 92
BSO000 171.3 1,95 68,49 1549 17,47 14,27 5,30 2,58 1,70 1,13 , 93
Bep0n 215.,2 2,07 7.71 16,71 20,90 14,13 4,44 2,39 1,57 1,09 83
350000 261,1 2,04 .04 20,26 22,76 13,63 3,71 2,24 1,38 ,99 82
RROOD0 * 308,2 228 10.:8% 25,36 24,48 12,33 3.62 1,93 1,37 1,01 79
EBBOD0 356,3 2,95 12,28 26,93 26,14 1(,66 3I,51 1,91 1.¢6 ,96 ;75
BEODD0 405,7 2,90 13.05 3u.82 27,55 10,64 3J;09 1,8n 1,29 +95 /4
50000 4%56,3 3,20 14,91 34,65 28,54 92,19 2,94 1,79 1,22 W97 i
BB000 507,6 .41 16,77 36,0% 28,98 8,73 2,87 1,67 1,25 92 73
650000 ©559,8 T8, BT 41,49 28,50, 8,12 2.63 1,68 2,17 ,93 69
700000 613,0 L8 2059 44,21 28,47 7,51 2,60 .71 119 .85 W67

T
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TARLE A, 2

STRUCTURE FUNZTION, 9(}&)

S(3)
87
1,07
1,18
1,35
1'51
1,866
2,10
2,44
2,79
$,18
S,48
.76
4,05
b 65
6,84
8,51
9,97
11.29
1255
15,83
1v,19
1617
1.7, 51
1%:13
20,83
22,29
24,74
27,06
29,23
30,74
31,36
31,88
32,94
34,81
35,48
30,11
Ju,92
37,56
J8,65
39,21
39,57
39,01
39,98
40,17

41,455

S(4)
, 88
1,09
1,46
1:65
1,64
Z:34
,80
3,23
S,76
4,08
4,41
4,91
5,41
7,74
10,11
11,89
13,12
14,65
15,67
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S(5)
1,09
1.39
1,66
;95
2.16
261
3,23
3,85
4,19
4,67
LR |
5,52
h, 27
6,73
7,82
8,45
3,28
3,00
8,10
7.67
752
7,67
6,92
[
6,44
5,98
B L7
8,23
6.50
6,13
253
5,46
$:32
5,138
5595
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4,93
4,82
4,87
A.71
4,57
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4,6%
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1,42
1,78
2,07
2.48
3,04
3,48
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317
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3,14
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2 eV
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- b )
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TARLE A,2, cont/p
STRUCTURE FUNCZTINH, S(M)

EXCHANGES TIME S11) 'S¢2) S63) St4) Si5) Stey SZ) S¢8)  S(¥) 5L18)
1750000 £48,2 7,67 41,24 40,29 12,79 4,21 2,49 1,66 1,36 1,09 90
1800000 874,88 7,88 42,61 40,03 12,37 4,56 2,55 1,76 1,36 1,09 ,87
EB50000 901,3 &,20 44,05 39,56 12,14 4,52 2,59 1,74 1,27 1.6“ B3
1900000 628,0 c,44 45,84 40,76 12,31 4,672 2,52 1,72 1,28 1,06 o1
1950000 954,9 E&,60 47,39 40,70 12,10 4,50 2,57 1,79 1,82 98 -k
BBOD000 981.7 9.12 48,85 41,65 11,30 4,44 2,53 1,79 1,28 1,04 83
2050000 1008,8 9,18 50,35 41,48 11,05 35 2,46 1,B6 1,30 1.,0% ' 81
2100000 1035.,8 §,Y% %0,91 40,57 10,24 4,41 2,56 1,89 1,31 1,04 -E
B150000 1062,7 10,43 52,65 41,09 10,62 4,29 2,48 1,70 1,33 1,07 85
2200000 1089,5 10,82 54,51 41,15 10,21 4,32 2,46 1,60 1,38 1,65 N-E
2250000 1116.6 10,61 55,89 41,18 10,39 4,40 2,35 1,62 1,28 1,04 87
2300000 1143,% 11,07 56,46 42,03 10,32 3,9¢ 2,47 1,62 1,28 22 83
9350000 1170.7 11,1P 58,03 42,87 10,67 3.99 2,48 1,61 1,29 1,05 .82
2400000 1198,0 11,75 59,04 43,51 9,69 3,83 2,49 1,57 1,25 1,06 87
2420000 1225,4 32,1? 64,00 48,14 9,54 3,84 2,45 1,73 1,22 98 83
®500000 1252.9 12,86 62,22 42,75 9,83 3,75 2,37 1,68 1,32 1,00 JB1
2550000 1280,5 1%,49Y 53,53 45,35 9,77 3,86 2,35 1,60 1,27 1,02 80
2600000 41308,2 14,02 66,26 42,76 9,65 3,85 2,36 1,69 1,30 1,00 (84
2650000 1335,8 ;».94 67,835 42,58 9,32 3,71 2,46 1,68 1,25 99 83
700000 1363.4 14.55 70,64 42,49 9,30 3,78 2,27 1,73 1,36 1,01 W77
2750000 1390,9 15,4H FE.31 42,860 9. 48 T.B& 2.11 X.68H 1,27 ,99 ,51
®B00000 i418,5 16,45 74,16 45,60 9,23 3,74 2,28 1,83 1,26 1,02 B4
2850000 1446.4 11,01 75,853 48,79 §.49. F,62 .20 Ll 1322 96 73
BOU0000 1474,2 17,391 76,42 44,13 9$,25 3,50 2,33 1,60 1,33 Rl 80
SO 000 1502.,1 17,67 78,25 48,08 9,31 3,59 2,30 1,62 1,31 96 g2

1

REUO000 1530,0 47,51 79,74 42,383 9,01 3,88 2,40 1,7t 1,32 .99 o
BO50000 1558,1 16,12 82,12 42,13 8,95 3,88 2,29 1,61 1,23 98 80
3100000 1586,2 18,44 B4,£5 41,94 &,46 5,9R 2. 2% 1.5R 1.5 , 91 75
3150000 1614,4 1E,79 87,62 41,26 €,28 3,55 2,23 1,62 1,23 74 81
8200000 16472,7 19,32 BE,53 40,43 8,13 3,78 2,31 41,57 1,23 .93 75

TARLE A, 9
S0X30X3y LATIICE
50,00 PERCEMT ©F A MOLECULES ¢ 7 = p,p
TEMPERATURE = ,591 TIMES THE CRITIC TEWﬁﬁRnuURF
AVERAGE 9OF ¢ RUNS W[TH I[NFORMATION AT 47 PODINTS
TIME ENERGY TINE ENERGY TIME  ENFRGY TIME ENERGY
0,00 1503 037 1,280 .74 1,320 1,11 1,282
1,48 1,254 1,85 1,234 2.22 1,215 2,59 1,200
2,96 1,187 3,35 1,174 3,70 1,164 4,07 1,156
4,44 1,147 4,81 1,13% 5437 1,129 5,92 1,114
6,48 1,117 7,08 1,103 7.59 1,092 R,14 1,087
1f'z2 i.g?q 2,29 1,074 0,00 1,068 10,55 1,062
' 1028 11,66 1,053 17 22 1,046 2,77 1,04
13,33 1,087 13,84 1,033 14.44 1,028 15100 11006
1274 1,020 16,686 1,013 17,40 1,009 18,14 1,006
2026 94 54,91 ,885 90,34 827 129,68 785
171,33 1751 215,16 7az 261,41 ,702 308,16 ,484

405,65 657 507,64 632 613,03 ,609
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TA8LE A

IOXS0X%X30 LATTICE

50,00 PERCENT OF A MOLECULES

TEMPERATURE = 887 TIMES THE CRITIC TFMPERATJRE
AVERAGE OF 8 RUNS WITH INFOKMATION AT 115 POINTS
COMPUTER TIME = 2608,2 MINUTES

STRUCTURF FUNCTION, SCAM)
EXCHANGES TIME St1Y 5t2) S¢3) S{4) B(5) Stey 567y Hra)
0 0,0 , 84 V97 W87 96 1,05 95 3501 107
5p000 13,9 SF R 2,80 Z.83 F:5% 3,32 S0L 245
iuo00¢0 3.t 3,13 2.88 4,85 4,35 5,14 3,91 3I;03 2,16
150000 47,0 1.12 8,98 #4047 B3 5,99 4,14 4,70 @05
200000 64,3 1,35 3,07 6,28 6,85 §,06 23,87 2,60 1,98
250000 B1,8 1,886 465 1.93 7,95 6,47 3,597 2.58 3,87
Joouoo 95 L W B30 W N BL.ER. 8.BY 3,80 €.57 i
Z50000 3317,3 2,20 6,06 9,23 E,65 6K.,4p 4,04 &,50 1,91
400800 135.,3 2,61 6:76 1V,16 8,594 5,29 3,90 .37 1,77
50000 153,44 J,07 7,27 30,87 9,47 6,47 3,50 ;%2 1,92
SO0000 371,86 J,17 7T.B& 11,47 10,28 5,88 3,26 2,33 1:79
50000 190,0 3,43 8,54 12,09 10,72 5,69 3J.25 R«3I7 4,78
éup00p 208,4 I, 84 8,83 12,83 11,34 5,87 3,31 2,24 1,80
BEUDDD 227,80 A, 07 95267 18,19 11,31 5,31 3,32 £43F L85
700000 245,5 4,09 10,65 15,67 11,21 5,92 3,38 2,24 1,82
350080 264,17 4. .36 11.5% 14,83 31,80 5,17 2,94 2,24 1,72
BRO00D0 282,& 9,75 12,13 48,74 11,57 6.30 3,25 2,82 1,89
BR0000 30L:3 5,1R 1253 15,17 11,30 5,24 3.26 <2423 1,80
Ro0000 320,00 .22 13,81 19,32 11,31 5,27 §:04 2,26 1,60
50000 338,7 5H,6% 14,36 19,54 11,28 5,21 3,18 2:17 1,78
RROge0n 3573 6,09 15,47 1542 11,38 4,9 2,92 2,22 1,64
R85 6000 376,11 &,07 18,06 19,52 11,21 4,97 3,04 4,24 1,71
Bdgoong 395,31 €,.49% 17,08 16,21 11,59 5,03 3,18 2,00 1,75
1150000 414,0 &,84 18,25 16,66 11,38 4,99 3,04 2,10 21,67
00000 #33,0 7,04 19,44 17,19 11,43 4,85 J, 00 <,12 1,69
RS0 000 452:;0 Tu4% 19,89 17,37 11,55 4,93 3,07 2,16 1,85
EEOGG00 4710 7.9% 21,43 17,82 13,43 4,70 2,97 2,04 1,75
EE50000 96,1 8,36 21,39 17,56 10,91 4,69 2,86 .17 1,76
#400000 509,1 ¢&,82 21,48 17,40 10,24 4,50 2,85 2,05 1,86
BS00BD 528,272 9,19 22,04 18,10 10,01 4.57 2,98 2,15 1,67
2500000 547,3 E,70 23,13 18,03 9,61 4,53 3,02 2,12 1,39
2550000 566,4 Y,12 23,85 17,97 9,58 4,64 2,97 2,23 1,64
3600000° 585,5 9,43 24,47 17,98 $,16 4,82 2,85 2,1n 1,76
B650000 604,7 9,65 25,02 14,44 8,76 4,59 2,80 2,30 1,68
2700000 623,8 10,28 25,16 10,49 8,59 4,84 2,87 2,20 1,60
0800000 &62,2 10,57 24,48 18,81 9,04 4,73 2,71 2,00 1,61
B900000 700,8 11,11 24,94 19,72 8,77 4,84 2,92 2,08 1,68
BBU0000 739,5 11,32 25,66 20,03 8,74 4,82 2,99 2,47 1,66
100000 778,4 11,54 26,73 21,16 9,40 4,26 2,72 2,15 1,65
200000 817,3 12,74 28,44 21,28 8,87 4,48 2,65 2,04 1,66
B3)0000 856,1 13,44 29,89 22,30 8,17 4,36 2,84 2,03 1,56
B400000 895,2 13,96 31,28 21,93 6,18 4,37 2,56 2,08 1,44
BB00000 34,5 15,64 32,35 22,17 8,66 4,03 2,71 1,97 1,53
BRDsD00 973,8 16,59 32,80 22,65 7,91 4,24 2,72 3,79n 1,51
B7U0000 1013,3 17,46 34,52 25,50 7,64 4,17 2,920 2,04 1,59

5t9)
,98
1,87
1,64
1,55
1,49
1,41
1,48
1,53
1,43
1,3
1,40
1,43
1,40
1,37
1,45
1,41
1,34
1,47
1,41
1,36
1,34
1,39

e

g{10)
1,01

Sl

18 == R IS B S P«

- &% = = W = s a&a =& = = =

D N o e = ol = =T S T

DD C N NN N e O

el e T e S e e e g e e o S o =
[ o]
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raste A3, cont'p
STRUCTURE FUNCTION, SCAM)

EXCHANGES TIME S(1) S(2) St3¥) St4) 3(5) St6) SC(7) S(8) 5(9) S(10)
2800000 1052,7 18,07 35,45 22,46 7,62 3,71 2,73 2,08 1,65 1,27 1,05
2900000 1092,1 18,50 36,06 22,06 7,72 4,15 2,59 2,06 1,66 1,22 1,04
3000000 1131,9 1&,89 39,22 22,00 7,58 4,27 2,95 1,94 1,50 1,22 1,90
BE50000 119145 19,50 39,91 22,22 7.,21 4,23 2,79 2,07 41,54 1,25 1,02
3300000 1251,2 21,67 41,35 21,07 7.42 4,17 2,65 2,07 1,55 1,28 1,03
2450000 1310,9 2,30 431,95 21,02 7,18 4,00 2,78 1,93 1,53 1,22 1,04
BRO0000 1370,.5 23,71 WH3,25 20,722 7538 4,43 2.86 3,96 1.4% 1,23 1,04
3750000 1430,4 25,31 45,95 20,51 7,65 4,03 2,61 1,39 1,59 1,186 1,02
3900000 1490,5 26,07 48,30 20,73 6,99 3,84 2,55 1,99 1,50 1,20 e
4050000 1550,8 29,48 49,51 19,60 7,58 4,07 2,48 2,01 1,53 1,18 1,05
4200000 1611,3 30,05 51,25 19,52 7,50 4,04 2,67 1,85 1,44 1,21 1,05
B400000 1692,2 29,61 53,28 19,84 7,04 4,44 2,49 1,86 1,49 1,35 L
BEDADDT 1773.0 31,35 54,77 1917 716 3.50 2,44 1,92 1,48 1,19 4,04
4B00000 1853,6 32,04 57,05 18,17 6,97 4,01 2,51 1,98 1,47 1,20 3
B000000 1934,8 32,97 56,74 17,864 7,28 3,90 2,72 1,9n 1,44 1,1¢ 1,00
5200000 2016,2 33,94 61,67 16,99 7,64 3,58 2,54 1,93 1,45 1,16 1,00
5400000 2097,6 34,79 64,00 16,86 7,61 3,73 2,38 1,94 1,53 1,24 ,93
5600000 2179,4 36,41 64,23 15,21 7,21 4,09 2,28 1,88 1,51 1,13 1,00
BRGO000 2264,3 I7,.92 62,30 16,39 8,79 3,39 2,59 147 1,56 1,15 1,02
000000 2343,2 3&,86% 62,49 10,09 7,20 3,61 2,42 1,75 1,41 1,21 97
B200000 2425,0 3&,26 62,18 16,13 6,65 3,66 2,53 1,93 1,41 1,10 1,02
$400000 2507.2 41,20 62,98 16,85 6,46 3,69 2,59 1,86 1,41 1,20 1,00
8600000 2589,2 43,38 63,60 17,22 €,74 3,48 2,59 1,94 1,39 1,i4 , 97
BBU0000 2671,0 44 78 62,07 16,91 ¢&,72 3,87 2,4¢ 1,79 1,41 1,25 45
B000O00D 2752,9 45,28 62,10 16,87 6,76 3,83 2,79 1,92 1,44 1,15 W97
2200000 2R35,0 4¢&,4N0 61,93 15,69 6,93 4,29 2,29 1,85 1,40 1,22 74
2400000 2917,3 46,69 60,60 16,04 6,29 3,99 2,66 1,86 1,50 1,17 V97
600000 2999,8 46,061 64,33 15,70 €,59 3,67 2,38 1,67 1,41 1,18 98
BBUO000 3082,4 47,21 65,29 10,04 6,13 3,45 2,65 1,74 1,40 1,14 95
BB00000 3165,4 50,17 66,57 14,27 €.,64 3,53 2,45 4,76 1,49 1,19 L
BR00000 3248,.5 50,20 69,88 19,43 6,66 3,71 2,53 1.72 1,43 1,14 98
8400000 3331.,7 54,08 67.21 14,22 6,39 3,34 2,39 1,70 1,33 1,14 W97
BEOD000 §414,7 56,74 69,12 14,76 6,25 3,42 2,31 1,67 1,43 1,09 83
EBO0000 3497,6 S6,93 7p,39 15,37 6,45 3JF,62 2,32 1,76 1,43 1,15 (94
BRU0000 3588,5 55,77 70,83 19,31 6,17 3.43 2,42 1,78 1,41 1,20 ,94
200000 3663,6 5%,44 71,74 16,18 6,22 3,72 2,44 1,83 1,35 1,16 27
9400000 3746,1 61,59 71,34 14,85 6,38 3,55 2,36 1,9n 1,33 1,17 S
600000 3829,1 64,72 72,38 15,95 6,36 3,47 2,31 1,74 1,43 1,15 99
BBOD000D 3912,2 65,09 72,02 14,96 6,65 3,47 2,45 1,70 1,40 1,15 .94

BOED0D 3995.1 68.19 70,67 14,35 6,38 3,71 245 1.75 1,40 1,14 .74
BO0D0D 4078,3 72,28 704520 15,42 6,57 3,48 2,38 1,79 1,41 1,11 V92
BOO00D 4161,6 78,91 70,52 19;29 5,95 3JI,52 2,29 1,41 1,42 1,12 \99
600000 4244,8 76,00 71,90 14,48 5,90 3,74 2,38 1,66 1,39 1,15 I3
Baoo0n 4320.0 77,28 69,47 15,14 5,97 3,53 2,35 iL.8a 1,34 1,45 94
BO00D000 4411,7 B1,38 72,55 15,05 6,64 3,57 2,31 1,71 1,37 1,17 s 91
200000 4495,8 R2,14 70,10 15,38 6,24 3,68 2,52 1,76 1,41 1,11 W95
400000 4579 ,8 83 28 71,79 14,45 6,13 3,68 2,28 1,63 1,46 1,11 ,98
600000 4664,1 84,70 73,13 14,29 5,58 3,17 2,30 1,74 1,4n 1,10 R
BU0DOOU 4748,4 86,02 72,73 135,96 5,87 3,54 2,39 1,792 1,42 1,10 92
B0 0: 48%2. 785,49 T),97 £4,58 B.7% 3,38 2,40, 1,77 139 X,31 93
200000 4916,8 89,35 69,77 18,98 6,59 3,52 2,15 1,66 1,36 1,19 e 71
400000 5000,9 91,38 69,19 18,52 6,38 3,56 2,24 4,67 1,32 1,0 199
600000 5085,4 92,26 67,42 15,83 5,85 3,24 2,30 1,74 1,87 1,10 ,93

CONT,



EXCHANGES TYIME
L2800000
13000000
131200000
13400000
13600000
23800000
24000000
14200000
24400000
4600000G
£80000C

5169,9
5254,2
5338,4
©422,5
5506,7
5591.,1
D&ETS 7
5760,5
5845, 2
5930,1
6015,3
6100,7
6186,6
6272,0
6357,7
6443,7
6528,3

J0X30%30 LATTICE
50,00 PERCENT UF

S(1)
94,71
95 .17
97 .73
9] &5

1nd, 51
106,00
109,94
11,25
131 /47
114,44
115,97
s o o B &
116,69
143, %7
116,42
115 6
120,96

TEMPERATURE =

213

rarLe A,3, cont’p

STRUCTURE FUNZTINN, SCu)

545)
3,18
3535
3,25
3,47
>, S
0 X
3,26
J.24
J3.52
b L
3,46
3,28
3,25
L
3457
3,27

S(6)
2,38
2.19
2,44
2,42
2,26
2,37
2.,23
24272
2,27
2,21
2,08
2,19
2.0‘3
2,07
2,24

ST
1,76
1,63
1,59
1,68
1,69
1,78
1,71
1,63
1,69
1,62
1,64
1,66
1,68
172
1,62
1,64

A MOLECULES ( 7 =
780 TIMFES THE CRITIC TEMPERATURE
[HFOFMATION

AVERARE 0OF & KRUNS W]TH
TIME ENERGY TIHF
0,00 1,500 ¢ 37
p s s R (PR 1,39
2,32 1,245 2,69
3,80 1,203 4,25
5¢65 13173 6,11
7,58 1,152 7,96
12+:17 1112 19,89
27,20 1,050 31,15
v 28 273 98,180
166,67 207 190 .00
261,34 872 285,57
354,80 845 3=8,73
453,94 ,AZS5 484,32
561,04 809 586,75
664,52 797 690,67
769,01 789 795,435
874,78 ;7176 901,27
981,70 ,7¢4 1008,83
1089,46 1 760 1116,62
1197,97 7417 1225 .41
1303,16 740 1335,78
1418,51 733 1445,490
1530,02 725 i558,11

1642,66 4719

S{2y Si3) Si4)
67,79 15,26 5,73
65,03 14,01 5,55
68,73 12,46 5,76
6% 02 11;97 5,35
64,66 12,57 5,53
63,43 135;87 6,01
63,42 15,88 5,96
65,34 15,69 5,81
64,11 14,89 5,50
64,78 14,74 6,01
65,80 15,22 5,44
65,39 15,37 4,97
65,24 14,84 &, 27
63,14 15,28 D,46
64,59 12,84 5,81
64,35 11,65 95.88
61,08 12,20 5,98

ENERGY
Y.,E92
1,287
1,232
1,195
1,168
1198
1,092
1,040
547
500
WE6Y
,E4b
E24
07
96
, 782
=4 7 4 §
, 761
756
744
, 741
. 728
s 126

3,24

0.0 )

AT 9%

TIMZ
06
1,567
3,06
4,72
6,37
8,51
19,52
35.15
121,12
213,950
309,33
498,32
509,7A8
612,59
716,52
821,78
927 .79
1035,79
1143.,.50
1252.73
13483, 44
1474,20
1586,17

24

28 Lal%

POINTS

ENFRGY
1363
1,278
1,222
1,188
1,151
1,141
1,073
1,030
937
887
61
, B33
B20
R0 4
152
779
. 768
, 7685
s 755
s TAH
' 737
729
i 721

TARBLE

TIME
|83
1,94
3,438
5,19
7,04
9,26
23,35
55,61
143,75
287,33
334,21
453,72
38,52
742,79
543,24
954,90
1062,70
170,69
128n0,46
139n0,91
1502,10
1614,37

5(9)
1,15
1,15
1,14
1,08
3. 40
1,07
1,09
1,07
113
1,12
1,06
1,07
1.5
1,01
114
1,40
1,14

A, 10

ENERGY
1,330
1,260
1,213
1,182
1,156
1,134
1,062
, 998
920
\B74
,B59
830
, 817
, 798
,787
a2l
. 764
, 750
, 742
740
731
1Y

S(10}

20
72
25
: 92
01
+ 87
,95
. 94
' 83
20
' 71
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TARLE A

30X30X30 LATTICE

50,00 PERCENT OF A MOLECULES

TEMPERATURE = 1,0€3 TIMES THE CRITIC TEMPERATJRE
LVERAGE 0OF 8 RUNS WITH INFORMATION AT 62 POINTS
COMPUTER TIME = 222,3 MINUTES

STRUCTURE FUNITION, S(/MJ

EXCHANGES TIME S¢13 S2) St33 St4y StH) St&) STy SR
0 0,0 , 84 97 87 86 1,05 B8 .81 387
2500 , 4 84 1,00 yBE  1.0% 1,23 Y.10 1,48 1,27
5000 , 0 T L B 4B 1,36 1,26 1,37 1,44
7500 1,4 L 3408 2,085 1,20 1:49 1,80 1,48 498
10000 2,0 78 3432 312  A.27 .57 1,52 kiYW 35,86
12500 2,6 . o S U GO, Tl % R .35 - Wiy R RS e B VR T
15000 3,2 I8 1442 1480 0 1483 48B4 AiTA R84 ). BY
17500 %48 92 112 4026 150 1,98 L% 1,95 1,086
20000 4,4 V8 L15 1,29 1.54 2.86 1,859 @401 %93
22500 5.0 .97 lllh 1!‘5“ 1161 ?.jé 1.94 2'06 l 96
25000 5.6 GV ddd 3.30 88 26 L.98 o2,l6 £,80
27500 6,2 97 1,28 A8t AT 2:97 2,04 d;14 ‘24 07
soone 6,9 79 13328 3.8 1,81 ;48 213 241 2, 04
32500 T+ 5 Hh LR Todd 188 Ee81 2L IS EhyRl sy
35000 8,1 e 4 %A AR 1 A8 9 .58 P 3T 2,18 1,99
$7500 8,8 75 1442 1,57 2 10 2,68 2,32 £yZ2T 24,40
40000 9,4 91 1,50 l.b? Tl BITT Zi29 Yhab ?.00
42500 10,1 9 1,89 1,68 229 2,83 2.988, 2i88 2.1
45000 10,7 P L B B 1.62 2«87 2,85 2,95 2343 2,07
47500 11,4 985 1,63 1,66 2.35 2,97 2,52 2,45 d,08

50000 13,0 o8 3071 1,83 @iBE 3431 2ib2 E A5 z.1n
60000 147 300 RaT5 19V 6B §:25 2.7k eth 2y iY
70000 17,8 T,08 ASY8 BePd 286 3.35 BT 2498 2307
80000 20,0 1,12 1,94 2,47 3,07 3,38 2,88 2,49 1,99
Y0000 Bo.T 325348 2,09 a.b? 3,34 3,6? 2,96 2,546 1,96
100000 2%,3 T 2491 %73 ;41 3,857 FpQB &8 k97
110000 SR A 1,89 249 S0 S8 3.7 JAT R,0% 1,04
120000 .8 1,95 E;30 3,09 J,86 2,75 3,28 B384 1:85
150000 3.5 1.29 Q.37 Bu2bh 3,93 B 20 3,33 4,50 1,99
140000 36,3 1,86 238 U,45 4,08 3,82 3I,45 2,81 1,97
150000 IB B 2,20 237 Azb6 8,98 3,83  3.38 247 1,98
160000 44..8 3,37 B4R Si7Y 8.3y 3,000 3,22 2,99 3579
1/0000 44.5 1.8, 2,72 &,04  #,.E&F F. 92 J;49 2,88 1,99
180000 42.8 3,45 D ¥ B.80 B8 F.9% 3,28 2:4% 1,90
190000 U0 - 1,49 R.B8 $:99 4,73 F.96 B.iB ;91 1,91
Begoy 52,6 1,28 2,80 #.94 4,88 4 312 3,22 2,81 13,07
250000 66,4 1,87 3,18 5,24 4,78 4,08 3,12 2,37 1,87
IU0000 B .3 31,28 3,39 6,09 .03 4,33 3,15 2,29 1,89
350000 94,3 1,49 J.8n 6,64 5,22 4,29 3.1z 221 .08
BPbD00 08,3 1,58 4,28 0,83 5,44 4.16 2,90 2.82 .83
INBBO0 120,44 1,06 4A.60 7,48 5,46 4,10 2,80 @2y2% 1,88
BneY  336.5 .70 477 7,39 5,76 3,87 2,94 2,85 L.9%
250000 4150.,6 1.,b0 5,26 7,46 5.92 388 F. 19 2,39 l,a?
sU0000 164.8 (.04 5463 ;36 G20 3:9% 2.:1% 2427 $LgR2
850000 179,0 2,11 5,77 7,62 €,30 3,98 2,84 2,14 1.88

St9) sS(10)

AL S T B |
A7 35319
1,38 1,354
1,44 1,38
l.b? 1,47
(G O O
1,64 1,47
1,67 1,53
Y.8% . L.54
1,67 1,55
$:88 1,51
i B89 1.4%
1.65 1,48
1,78 1,47
Lol B 1,43
p 0 3 S s L
Lo 7d . Lo4d
1,78 1,47
1,80 1,40
178 1,42
.42 1,45
1.76 gt d

| el o

I 4
1,72
1.67
1,68
1.68
1,69
I
b b7
1,49
1,58
1,50
§,45
1,45
1,94
1,54
1,49
1,49
1594
152
1,54
1,48
1,43
.96

-
[ e e N S S

- @ @ - = e W w m = & -

O N ™ T e = Sl S S S S S

G B O G
W R R S R & LR

O I\ A Tl
g WS

PR TR AR

A
SIS TR TR RV ST S T

) e G DN

.- * A @ & W® wm - - -
Y 3

(A9 I A S LS WS
QN

AL\

CONT,
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TanLE A4, contlp

STRUCTURE FUNCTION, RE/L)

MCHANGES TIME  S(1) S(2) S(3) S(4) S(5) S(8) St7y $¢8)Y 5(%9) S¢1p)
R0 193.2 B.8% E,086 7,940 6,28 4,26 .72 2.2% 1,86 A;48 1,42
BSg000 207,88 2.3% 6:33 8,38 6,22 3.B4 2,87 2:15 1,85 1,51 1,27
BRUVSY 221,56 261 6,449 7,95 5,87 4,24 2,92 2,3% 1,23 1,47 1.34
Pogony 235.,8 2,74 7,060 V.85 5,84 4,15 2,90 2,34 31.,718 1,43 1,25
BEB000 250,08 E£.,89 7;47 8,09 5,85 4,32 2,71 2,89 4,89 1,54 1,23
BED000 264.2 2,97 7487 8,23 8,22 4,43 2,86 2,3% 1,81 1,52 1,23

g000000 278,5 3,04 8,22 8,35 5,79 4,52 2,76 2,28 1,83 1,48 1,27
1050000 292,8 O 8,49 8,31 6,06 4,41 2.B6 2,18 1,74 1,47 1,29
iivoo0c 307,0 8B4 8,29 5,74 4.0% 2,88 2,13 L1.48 1,46 1,28
1150000 321,3 8,81 6,27 5.74 397 3;,0%3 ;8% 105 443 1,32

1,91 ;0% 1.g§

1250000 349,7

2|
4 8§83 H,85 BH,61 4,19 2,95 2,28
s

1300000 364,0 ?

$edd 9 T B.02 .87 2,90 2,20 YR 1,52 1421
&

3
'
Z
3
1200000 335,84 3
1
3 9,78 ¥.861 5,95 4,4r 2,78 2,17 1,80 1.4
K
4

1350000 1378,2 B B89 9,95 8,03 3.98. .98 249 L,71. 1,48 L0
IGO0 0 392,5 4,18 319,22 V,70 6:26 4,10 234 2520 R0 .46 1,32
EESO00e 46,2 4,28 9,94 9,98 B.78 4,19 2,90 2:249 1,72 1,49 &.2%
000 421,11 4,99 982 10,27 5,72 3,94 2,72 2,23 1,77 1,49 §%,20

TARLE A,5

ES0X30 LATTICE

+00 PERCENT OF A MOLECULES

EMPERATURE = 1,501 TIMpS ThHE CHRITIC YEMPERATJRE
ERAGE OF 8 RUNS WITH INFURNATION AT 28 POINTS
MPUTER TIME = J331,5 MILUTES

STRUCTURE FUNZTINN, S(/&)
SAANGES TIME 8¢1) 81271 S¢3) St4) S5y SL63y SC7r Sy SE9)Y 211D

0 7.0 , 84 W G7 167 96 1,05 87 $501 Tond 98 1,01
25600 4,8 2RSS FiRE 3459 1/78 1,68 3385 3479 4,80 Ly

100000 208 LR XTT AN 259 9,4%, 7,3, 4,88 L.6%. 1.4 1,83
2400600 $1.7 2408 2:8% RByal 847 Z.,36 206 137 1,68 1420 1,82
BREUBE 52,8 d.80 2:6% 7% E.57 2:52 2447 1,88 1,71 1,43 1,34
400000 B 3 d.,el 2,82 2.,9% 2,68 "2.53 . 92186 1.% 1,68 1.49% 1.3%
BREDDE 1054 .43 2,54 P88 2:68 2,77 2,16 1.9 1;:69 1.9%1 1,24
EREOT 12657 1,88 &, 32 2586 EBA 2.:49 222 1:9% 1,70 1;50 1,43

N0 . 148, 4 e vy S 288 2,90 2,7 2,08 1,7% 1,855 4,43 1,839
OB UL 189.5 2,288 J,3% 80T 2,75 2,39 2,19  d8F 3,87 1,38 1,34
0080 190,9 2.6 JI.51 S H1 2,98 2,59 2,08 1.8 3,64 1,47 1,37
Eaee 212.,2 2,98 Bekd 2,63 T.ET 2,88 2,13 1.8% 1.6 1,59 4.8
BEREDG 2336 .23 JBY 2.84 2.8% 2:0586 2,27 181 170 1,959 .31

BRATE 255.0 g5 4% Jed¥ 2437 2,486 2,05 8L 1,68 A58 1489
ERNROY 276,3 S V1 J.60 ;86 2,8BD 2,43 2,00 1,85 1,71 1,46 1,97
BREGOG 297:;7 Z.480 3460 S58 2,97 2,38 2,45 1,87 1.56 1:49 1,24
SR 319, .69 3Jvbl Skl 2,8% 948 2,05 1,93 1.6 1,48 1.%0
a0 340,% E.94 .52 4,43 2,68 2.3% 2,05 1,87 1,67 .40 1,80
BRHODY 361,88 Zf3 J¢83 02 254l 2,40 2438 1491 1,860 L,5%1 123
EROO00 383,2 E,9Y J:70 387 26T 2,61 2,24 V476 1,67 1,37 3,22
ERBU00 404,85 $,42 $.94 Q.38 2,72 2,39 2,47 187 .66 1.4% 1.23
ERRaDN 425.8 3,596 3,76 $.87 2,85 2,40 2,42 31.92 1,63 1.49 1,29
EAUDN 472 3,33 XaB5 .01 F09 .80 2,37 ;88 3,78 1,48 L.27
BRo00 488,686 2,71 3,88 §,45 2,83 2,,3 2P F.88 4. 6N 48 S.Bs
BROH00 A489,9 3,97 .64 JIH2 00 2,52 2,14 1:92 ﬁ,:a 1,44 1,30
BRATY BIi.% A U1 Beh6 B.3% 3.38 2,861 2,18 1488 0% L,4F 1,85
=50000 %QL,‘ .30 Nubed 33 sl 278 2418 397 1,57 1,98 1,27

JEa0y 554,2 4,63 B.E5 5,85 2,80 2, V41 Said Ry 98 RBt 1,37 {ydd
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TAsLE A
30XS0X30 LATTICE
20,00 PERCENT OF A MOLECULES
TEMPERATURE = 591 TIMES THE CRITIC TEMPERATJRE
AYERAGE OF 8 RUNS WITH INFOURMATION AT 70 POINTS
COMPUTER TIME = 1€636,9 MINUTES
STRUCTURE FUNCZTINN, S( M)
EXCHANGES TIME ST1Yy 5¢2) 83 514) S5 5t8) 37y Siy
0 0,0 25 %06 B2 1:00 1,08 ok EoBE L.08
2500 V7 73 1,32 P8 AT 1,26 1,25 R84 ;80
5000 gt JaaF 98 1.3% 1.43 4,58 157 1,65
7500 2.0 Be CE2d a8, 180 4068 123 ;81 1,84
10000 s JEP L0991, 20 1.83 1,75 1,95 €9 197
12500 5;4 'ﬁ‘,’i 1054 11\54 1|75 1198 2-19 2!21- 2012
15000 G,7 AR 1,41 139 31,97 2,22 2,45 @85 €522
17500 8,2 B 443 1,54 By 2.0 20,72 2580 2439
2000¢C il BT 3,45 1,57 2,21 2,58 2,886 B;88 2,30
22500 11,2 0 31,50 237D 2,86 P73 3,00 E,¥8 K50
25000 12,7 T 1:59 1,83 2,850 2,98 J.1¢ d,11 2,46
27500 14,2 S ALE62 190 5% 314 3,4% 2B 2:9Y
$0000Q 15,8 7 2,69 3,94 2,59 3,30 3,57 J.29 B.48
32500 174 $.08 173 2,05 R.78 3,52 J. 66 [V, A7
S$5000 1948 1,08 $;78 221 3,01 J3:8% 3JI.81  §.590 2.4
37500 4.8 3.0% F,85 2,18 J:13 4.0% 3,81 3,01 E;89
40000 295, J. 1 A B8 22T B2 ;85 3,91 .08 2,47
42500 24¢2 132 1,92 2,40 JI,37 4,39 4.d8 3,73 €47
45000 288 1,18 Z.08 2,55 3,47 3,59 4,30 9,63 ;46
47500 27,6 1.1-’ 2|Ub dob7 \-5;60 4.81 4.44 \5.54 2-50
50000 59:3 L1 2,89 2,85 J.89 5,04 A4 .84 285
100000 67.1 1,98 3,19 4,62 &.41 7,35 5,25 9,94 2,22
EEGB00 10B:% 4,718 6L 7080 . 9,21 8,40 5,1R S04 2,20
gOO0O0 153,4 £,05 6,40 9,83 12,27 8,45 5,00 2,79 1,88
BSo000 200,55 2,59 8,41 312,71 15,12 8,74 4,83 2,57 1,78
300000 249,7 2.0 9,58 16,79 16,90 8,75 4,64 2,48 1,83
50000 300,33 2.9F 11,10 18,87 18,14 B,80 4,36 2,37 1,57
800000 352,6 3,30 13,38 22,47 19,65 9,33 4,22 2,2A 1,61
850000 405,9 3,84 15,38 24,27 20,81 9,36 3,75 2,15 1,54
BR0000 460,99 4,32 17,49 27,57 21,96 9,03 3I.48 2,12 1,43
B50000 516,6 5,14 20,16 30,34 22,44 8,54 3,67 2,07 1,38
BBODOD 573.% 5,12 21,63 32,99 22,74 8,086 3,68 1,98 1,39
BS0000 630,99 5,39 24,035 30,13 23,17 7,41 3.43 1,89 1,38
Jo0000 689,4 6,04 26,66 38,64 22,01 7,49 3,42 1,88 1,30
NS00 749,.2 6,28 28,81 41,58 22,74 6,86 3,15 L.81 1.28
BB0000 810,81 €,49 30,96 45,32 22,21 6,61 3,00 1,69 1,21
BS0000 B71,6 6,92 33,59 44,62 22,05 6,17 2,86 1,82 1,18
B00000 933,6 7,72 35,16 46,80 21,70 6,12 2,85 1,6n 1,17
EENR00 996,0 7,82 37,17 46,73 20,92 5,94 2,72 1,73 1,20
80000 1059,6 &,03 39,26 48,27 20,76 5,81 2,73 1,67 1,20
50000 1124,3 7,86 41,07 50,73 20,64 5,75 2,69 1,58 1,10
0000 1189,0 &,24 43,36 545,14 19,98 5,84 2,44 1,55 1,21
000 1254.3 5,18 43,92 53,49 159,67 5,84 2,37 1,68 31,11
BB00 1320.0 9,67 47,22 54,56 19,22 5,33 2,39 1,53 1,11
0000 1386,1 10,89 49,86 57,44 15,29 5,37 2,45 1,63 1,13

v 6

S(9) sSt1p)
1,03 1,00
1,30 1,30
3:87 X,:95%
L.8%  2.BY
1: 78 .31 6%
1:85 ‘4,63
L2 1Al
1,96 1,850
1,29 1,53
2. 08 L 55
2,05 1,58
298 1,68
202 285
192" 4:;50
1,85 1,44
1,87 1,85
1.8% 1,50
1,88 3,58
1,78 1,50
1,61 1,43
1,76 1,42
Lud 329
1,46 1,18
1., 48Y d.310
i, 3:03
1,23 , 95
led? 91
114 ;13
1,193 858
1,01 B4
1,02 B4

¢ 79 § 52
1,01 05

-7 73

74 Y

97 L

,91 5

L 22

972 42

|.‘j7 o

. B6& My .

B9 ' 773

158 |?1-

91 13

89 73

CONT,



217

TABLE A6
STRUCTURE FUNCZTION, S(A)

BYCHANGES TIME  S(1) S(2) S€3) S(4) S(5) §5¢6) S(7) S(8)
1300000 1452,0 10,78 52,74 57,78 18,63 5,33 2,42 1,53 1,12
BE50000 1518,.3 131,51 54,39 59,32 18,11 '5,17 2.3% 170 1,12
4400000 1585,9 11,21 56,09 59,85 17,72 5,04 2,25 1,59 1,12
1450000 1653,1 11,76 57,49 59,31 17,28 5,10 2,19 1,47 1,20
1500000 1721.3 11,73 60,51 60,08 16,69 5,01 2,25 1,53 1,12
1550000 1789,1 12,34 60,28 60,00 16,36 5,01 2,40 1,57 1,13
4600000 1856,7 12,69 62,06 59,86 15,32 4,57 2,31 1,48 1,13
1650000 17925,5 13,57 64,43 61,24 14,95 4,55 2,33 1,42 1,16
4700000 1994,3 13,54 65,05 62,53 14,55 4,66 2,26 1,4n 1,08
1750000 2n63,0 15,33 67,12 62,62 14,46 4,57 2,09 1,49 1,06
1800000 2132,2 15,07 68,88 62,14 14,66 4,45 2,19 1,42 1,08
4850000 2202,0 1€,¥5 71,97 65,02 14,16 4,14 2,07 1,42 1,00
1900000 2272,8 17,21 73,47 65,41 14,38 4,19 2,09 1,34 ;29
1950000 2343,8 17,93 75,52 64,20 14,17 4,26 2,09 1,44 1,00
2000000 2415,4 18,86 78,87 64,96 14,11 4,38 2,07 1,38 99
2100000 2559,1 19,65 61,60 62,60 13,57 4,43 2,02 1,40 1,11
2200000 2704,0 20,57 Be,80 62,02 13,23 4,16 2,16 1,36 1,01
9300000 2650,5 22,43 93,16 62,63 12,61 4,17 1,92 1,35 1,04
2400000 2998-3 24'2q 9?.70 6U|81 12.3? 3.84 1.93 1.20 1.03
2500000 3145,7 25,24400,35 58,96 11,37 3,70 1,89 1,22 99
2600000 3293,6 25,61403,58 58,24 10,80 3,49 1,86 1,25 98
2700000 3443,3 26,90409,60 56,71 10,57 3,48 1,81 1,96 1,01
2800000 3593,0 28,80112,85 55,86 10,24 3,59 1,92 1,38 .94
2900000 3743,6 2%,86[4186,79 51,24 9,93 3,55 1,65 1,27 99
3000000 3896.,2 30,7742%,76 50,01 9,81 3,29 1,76 1,26 97

, CanT/p
S(9) 5(10)
89 L7y
, 84 T
, 84 65
88 69
86 o 71
, 85 65
BS . 69
, 81 Y
.81 ,63
.7;' lb2
, 81 63
,B4 ,61
, 81 65
.81 04
,79  ,63
76 .64
, 74 , 63
78 59
, 74 53
76 57
L
i R
|74 |bG
, 74 59
70 457



30X80X30 LATTICE

EXCHANGES TIME  S(1)
0 T S
2500 T e
5000 1.8 178
7500 e S
10000 3.2 .80
12500 .1 L0t
15000 IR
17500 & 0 43
20000 7,0 ;88
22500 8,0 86
25000 8,9 90
27500 9,9 ,%1
30000 10,9 90
32500 11,9 93
35000 12,9 96
$7500 13,9 1,01
40000 14,9 1,00
42500 15,9 98

45000 178 99
47500
50000
100000 48,0 1,18
150000 844 1.37
200000 82,9 1,52
250000 104,7 1,066
300000 126,6 1,77
350000 148,4 £,05

e =
0 -
QQ
=
- @ wm
L B =
Mg

00000 170,4 Z,38
450000 192.4 2,57
500000 214,55 2,78
550000 236,9 2,95
800000, 259,0 &,22
850000 281,2 3,65
700000 303,4 3,84
750000 3I25,6 4,24
800000 347,7 4,70
00000 392,2 4,67
§00000 436,8 4, 58
200000 481,3 %,40

90000 525,9 6,04
300000 570,7 €,26

BO000 615,6 5,99

BO000D 660,33 5,88

20000 70%5,1 6,11
ge0000 750,11 6,61

20,00 PERCENT OF A MOLECULES
TEMPERATURE = B8E7 TIMES THE CRITIC TEMPERATJRE
LVERAGE OF 8 RUNS WITH

INMFORMATION AT

7
& Qb

9,50
5,68
5,88
9,26
10,04
10,20

COMPUTER TIME = 782,9 MINUTES

STRUCTURE FUNZ

S03)
82
.93

1,03

1,06

1,15

1417

1[26

1,32

1|40

1,48

1,54

1.54

1,56

1,64

1.70

1,81

%, 80

1,90

1,95

2,04

2,14

$,29

4,06

4,92

9,26

5,54

2,15

9,30

5,75

6,08

6,20

7,09

6,95

87

7,23

7431

7,56

7,56

7179

7727

7,29

2174

8,01

u,09

7,99

S(4)
1,00
1'11
1,22
1;32
1,41
1!5

1|6U
1,66
1,85
1|88
1,87
1,86
1,96
2,09
2.:14
2,19
2,28
2,28
2.?3
2,24
233
3,49
3,94
4,21
4,58
4,74
4,63
5,22
4,93
2,20
Bece
4,83
4,85
5407
5,14
2,19
5'55
4,80
5,32
T
5.51
5,12
5,42
519
5,28

St{5)
1,09
1,62
1,32
1,46
125
1,63
170
1,79
1,87
1,91
1,94
2,06
2.14
2,28
20D
2,47
2,47
2,54
2,57
2,67
2.68
3.56
3,62
3,52
3,48
3,24
2,47
2,49
3,62
3,65
3.45
3,69
3.70
3,87
2,56
3,67
3.80
3,68
3351
3,86
X 79
S 77
3,21
3,60
3,80

64 POINTS

TION,

S(6)

96
1,19
1,32
1|52
1,65
S
1,88
1,98
2:12
2,20
2,26
2.34
2,42
2,45
2,41
2,48
2,55
2.69
2,69
2oty
2,69
2.94
2,99
2,88
2.98
2,64
2. .27
2,68
2,89
265
3,00
2,80
g
2:78
2,60
2,86
2: 72
2,80
2,94
2.81
2,61
2,47
2.76
2,86
2,70
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TARLE Ag?

;E}&)

S{7Yy Sty St
.03 1,82 1;03
1,29 1,23 4,25
1,47 1.42 1,39
1,52 1,55 1,46
1,65 1,63 1,50
.77 2,79 1,55
1,88 1,80 1,67
2.04 1,84 1,66
e o - SR S [
212 KL,%% 1,65
2:36. 1,90 1,65
2idb 3,97 1,64
2,19 1,95 1,59
2|26 1.97 l )8
o2t  2.9% X,%0
2ipd 498 1,59
2:87 2490 1 58
2,30 1,98 1,62
2,43 1,98 1,57
2,36 1,96 1,61
2,38 1,93 1,57
2,13 1,86 1,60
2.2? : T 1.51
;320 1,78 1448
2.14 1,93 1,46
2,19 1,88 13,51
2:33 1,83 1.48
2,13 1.74 1,46
2,39 1:81 1,48%
2s16 1.84 31:42
2,14 1,79 1,44
2423 1,76 1,99
2,10 1,78 1,s1
222 1.92 1,51
2.&2 1.83 1,50
2,28 1,78 1..2
2,11 1,78 1,50
2,25 1,71 1,50
.25 31.90 1,42
432 L.73 1.4%
cil> 1,82 3,41
2,08 1,80 1,42
2.20 1.68 1,47
2,24 1,71 1,48

W

1,89
1,35
1,49
1,38
1,40
1,32
1.41
1,38
1,43
1,40
1,34
1,886
127
1,29
1,3%0
%34
1,28
1,29
1,24
1421
1.5%
1,256
l.r’q
1,383
1,26
1.;4
1,30
1,28
102,

i.2%



Z19

tasLe A, F, cont/p

S i)
A7)
2,15
2,13
o1
2,34
2,17
2,16
2,19
1,96
2,009
2,08
2,12
2,20
1.99
2,02
1,97
2,13
2,03
2,07

St8)
1,74
1.7%
1,78
£ 99
1,78
1,83
1,65
1,75
1,76
171
1,68
1,80
1,73
1,65
1,71
1.60
1,68
L 7
1|74

$(9) S
1,47
1,49
1,46
1,44
1,46
1,45
1,48
1,43
1,45
1,43
1,45
1,40
1,40
1,46
1,47
1,44
1,46
1,45
1,40

STRUCTURE FUNCTION,

EXCHANGES TIME  S§t1) S(2) S(3) S(4) S5(5) S(6)
1800000 795,2 6,62 11,01 8,48 5,24 3,95 2,72
4900000 B840,3 6,64 11,07 7,20 5,69 3,99 2,78
2000000 885,2 6,70 12,49 48,34 5,13 3,67 2,55
2400000 930,3 €,49 12,67 8,87 5,12 3,51 2,63
2200000 975,6 ¢€,43 12,18 ¢,80 4,80 3.44 2,56
2300000 1020,7 7,27 12,26 4,88 4,91 3,44 2,60
2400000 1065,9 ¢€,17 12,44 8,54 5,18 3,69 2,84
BEO0000 1311,4 7,82 12,722 9,30 5,46 3,63 2,52
2600000 1156,7 €&,38 12,57 9,10 5,37 3,33 2,61
2700000 1202.3 ¢,47 13,00 10,25 5,44 3,64 2,58
2800000 1247,9 &,59 13,88 9,28 5,16 3,56 2,68
9900000 1293,3 ¢&,64 14,416 8,73 4,75 3,48 2,97
000000 1338,5% $,19 14,06 8,56 4,76 3,41 2,63
31100000 1383,8 9,18 13,86 b,18 5,17 3,45 2,70
3200000 1429,2 9,23 135,99 7,63 5,05 3,69 2,60
3300000 1474,6 &,39 13,30 8,20 5,84 3,97 2,63
3400000 1520.,2 9,09 14,12 8,66 5,74 3,62 2,71
3540000 1565,8 8,94 14,16 8,34 5,53 3,36 2,64
3600000 1611,3 9,46 14,97 8,33 5,66 3,66 2,82

$0X30x30 LATIICE

20,00 PERCENT OF A MOLECULES (V] = «,6 )
TEMPERATURE = ,591 TIHIES THE CRITIC

AVERAGE OF & RUNS W]TH [HNFORMATION AT 2%
TIME ENEKGY TIHE ENERGY TIME
0400 92 18,526 v 37

o T L 1,11 LEKD 1,48
2¢22 815 259 048 2,76
4.97 yler 4,62 ,780 5.18
6,29 765 6,85 750 7,40
.51 749 g.0F 745 9,52
10,92 736 11 .66 ;733 12,53
16866 732 17,44 710 18.14
20,79 701 22,47 €96 24,17
27,60 ,684 29,342 €80 67,15
153,40 ,He9 200,49 ,E47 249,71
w559 303 405,720 495 460,73
573,05 47¢ 630,92 ,459 689,37
810,14 440 B71,64 437 933,50
1059,60 4420 1124,35 ,416 1188, 74
1319,99 ,4¢9 1336,7% ,403 1452,32
1585,95 397 1658,18 395 1721,47
1856,67 4389 1925,4% ,285 1394, 34
2132,19 ,3¢&y 2201,97 176 2272,34
2415,43 3¢9 £989,11 364 2704,30
998,29 154 3145,74 156 3293,58
3593,02 345 $743,64 L343 1896, 20

p O
TEMPERATURE

POINTS

ENERGY
902
1B36
LA02
774
756
743
728
V717
707
692
528
532
L 487
, 457
, 430
415
404
¢ 391
(383
379
L 361
351
339

TarLe A, 1Y

TIME
155
1,85
351
574
7436
10,18
12,96
15,92
17,12
25,8
1073, 88
300,31
514,01
745,19
295,99
1254 ,29
1518,28
17892,nb
26D, 37
2347 ,74
2850,53
3445%,30

ENERG
, 8R4
824
794
770
752
e 740
727
Z1 18
704
668
597
518
478
, 444
, 428
,411
, 299
L3869
L 352
V372
. 355
» 348

(10)
L 2%
1,24
.21
121
LedA
1.23
1,30
1,29
1.20
14519
128
1,13
1,23
1,19
08 Y
1,22
1,23
.37
1,23

Y
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TARLE A, &
3pX30X30 LATTICE
20,00 PERCENT OF A MDLECULES
TEMPERATURE = 1,068 TIMES THE CKITIC TEMPERATJRE
SVERAGE OF 8 RUNS WITH INFORMATION AT 49 POINTS
COMPUTER TIME = 409,41 MINUTES
STRUCTURE FUNCZTION, S(am)
EXCHANPts TIME Sr1y 85423 St3y St4Y §i5) 'Sté) BeZy StHY [U9)
0,0 538 L05 82 1,00 1,06 DA 2,08 3,82 %06
szU 6 75 1,04 S8 L 1d 15190 gals Lipd L5200 320
5000 1,4 3 gt o JOR. g2 1. 29 5,22 1531 3.88 S0
7500 2.2 I8 4,42 1,402 31.3% 1,36 1,39 1,49 X,44 1,49
10000 3,0 FY Lylb 103 1,36 148 1,44 1,54 2,49 1,50
12500 3,8 FY Rl L LA 1052 183 14859 3,0% 1,91
15000 4,6 B0 A28 112 1.#2 164 2,58 §,77 3,85 498
17500 5.y 5 B0 185 128 186 164 168 AR .08 A4 HE
20000 643 R 1,88 .25 1.56 1,74 1.6B 1.d1 1,062 1.58
22500 Tyl 85 1,34 1.30 183 4,79 L7071 Le80 1542 3,99
25000 8,0 JEA 3.33- T38 $:75 497 1,82 1,83 1,77 1,52
27500 8,9 S84 1,38 1.41 1,85 2,02 3,82 1,86 180 1,54
dgooe 9,8 S8 134 1,490 1,97 S.07 1:81 388 "1;74 4,951
32500 10,4 88 1,43 1,44 2,09 2,10 1.88 1,87 1,67 1,50
$5000 31,5 B 1A 1B 2h 2% 1 94 AT g7 487
57500 12,4 g8 1,89 1549 216 2,21 1,72 191 175 1,81
47

42500 14,1 BA .67 1,48 2,23 PPN 1,96 1,93 1.71 1,48
45000 15,0 95 1458 156 2,33 2:29 1,95 1,94 1,65 1,47
47500 15,9 o6 189 1489 BT 5,27 2488 1,94 §,65 1,45
50000 16,8 JIE g6 189 2,35 2,30 2;8% 135 103 1G9
10000( I4.8 1.209. BiBH BT 258% . REE 22800 34¥T L2 L@k
150000 G246 DA% BaZt 251 263 2,87 2,09 208 1,68 . 1;4%
200000 70,7 147 ;89 2,56  2.9% 2.7% 2,25 §,88 3,67 1,49
250000 BE.E 1,78 208 ZeHE X026 B370 2422 198 1,648 1,AS
¥og000 4107,0 1,88 2,7% $.21 3,200 2,87 2,30 R:00 3,66 1,456
350000 125,2 9R 3,04 d.us 3:08 2.7% 2,23 1,92 1,68 1,47
400000 143,3 (96 2,97 S0i0 B34 2,42 2,07 2,01 1,60 1,47
450000 161,59 Al BilT T35 I 0 2,94 2,3%3 1,95 1.72 ko8
500000 179,.7 30 Ry X FZT B 26 257 F.PT 48T A0 48]
550000 197,9 BE BT Bahks. 2N A% 2530 0 Ta8F 373 1450
500000 216,72 e RTE 3,79 EEh 2,54 B30 1384 1,87 46
650000 234,5 A8 Eoeh S, 83 332 2,57 243 198 1,60 1,91
700000 252.7 B3 FeBY 3,52 3,28 2,63 Z.2& 1,68 .70 1.5
750000 270,9 BB XAT B9 BLe1 2.79. 2436 198 3,707 1,50
ggnoon 83,2 . W8T S.8% J.AT 2,88 2,88 197 1,98 1,57
850000 307,5 7% A A9 Y, TR R, 08 2,78 2,49 1487 1,65 1,44
00000 32%5,7 R L0 BT T 2,78 2,26 1,8 1,64 L, 47
20nug0Nn 62,3 S0 F.84 J. 89 .37 2,74 2 33 1,8t  1.73 1,48
1190000 398,7 2R Z.on B.87 BV 2.5 A3 4,86 178 ‘Lg42
4200000 435,¢0 (U6 3,66 $,59 3,04 2,62 2.;5 1,88 1,68 1,92
1300000 471,5 T3 J.B8 8,85 B.OO 2,64 2,23 1.5’ 1,69 1,52

L}
40000 13,2 S92 1.54 1445 2,45 224 1,93 495 107 4
L]

Bs B b Tl G A I MM RSN RPN SN

2400000 %08,0 BE AEF $,02 F,0% 2,88 2,15 i85 1a71 1,99
1500000 544,56 257 4.B4  S.B4 3,38 2,72 2,15 2,01 1,76 1,46
45UCU00 %581,7 HA 4. 96 J,74 I .20 2,78 2,22 1,865 1.,7% 1,48
2700900 617,8 JE8 K67 .90 3,83 2,84 2,12 1,86 1.76 1,45
500000 654,3 L Redb S0 B 96 2,75 2,31 3.89 1,469 §,.BX
4900000 490,97 W59 A48T .49 2579 2,80 2,85 1,89 31;67 1,48
geugLOn 727,4 Y onr R F85 2,62 2,318 LaY0 1,78 2.497
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rasLe A, 1A

30X20X30 LATTICE

50,00 PERCENT OF A MOLECULES (7] = 0,0 )
TEMPERATURE = ,887 TIMES THE CRITIC TEMPERATURF
AVERAGE OF & RUNS WITH INFORMATION AT 140 POINTS

TIME ENERGY TIME ENERGY TIMZ ENERGY TIME ENERGY
0,00 14703 137 1,297 74 1,347 1,11 1,316
1448 L9254 1,85 1,276 2,22 1,264 2,59 1,253
paa L 8,3 1,233 3,38 1,220 1,44 1,213
5,00 14206 5,55 1,200 I I T 6,66 1,185
7.22 1,182 7477 1,178 8,32 1,173 8,88 1,169
Pudd "La1ed 10,00 1,160 10,74 1,156 11,48 1,149

12121’ 1|14‘i 12|(;0 1.142 13.?“ 1‘.13'1 30.15 1.093

47,01 1,067 64,30 1,051 81,78 1,046 99,45 1,027

117,29 1,71 135,26 1,014 153,38 1,007 171,68 1,002
1ﬂq'q:) 1997 208,39 591 226,77 , 086 ?45'47 L9386
264,06 9E3 »52,64 ,681 301,29 ,979 $20.08 972
338,65 ,976 357,30 972 376,14 ,966 395,07 964
413,99 4963 432,97 4959 451,76 ,057 470,98 952
490.11 .Q54 '."09,14 .;‘)f; 528.21 ‘Q52 :;47'?9 .9")6
B66,40 L%5)0 585,48 550 604,59 ,948 623,79 344
662,24 944 760,80 ,639 739,49 932 778,38 ,931
817,27 1923 BH6,06 528 95,16 918 934,538 ,916
973,84 1 920 i 1 ML e 517 1052,71 , 914 1092,14 ,911
1131,9¢ 907 1191,48 ,506 1251,18 %04 1310,91 ,905
1370,53 904 1430,38 894 1470,53 894 1550,84 891
1611,34 ,BE4 1692,15 ,E86 1772,99 ,886 1353,59 881
1934,83 +R79 2016,71 B75 2097,52 ,R76 2179,35 L B72
2e61,04 1 275 23458,70 JE89 2424,79 870 2507,16 ,872
2589 ,22 ,BE8 2670,98 €73 2752,87 ,869 2R35,N4 364
2917,28 ,Reéa 2999,76  ,£63 082,38 ,B59 3165,41 857
3248,52 049 3331,75 €58 3414,56 ,855  3497,59 855
3580,54 P54 3663,57 L E53 3746,11 857 3820,09 853
3912,20 »1C5 3995,10 853 4078,34 850 4161 ,65 852
4579 ,77 ¢ 335 4064 ,09 , 836 4748, 39 635 4837 ,66 837
4916,78 oB37 5000,90 LE3b 5085,43 ,A32 5169,91 ,B831
52!-‘4.2:1 |f:-3? '.')331"..45) .E’:ﬂd 5422,49 '835 5‘50(\.74 .&11
5501.07 835 5675,7¢ E831 5760,33 ,R26 5845,16 328
5930,07 RS 6015,3b €23 6100,73 820 6186,63 518
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TanLe A, 12

J0X30%30 LATTICE -
50,00 PERCENT UF A MOLECULES ¢ Q= 0,0 )

TEMPERATURE = 1,068 TINES THE CRITIC TEY?ERATURE
AVERAGE OF & KUNS WITH INFORMATION AT 34 POINTS

TIME ENEKOY TIME  ENERGY TIMZ ENERGY TIME EMNEFRGY
0,00 1,503 W37 1,408 27 14363 p IS e S T B L
1,48 1,315 1,85 1,200 2,22 1,290 2,59 1,280
2 96 1,272 3,51 1,263 4,07 1,254 4,62 1,249
5,18 1,243 5,74 1,238 6,29 1,231 6,85 1,226
7,40 1,721 7,96 1,219 B,51 1,218 9,07 1,215
9,62 1,212 10,18 1,210 10,72 1,206 11,66 1,200

11,99 1,200 25,29 1,170 39,54 1,159 92,60 1,146

66,40 1,141 80,38 1,132 95,06 1,129 108,34 1,124

122,45 1,323 136,50 1,122 150 .54 15449 164,80 1,118
179,01 1,116 193,19 1,116 207.36 1,113 224,58 1,114
235,78 1,117 250,00 1,113 264,22 1,108 o78,82 1,118
292,79 1,109 307,01 1,113 321,27 1.113 335,41 1,142
$49,60 1,105 363,90 1,105 378,23 14,106 392,55 1,107
406,87 1,106 421,14 1,10¢

TARLE A, 13

SO0X39x30 LATTICE

50,00 PERCENY CF A MOLECULES ( R = 0,0 )
TEMPERATURE = 1,501 TINF3 Tk CRITIC TEM2ERATURE
AVERAGE OF & RiINS W]Th IMFORMATIGN AT 35 POINTS

TIME ENEKGY TIHE ENERGY TIME  ENERGY TIME EMNERGY
0.00 14504 52 1,409 .78 1,386 1,04 1,372
1.30 1:362 1,56 1,353 1,32 1,344 2,07 1,337
2,33 1,382 2,59 1,228 2,35 1,324 3,41 1,324
3,37 1,320 3,65 1,218 3.39 1,314 4,45 4,318
4,41 1,306 4,79 1,304 4,93 1,303 5,19 1,302
5,44 1,300 5,70 1,300 6,22 1,297 6,74 1,297
7.26 1.254 7,78 1,294 8,37 1,292 A,82 4,290
7,33 1,2¢8 20,49 1,271 41,59 1,269 62,85 1,263

84,10 1,2¢1 109,38 1,263 126,73 1,260 148,11 1,257

169,48 1,250 190,87 1,256 215,23 1,258 283,58 1,257
254,96 1,254 276,32 1,258 297.72 1,255 319,08 1,256
$40,43 1,260 361,48 1,256 333,16 1,260 404,47 1,255
425 .77 14,256 447,19 1,255 468,36 1,257 489,94 1,257

511,32 1251 282,78 1,¢538 554,20 1,258
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ranLE A, IS

30X30X30 LATTICE

20,00 PERCENT CUF A MOLECULES (M = =,6 )
TEMPERATURE = ,587 TINHES THE CRITIC TEM?FRATURE
AVERAGE OF & KUNS WITH INFORMATION AT 72 ROINTS

TIME ENERGY TIME EMNERGY TIMZ FENERGY TIMF EMERGY
0,00 ,9¢2 18,632 i 37 92 i85 - LBER
74 4 BEd B2 T BTe 1438 " A7 1,29 867
1,48 ,A€2 1,606 857 1.85 855 2,08 351
2:40 4344 2477 €39 3.14 B34 T.51 829
3,88 ,RBen 4. 25 828 4,52 ,824 5,00 ,E22
5; 55 4018 6;11 EYE 6,55 8110 Tree. . 808
777 1805 B,38 €04 8,88 ,L,802 9,44 ,8C0
10,00 ,798 18,74 798 14,88 ;195 Lo 28 793
12,56 792 135,98 ,791 14,73 ,790 15,94 785
16,97 4783 17,99 78} 19,02 788 39,99 ,763
61,42 756 52,98 753 104,56 745 126,55 ,745
148,39 743 L70,. 36 7131 192,37 236 91 4:;59 235
236,89 734 259,04 L7385 281,23 733 303,39y ,734
325,57 4734 B o TR 1 392.,2% 732 436,81 730
481,28 7230 595,91 731 570,70 728 615,58 728
660,28 4730 709,10 4227 780:14 723 VSR8 G721
B40,26 724 B@S . 22 7123 930,27 720 grn. 86 7122
1020,68 716 106%,98 717 1111:4% 717 1158,73 ;718

TARLE A, 16

S0X30%30 LATTICE

20,60 PERCENT UF A MOLECULES ( i
TEMPERATURE = 1,064 TIvkS THE Cf
AVERAGE OF & RUNS W]ITH INFORMAT

= -|6 )
1T1IT TEMPERATURF
10N AT 4R POINTS

TIME ENEERGY TIME ENERGY TIMZ FEHNERGY TIME EMERGY
0,00 4,962 e 1 - . 5 . . A i B St TRl
I?d lal’f‘l 102 IEQU 1.1-1- .534 j_'?'i 1;*79
1,48 ,8/5 43 6% 820 1,85 ;Bb6H8 2,08 864
2.40 +BZ=8 2,77 LEBS Teld ;8B5S 351 BAab
3.88 1 846 4,2b £43 4,57 6547 5,00 04U
5,55 835 6,11 LE36 6,56 B33 T.22 831
2?7 840 B33 GEB20 8,38 ,826 0,44 L B23
10,00 BE2 30,68 822 1190 yB23 32:3¢ 5Be28
13,24 ,B19 g 1 25 T QR i 165,00 ,81% 15,88 B17
16,76 816 34,60  ,£07 52.50 4804 70,706,801
88,79 759 107,00 ' 797 19519 798 143,32 ,79¢

161,53 79¢ 179,70 ,796 197,32 ,797 216,16 795




raaLs AT

8O0X20 LATTl"k

CLUSTER DISTRIHITION PAOPERTIES(L10SL )

ZU,U!‘I P |-\,’:.4'T ‘.: A NOLECUL l":';

TEMPERATURE & %48 TIMES THE CRITIC TEMPERA TUHF

AVERAGE (OF 6 5 WITH TWFORMATION AT 100 PNINM

ENERGY TIMNE #yRCHAN; <S1LES <8IZFE 5> <«SpL» <ct <HASIOD>
y 887 22 35 Lgngn 14,1% 248 14497 zea #7 1,051
(834 61:23 MY 18,54 270 1.:341 22,40 3098
s 2 108,17 KA N 17,7 IS5 4. 0&5 285256 1:151
287 165,40 Apogy 17.76 LTS AR T T 2483 1,168
i 274 A LpogYy 1822 #45 A 446G 2807 L2104
_gzl 294, 24 A g 2= 37 4%p 1,059 24,801 1249
r1e 5o SB9 ;40 7L 21,60 ARE  1.0EB e244% 2,249
248 d32. % Bgary e, BB 656 i 970 -3 T oy S T 1 I
236 1, 34 Gl 28,L0 DD , 950N e e R R,
v 31 HBY U0 JUBALD 4,19 720 A72 29391 14451
ROTeR 679 7€ 1114900 ok 18 a0l NS0 S6y 44 L8794
w825 752,22 iPgngy o2 o B0 882 o T B O 7
228 §37.7  La0igH "h,49 857 2 794 27.26 1,4Cb
e Y966 AN gE 274438 961 304 37,88 ly430
JETY 1071833 1BU0on Su,i4 1050 i 785 pH,47 1,445
ve2l1d 149%8,.34  foliQU 9,38 1115 y 695 28591 1477
edlz 119%.¢7 270708 ity 54 1077 70 ¢ 28,27 1,468
€038 12846424 l'\“ (RY &Y %29 1157 704 26,94 1,924
1206 1374,4 19604610 U 74 12729 567 29,24 31,8510
202 1465,71 zegngv 50,59 1256 1 630 ?¥+19 1,blo
W34  1H50 34 23 duil 55, 5 &5 1253 EAT PR, BR 1,52
dB2080 363 L YR 2230980 JZ 42 1347 527 014 A 558
LANT R4 64 PSAROT AR 72 1407 LH0T o881 4,/55h
+195 1d4b,e1 2HUU0D 9,40 1451 i 517 387 1,548
195 1944441 2239000 58,74 1499 B F0,46 1,579
y193 2037 .03  HIRO 58,57 1574 595 3558 4,577
193 214d.246 274000 $4,748 1674 WA 231.98 1,600
1859 DR3H. e BYSNUnT T 44 1659 93 L8N  1.6%7
188 2337 .59  BNgl sh E9 1774 335 3126 1601
187 2440,491 Etsran 36,59 1762 54N Sdam2 Wonkdd
182 264L,.%4  Z1004U 36,96 1801 L5000 FL.61 1,691
B3 DHA%.54. BPUNALY 53,44 1605 W500 32,67 1,681
L1858 2748.89  FSUHGH 5Y,¢0 2043 ,A90 38,29 4.790
181 2846,5F  I4papb 40,82 21456 500 36,69 1,774
s W7 3 SR v o T - 1 3 39,%¢ 2091 ' 458 T8,.37 1.!1u
179 3u53,u6  3hE000 ay, 23 2179 , 480 35,486 3. 020
178 JPb&b.U2 STRUOD 41,3Y 2236 245 RS I8 1,799
175 AT e ogige v ka T [ o211 i ARG 13,44 1,744
w1274 JF76,85 JFYUURY 42, €1 2371 437 34,69 1,774
174 348/7.¢ yQnyo 42,70 2275 AN 2409 1,737
5 M LS A 41U GY 4y.51 2447 s 440 74,02 T8
171 3700.¢ Ag0u00 44,2 ?E74 . 384 e 01 | 4,887
4172 3B3A 24 Sagnll 44,32 2606 . 36U 35,485 1,874
117J 5‘)2,]'._, Gaygitiny J;sl :'G-’":U .-_397 Ebu(:'-( 1.5351
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rasLe B A% cont!

ENERGY TIVE EXChHANG: <SILFE> <SI1ZF > <¢z/L> ckN>  <ftaptus
J189 4020,71 450000 45,07 262 335  TH, 04 1,824
«166  4139.50 464000 A% ,84 2739 . 391 15,30 1,84%
163 4248,72  47u000 A8, €5 P87 372 35,88 1,855
1638 4a6¢.1f whiugu 17,38 Pehy :AD0 Ao ME. 1584
1164 4472410 J908un0 47 ¢ F7 RV $e L3573 fh.;q 1,482
184 ASBH. I HBUINQY 485435 2691 e 5 1 6,86 1,894
v 160 4701,30 93109040 48,36 306 290 37,86 1.69¢
180 4BIV. B4 BL5AH0 4, E4 3027 « 314 6,47 1,906
y161 4932.73 53u0ngH 20,45 3013 0331 2Bagn 1,894
¢159 5Bedo1n Ldgugy 49,09 3121 e 294 oY 2,905
w181 BlH9.dE4 B:ddan 4y ; 79 3203 279 Re,9n 1,917
160 H280,74 SeQLOD 49,57 3213 2277 3,89 1,971
J160 53%6,56 5741090 “1,04 3345 267 77,93 1,944
159 55141,%3 LFO0QU o B 3410 2754 37,87 1,v81
L3158 HB63UycZ LYRANY il ¢ 71 X274 + 300 oo g M e
,158 6K747,77 6rgupu By & 3454 3048 et 1,960
«16% Shab,.¥3  s1UU00 9¢ .56 3629 254 1t TN .- KO Ly )
«166 G9B4,67 aFOL0Y < PR | 3567 ' 287 THL,SN 1,978
+158 53ngd &3 adpany S B 3540 303 {0 T OO .
.154 'Dr.'lho.f:‘l ‘.-""."'"‘:'U B2 B :“3"‘:‘ '?7[§ 15‘;07 10972
W1B4  G3IVIET  HHWIRY MEe 2772 v 228 8,28 1.990
(157 6451,75 &CUNQU 93,76 TE32 v 2538 36,72 Z.une
v156 6568,79 278000 “8,88 2635 v 261 39,45 1,997
1156 GHHD 3 pidn 0N b, 0 SE13 e 2273 9,30 £, 031
_15\)’ Ghind . &l A0 00 ".S'L(‘ Zeh? 514 b, 2% 1'9'4&)’
182 AsY¥YLye7 FUUNE 4 B JE23 258 838 2017
v152 704U ,.48  Frulinu S R 3683 234 8,04 L,000
181 7161.=2% TE0uoh b4 £33 3793 s JB,4% £,018
148 7285417 TFéhupw 54,98 A774 253 et 2,025
w148 T4rU07C  Fa0000 H 9% L3 PG B B, 79 2,042
(483 7532,49 7HeNB8  SH, 18 3815 954 39,00 2,028
352 7265021 VHbIOL 55 o1 3¢56 Wy 76,96 2,030
«152 777947 FIUNLY 55.53 Jea62 VP04 8,46 2,038
150 72820,76 7Heugu SO, U9 3900 + 231 v, N 2,050
1249 api2.A8  FRued H7,46 4141 ¥ 209 39,96 2,078
34V  8134,:5 LU0 B7,18 4073 L.262 39,13 2,068
v148 255,81 &i0mnp 57,54 4166 287 U GU2 2 JUBS
v147 Bacl.el GAde ol Yu,76 42R77 « 223 AU ¢33 2,097
148 BBUY,.73 #3PULH Sa,46 1252 D47 TP 77 2,092
146 B631,U1 LABLNY e, 61 apa7 . 185 Y60 2,098
J145% B7%7.¢4  bRG000 Sd,€6 4795 v 212 32,78 Z.09%
o146 3887,z1 EHLLOGD by, €9 4203 e 213 40,01 2,099
146 914,08 GTi0g0 a8, ED 4307 s 193 3961 2,091
s144 G13%.¥7  edpngu 39, 5N d466 223 3,66 2,145
el46 9260,y 890000 53,94 4314 v 177 ?9.bz 2,098
347 93ho.cn  Qdlrpt 59,31 4381 203 39,85 2,103
146 9%0b,e¢3 91Du00 Al 2l 4561, 209 40,56 2,119
v146 532 L FLUGLC 639 4572 ¢ 246 g0,57 2320

. vi & QP82 P8 WAQRED 60,3 44754 P45 40,46 P.119
c144 9874,L7 wdnnny A0 ,56 4673 5234 4,89 2,450
142 100G CLDUCD 1,29 1629 o AN 6,05 £,141
;18T L0A3N, 70 wadTy0 61,81 4747 L2824 41,37 2,14
341 1)4’J.CT “lunng 61,90 1601 s POA 47 87 2,196
143 104n8,27 SFUNLD  Ad,B7 4957 207 ié,14 2,171
1445 Lﬁﬁéb.iﬂ RAdURRILY hd &3 4397 176 413,79 2,150
143 1hohS,5H ooy b3, 56 Hehy «LB% - TP A
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TasLe R\

20Ux2n0 LATTICE

CLUSTER DISThIeTION PROPERTIES(102L )

20,00 PERCeIT UF A WkeEtules 5
TEMPERATURE = 46594 TINES THE CPRITIC TEMPERATURE
AVERAGE UOF 1 QUMNS HITH I9FORFATICHN AT 123 POINTS

ENERGY T IME ExUhAr, =<HIZE» «QIZ2F > <z ALy <kN>» <RAUIQO>

403 10,4y Ja4gan 14,00 222 1.645 2Jur? 1,043
o953 45,34 bR .'-"}.f?ﬁ 230 1.5046 51,90 :-.,"]’:}O
et il [ B A 7L< L H 1 16,03 288 1,395 22,4R 1,114
e S04 119485  gopuan 10,85 305  1.3X38 nY,64 1,149
AR 164,21 g A 17,56 3h2 1303 22,07 32,1638
1270 212,47  odinn 16,%1 399 1,253 - -
260 204,83  35U001 19,31 437 $.92% B89 1206
262 317,52 a4todud o 20,18 493 1,197 23.9% 1,239
255 377,13 4bLant 20,85 5ad 1,173 28,99 1,252
243 430,29 LUNAED 21.78 7% 14392 24,91 13285
1243 497,85 HBuO0U PYedl " 5 e R R o Ak, 9% X403
1235 Lel.t2 &00UN0 2281 635 1,789 ?4,d88 1,514
20D 627313 H53U0N 283 661  1.08% ol 2n 4,528
232 §92,€0 FrGLE00 24,19 20 1.071% ot B4 L, 35%
229 I5¥,41 7o¢000 PH, 04 765 1,047 26,54 1,375
o2 2% A4/ HI'AUCU 2h, 33 i3 o MR L oL .57 1"5'10
' 225 BAY a7  gagi0l o, 4 H 785 1,243 26 4 51 L7 2
SR04 450 9 apLiny 261,53 Sn1 ,970 27,64 1,422
213 10260,83  “hUOYO 27,11 g15 730 o770 X427
216 1096,¢217 2TYIUCY 2728 977 W74 27,54 1,429
- T < ) o S B 27 .46 952 OBE o P89 A,454
2214 128859 LU eY 248, 0% 5R4 « D07 a7,82 3,451
208 43N/ .42 23150430 28,88 1042 « 0408 27,99 1,464
l2“b 1\:’;&0::_‘. JL“ gngt "ILJ‘l“L; J.'Jr“:' "737: :?-j.;s" :‘blqnj
veldd 145/7,17 1220000 eYved 1075 L9228 ok, 84 148
209 1532413 I3npugy Ja,z20 1179 ¢ N20 3,88 L,503
IE["} "_';)“-’.CJ_ ‘s:"\:.-""ili ~’?U.:?., 11“.3 .‘"JL'.," "letj.: 1'4Q9
11992 1684,07% L4quninyg Eledy 1239 N9 DY, 2N 352
L1958 A 75080 4204800 31,41 1245 .90 23 . 27 1.,5%1
1397 3030,98 1L5Y005Y 12,02 1307 JA77 28 . 48 1,5%b
s 197 491949 WLSUEED - S 1305 : 560 3d, 14 1,568
194 199¢2,18 leudugn 33,13 1411 L850 30,22 1,569
194 206%,%5 leduinl d8,¢4 14232 B39 34,43 1,580
2199 2344,84 1790001 58,90 1444 v355 30,96 1:593
191 222U0.%3 1750000 34,50 1567  ,R26 0,63 1,608
188  2299,63 niabl 34,65 1515  ,a30 30,57 1,600
R 5 T v 3 B B ] R 35.4.15 19479 A0S 3l g 6F dy02)
1184 246.8,/5 1900UHDT 3553 15892 U4 20,89 1,689
185 2545,65 L195400U Sty 1600 JA2A IL.060 1,632
184  262Y50% 207000 S0, 31 1643 790 31,38 1,694
184 2711400 PoSudip Jo,eh 1672 o301 L, 8% 1,655
183 279156 230NN A7 2 1755 . 76% 31,8% 1,666
180 DAT44T P15Hupu An, 33 1836 o754 Ay ALB92
2177 29HYLT 229600 Y 34,18 1827 790 31,94 1,680

i
CONT,
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varLE B\E, cont/n

ENERGY TLak EXEnnee CSTLED €SIZE 3 $z/L> <kzN>  <RARITU>
{178 RZoad X7 225000 38,3 1643 760 2,07 1,688
177 2129.%9 2300900 40,08 1974 + 13 32,92 1,732
180 3IP31,77 23580400 59,66 1633 703 T2.82 1,726
176 329k U5 24b0000 iy ,54 1.943 « 73R 32,96 3,736
173 33b4, 45 F4ouDD0 40,10 1961 597 Te B0 1,785
178 JAT2:72 PLHLLGDY 40 ,¢8 i9e1 747 IS4 1,737
175 3Bsi,en FHES5IGON 46,19 2007 o 37 32.,8% 1,782
175 Zaa8,7R Agipton 4p,1% 2032 731 385,06 1,737
A7E 73839 TeBunju 41,47 21013 720 38090 1,768
L7808 0 Janpd A2 2FH5ene az 7?2 2279 s 583 Iq:46 1,784
172 38913, Ee FRELM L 226 « 599 38,98 1,784
1713 [YNE,11 Falivey 48,4186 22773 W HAH0 I3,6 1,798
A70  AURZER Pehargu 13,80 2314 WHTA 14,77 1,844
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TABLE A.24

SNX30X30 LATTICE

AMNTIFERROMAGNFTIC INTERACTION _

50,00 PFRCENT OF A MOLECULES (9 = 9,0 )
TEMPERATURE = ,591 TIMES THE CRITIC TEMPERATLRFE
AVERAGE OF 8 RUNS WITH INFCRMATION AT 63 POINTS

TIME ENERnY TINE ENERGY TIME FNFFGY TIME ENERGY
0,00 1,504 45 14570 s3b 1,627 .41 1,666
+ 70 1,744 1,00 1,810 1.44 1,884 1.95 1,951
2,48 2,n12 3,01 2,058 3.59 2,108 5,00 2,192
6.2% 2,25n 7.56 2,300 9,10 2,35¢ 10,83 2,395
12,723 2,435 14,83 2,477 17,13 2,498 19,66 2,525
22,36 2,549 25,30 2,574 28,44 2,589 31,71 2,608
35,25 2,524 51,38 2,671 7153 2,717 84,14 2,735
101.78 2,759 17n,08 2,78F 253,59 2,79n 296,71 2,805
541,83 2,813 391,10 2,822 445,46 2,825 499,92 2,828
554,85 2,832 609,71 2,834 665,50 2,637 722,76 2,843
780,99 2,R4R 804,324 2,850 B28,65 2,852 855,35 2,658
H62,4% 2,354 909,91 2,854 934,80 2,F6% Q4,66 2,857
¥91,93 2,857 1019,41 2.E5% 1046,32 2,859 1073,87 2,862
1101,58 2,867 1130,04 2,863 1158,00 2,865 1485 ,57 2.866
1214,09 2,865 1242,34 2,868 1270.06 2,867 1297.92 2,866

1325,69 2,364 1353,67 2,066 1384.,95 2,067
TABLF A.25

SO0X30X30 LATTICE

ANTIFERROMAGNETIC INTERACTION __
$0400 PERCENT OF A MOLECGULES ( Q)

)

= . 4
TFMPERATURE = ,591 TINFS THE CRITIC TCHPERATURE
AVERAGE OF 8 RUNS WIT!H INFORMATICN AT 34 POINTS
TIME ENERNY TINME ENERCY TIME FENERAGY TIMF ENERGY
0.00 1.761 g WG i 50 1,352 ,44 1,985
.59 1,414 74 1,436 89 1,460 1,04 1,479
1,26 1,50? 1.56 1,527 1:85 1,546 2:19 1,883
2,44 1,572 .74 1,58F 3407 1,598 3,41 1,606
3,65 1,511 4,35 1,623 6426 1,645 8,25 1,655
10,32 1,563 12,42 1,669 14,56 1,670 16,77 1,673
18,96 1,677 44,58 1,682 64,86 1,48¢ 88,63 1,691
112,59 1,692 136,80 1.692 161,19 1,694 185,94 1,694




30X30%3n L

ATTICE

ANTIFERROMAGNETIC INTERACTIOMN
50,00 PERCENT OF A MOLECULES (N =
TEMPERATURE = 887 TIMES THE CRITIC TEN?PERATURE
7 RUNS WITH INFOURMATION AT 116 POINTS

AVERAGE OF

TIME LRG P,
0.0” 1005
1.41 lgii
3,12 019
5!09 .026
7.04 029
9.19 s 044
11,43 +0ET7
16,44 L(07¢
22,75 104
29,61 128
36,82 4136
44,49 1€4
52.53 181
60,95 4205
69.59 4227
78,43 233
BT, 63 2247
97.00 1256
106048 '270
116,07 275
125,69 288
135,48 21 301
145021 '320
155,10 336
165004 l342
175,04 1355
185,11 381
195,20 1400
205,40 432

TIME LRC P,
3L ,006
1.82 .019
3,58 ,022
5,51 ,028
757 :D3%
9,75 ,p48
12,00 ,058
17,97 087
29:49% 118
T1.38 133
38.?0 !140
46,45 ,163
54,61 ,18¢9
63,10 ,z207
73,78 2238
80,67 236
89,97 (250
99,36 ,269
108,68 ,272
31648 917
128,15 .291
137,93 ,307
147,65 129
157,59 L340
167,5 , 248
177,58 365
{87,635 384
197,73 411
208,03 L4472

JNRIOX3IN LATTICE

ANTIFFRROMAGNETIC
20,00 FERCENT OF &

TEMPERATURE =

AVERAGE OF

TIME
0,00
59
1,78
3,508
9.1
22,78
48,46
82,97
12C|Eé
160,05
¢00,27

INTERACTION

0.0 )

TiNE LRO Ps

. 56
2,23
4,05
6.02
B, 11

10,30
13,46
19,33
26,11
33.16
40,59
48, 44
56,77
65,24
73.96
82.797
92,33
101,72
111,30
120,34
130.58
140,36
150,13
160,06
169,97
180,07
190.14
200.27
210,63

,010
021
024
|030
, 038
054
. 061
'093
119
134
143
+166
L1958
«214
226
P41
253
269
277
|281
292
311
335
344
323
376
« 389
420
,450

MOLCCULES ¢ 17 = 0,0 )

(BR7 TI'ES THE CRITIC TEMPERATURE

7 RUNS WITH INFORMATION AT 43 POINTYS

ENERBY TIME ENERGY TIME ENERRY
1,504 415 1,560 vol 1,600
1,684 .74 1,70¢ +89 1,734
1,834 2,22 1,866 2,67 1,893
1,931 4,54 1,967 .02 1,798
2.045% 10.86 2,067 1346 2,087
g e 27 .86 2,182 I3a1l 2,100
2472518 BA T2 24877 65429 2,281
243pR 92,33 2:312 10172 2,31°
2,324 130,58 2,332 140,36 2,224
2.339 166,97 2,336 180,07 2,347
2,349 240,63 2,358 21T 427 2,356
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TARLE A.26

TIME LRO P,

1,02 01
2,67 ,022
4,54 ,02°
5,53 B33
B,65 ,040
1”!66 .053
14,93 ,068
21,12 ,09¢6
27.86 ,11%
38,97 135
42,52 ,147
50,50 JL79
58,85 ,195
67,40 ,218
76417 vl
85,29 .239
94,65 247
104,11 265
1133720 2%
423,25 ,288
133,03 <297
142,79 316
152,63 ,335
162,56 347
172,49 347
182,61 ,376
192,67 398
202.84 ,425
213.25 452
TABLE A .27
TIME EMERGY
44 1,647
1'33 117?2
.31 4,914
5T 2, 0g7
17,97 2,118
40,59 2,238
73,96 2,288
141,30 2,325
150,13 2,337
190,14 2,34¢
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