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ON THE KINETI CS OF PHASE 'IRI\NS ITIO!~S :a~ BINARY ALI.OYS 
by 

Joaquin Marro 

We report the computer simulation of the time evolution of a 

model bi na r y alloy follo\ving q uenching . The model is a s imple -

cubic l a ttice whose si tes are occt:pie:i e :i t h e r by A or B particles . 

Pa~ticles on ~earest neighbor sites c a n excl~nge positions with a 

probability per unit time proportio;la l t o exp ( - !=':~l.l )/[1. + exp( -Stc)J 

Wh"re c -- (kB 'f_)- l and AU · ~1 h · ~h fC tl t .. .., , u ~s L 1e <... .. a nge ~n ~ E: ene r gy o..: 1e sys em 

r.esulting from the exchange. Two different t~oes o£ i.ntera.c t"i.ons 

are considered; a 1fer roma.gnetic 1 i~teracti0n t.Jhi•.::h producEs~ :H 

low t emperatures , a segregation into tHo phase.:; (c·m~ 1~ - ricn and 

one E-rich), and an '.:.r: t iferromagne tic 1 i ,1te-.:actian \vhi ch produc e<> , 

at lnw temperatures a~.c certain .s y s t em composit i ons , so;~le "alternate'' 

ordering . The model i.s isomorphic t o a ferrornag netic/antife rro -

magnc ti~ Ising spir.- or:e -ha lf sys t em with s tochastic spi'.:l exchange 

dynamics and also to a lattice gas wi th attrac t i ve/ r epulsive inter-

action s . 

The mode l is sta rted with an initia l 1:"andom c cnJ' i guration 

(T = '") and its evolut ion and equilibrium propert. :i.~ ·s are studied 

at ·:Hffe·rent t~;.i•lpe~atures and compo s ition:: in t'<:1e on~- a nd t ·..vo -· 

phase r egior:.s o f. ti-:e cor-responding pha~.:: diagra m. 



involved and with experiments . We analyse ii.1. particular the 

validity of theorie s conce rning the phase segregation which 

occurs when a bina ry a lloy is que nched from a ve ry high tempera

ture molten state to a t emperature T. Results are presented f or 

2 

the evolution of the s tructure function: Fourie r trans form of the 

spatial correlation function, and of the ene rgy; also for the 

evolution and equilibrium properties of the distribu tion of c lust e r s 

cf diffe renl s i zes . Our r esults, which are very similar to experi

menta l one s on r ea l alloys, a re in disagreement with the "cla::si.caJ." 

the ory of the process. 
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I. INTRODUCTION 

1.1. - M0 tiva~ion 

The analysis of cooperative phenomena in r eal matter is be

set by many problems of a mathematical nature and attention is 

still concentrated on the simplest (''Ising-like") model systems. 

Peierls, Kramers, Wannier and, particularly, Onsager showed that 

phase transitions can emerge from a rigorous treatment of simple 

lattice systems without the need for any additional assumption 

or information. The similarity between the results obtained 

from lattice models and those observed expe rimental ly l ed to the 

now common belief that these models, in the beginni~g r egarded 

as mathematical curiosities, actually capture w~ny of the essen

tial physical features of cooperative phenomena. In fact, the 

Ising model is now recognised to have certain relevance for all 

phase transitions, the only exceptions being the transitions to 

superfluid or superconducting states for which quantum effects 

are dominant on a macroscopic level. 

The physical relevance of Ising-like models in the study of 

the kinetics of phase transitions is less clear-cut at the present 

time. The necessar y assumptions abou t the transition probabilities 

make them more artificial when considering the dynamical problem. 

Also the general situation here is definitely worse: the difference 

in th~ present unders tanding of equilibrium and nonequ:!.librium 

problems holds als o for the theory of phase transitions. As a 
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consequence, the consideration of more realistic systems is at 

the moment a difficult task and the kinetic studies are by necessity 

centered on simple lattice models which provide a first but signi

ficant insight into the time evolution of systems undergoing a 

phase transition. 

The work we are reporting here represents a small contribu

tion to this exciting area of physics and we expect it to be use

ful for the understanding of certain processes in real systems. 

We present results obtained from a computer simulation of the 

time evolution of an Ising model systent and its comparison with 

various theories of the processes involved, and with some experi

ments. In particular we are concerned with the following situa

tion (Fig. 1.1): a binary system in a molten state of thermal 

equilibrium at high temperature is suddenly quenched to a lower 

temperature. Immediately after the quench the system remains 

with a spatially uniform composition (one thermodynamic phase) 

but thermal equilibrium requires the coexistence of two phases. 

Certain atomic mixtures, e.g. A.t-zn, Cu-Ti, rli-Si, ••• , quenched 

to temperatures below some critical value undergo coarsening 

which in some circumstances is referred to as "spinodal decompo

sition" and in others -as "nucleation and growth". "Ostwald 

ripening" and "Smoluchowski coagulation", which refer to specific 

mechanisms, are also familiar denominations. The phenomenon is 

in some ways very similar (and in others different, see section 1.2) 
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to the development of liquid d roplets in a supersaturated vapor. 

It also resembles the appearance of magnetic domains in a ferro

cagnetic material (if one ignores the quantum nature of the mag

nets). Other mixtures, e.g. Au-Cd, ~~-Cd, Cu-Zn, Au-Cu, ••• , on 

the contrary, favor at low temperatures some "alternate" order

ing so that the tendency is to the formation of "superla ttices". 

The process then bears a similarity to the liquid-solid transi

tion and also to anti-ferromagnetism. These are usually known 

as "order-disorder phenomena". Our main interest here is in the 

occurrence of coarsening and ordering phenomena in binary alloy 

systems where they are of great practical interest. 

The nature of the kinetic evolution of the system towards its 

equilibrium state in the above conditions presents a difficult 

challenge to the theorist, as will be analysed in chapter III. 

The phenomenological approaches are hampe r ed by several serious 

problems (Sato 1970, Langer 1973, Yamauchi and de Fontaine 1974, 

Binder et al. 1975), and any microscopic theory will have to 

deal with two of the less understood areas of modern physics: 

phase transitions and irreversibility. Furthermore, although 

some numbe r of x-ray and neutron scattering studies have been per

formed on binary alloys, experimental results are not yet very 

clear-cut. Thus, the computer simulation of those processes seems 

to be a good way of attacking the problem. We believe that 

despite the many crude over-simplifications of reality necessari l y 
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made in the model of our s i mula tions it contain G th ; es r: ent i:1l 

f eatures of the phe nomena of in t e r es t as they occur in r ea l sys l ems; 

indeed we obtain r esults ve ry similar t o experimental observa t ions 

( sec t ion 4 . 7) . !f t his i s gr a nted , then it fo llows that a ny 

theor y claiming co df~~cribe t hese ?rocesses in r ea l physical 

s ys t em::; s hould al.so be able t o describe what happens in our mode l 

system . Th~ wodel is thus uspful as a t es t of theor y. Even more 

important, the mode l , be cause oi its flexibil i t y , can be used in 

some cases t o i dentify the important phys ical s t eps in the phase 

separation proc esses ~-1hich need to be built into a good theory . 

Next in thi s chap t e r we present a qualita tive desc rip tion of 

the phe nomena of interest that incorporates our knowledge from 

the ory and expcrime~ts as well as from the compu t e r simulations . 

Also in this chap t er the occ urrence of these phenomena in real 

material s and the ir relation wi t h other familiar processes are 

considered. In chapt e r II we make a detaile d description of 

the mode l system and give details of the computational techniques 

employed i n this wo r k . The binary (AB) a lloy is modeled a s a 

simple-cubic, Ising - s pin sys t em with nearest- neighbo r spin ex

changes and periodic bounda r y conditions . The two possible .spin 

stat es will then corr espond to the t wo differ en t kind of particles, 

A or B, at eve ry lattice site . Starting from a random confi gura 

t i on , corresponding to t he alloy system at infinite tempe r ature , 
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_, 
the system is quenched to and evolves at a temperature (kB~) -

where the probability of an exchange between an A and a B atom 

-136u[ -~Au]-1 on nearest neighbor sites is assumed proportional to e l+e • 

AU is the change in energy resulting from the exchange. The 

evolution simulates a stochastic process according to the Monte-

Carlo technique. He arc then mainly interested in the ti::ne 

evolution of the energy of the syste::n and the structure function, 

Fourier transform of the spatial-correlation function, as it would 

be observed by means of x-ray or neutron scattering. 

In chapter III we analyze the theories for the processes in-

valved. The main general conclusion from chapters I and III is 

that insufficient knowledge of the microscopic properties of the 

samples and complicated additional effects which may influence 

the kinetic evolution make a meaningful comparison of experiments 

with theory very difficult. Chapter IV is devoted to the analysis 

of the results from our computer experiments. These results are 

then compared with the theory and with some experiments. While 

we obtain an excellent qualitative agreement with experimental 

results, some of the predictions of the classical theory are in 

disagreement with the computer simulation of the phenomena in 

our idealized system. Some equilibrium ntmlerical computations 

for our model system are also reported in section 4.6. 
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1.2. - Kine tics 

We are concerned here with the separation of a single, the rmo-

dynamically unst~ble phase into two stable phases which occurs 

in its simplest f c.r m whe n an AB-alloy is quenched 

(i.e. cooled very rapidly) from some high temperature, where the 

system is in a molten state, to a temperature T below T , the 
c 

critical temperature for phase separation in the solid alloy. 

The system, initially with a uniform ~patial composition, 

will develop local inhomogeneities that one expects to describe 

by means of some order parameter. For instance one can think in 

terms of the variables nA(£) and~(£} giving respectively the 

concentration of atomic species A and B in a region of some size 

around the pos~ticn £• Denoting by ~ and nB the average of 

these variables in the sys~em, we can have nA + ~ = 1 and define 

a single local parame t ~r 11(£) = nA(!) - nB(~) that describes the 

composition in those regions throughout the system. Then 

1 ~ 11 (~) ~ -1 with the extremun values corresponding t o an A-pure 

or a B-pure region respectively. The average composition will be 

11 = nA - nB. We define the spatial correlation function 

cc£,t) = ( <11<~· +£,t)- ihc11<_;.',t)-ih > (1.1) 
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where the angular brackets refer to an average over £ 1 in the mac-

roscopic system. The structure function S(k,t) is the Fourier 

transform of (1.1) : 

j . ik•r 
S(~, t) = d!, e - -'- G(!,, t); 

it can be measured experimentally by means of x-ray or neutron 

scattering and is thus a quantity of interest in the analysis. 

The features of the equilibrium state of the system are recog-

nized to be fundamentally diffe r ent according to the position of 

its representative point in the tempe rature-composition plane 

of the phase diagram (Fig. 1 of this chapter). At very high 

temperatures, say T , where the components of the system are 
0 

miscible in all proportions, one expects essentially no correla-

tion between the composition in different microscopi c regions 

(Appendix B, Fig. 1). Then~(£) will be indepe~dent of!. and 

equal to ~' and the micros copic S(~) effectively zero everywhere. 

If the temperature is not so high, however, micros copic correla-

tions can deve lop. The structure function is then expected to 

have approxir:1ately an Ornstein-Zernicke form, S(k) "" l /( l+k
2s2

), 

with a very short corre lation l e ngth S. If one considers some-

what bigger r egions in the system, whose size has to increas e 

with decreasing t empera ture, the correlations will disappear. 

This would also be essent i ally the situation outside the coexistence 

(1.2) 
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curve at T < T • On the other hand, at temperatures below T and 
c c 

for certain ranges of composition the equilibrium state is one of 

coexistence of two phases, one A-rich of composition ~A and one 

B-rich of composition nB if there is a predominance of attraction 

between atoms of the same species~ These values are determined 

by the end of the miscibility region at the temperature T as 

shown in Fig. 1. This means that ~(£) will have spatial dependence 

(with, however, nA (£) + ~(£) = 1), and S(k) will also reveal the 

two-phase structure. In particular it will have a peak at a 

value of k whose inverse is a measure of the size of the differ-

entiated single-phase regions. The height of the peak will in-

dicate in some way how well defined these regions are. 

Suppose now that a system, in equilibrium at the high tempera-

ture T , is cooled very rapidly so that its homogeneity is not 
0 

altered during the process. After the quench it •.Till be left in 

a thermodynamically unstable state, still without correlations. 

It will then undergo a process of phase separation as it approaches 

its equilibrium state at the temperature of quenching. This 

kinetic evol~tion will lead to different final states depending 

on the nature of the atomic interaction in the system. Let us 

consider first the case of a net attraction between like atoms. Accord-

ing to the classical theory of the process (section 3.1) one has 

to distinguish two regimes of different kinetic behavior. If the 

quench is to a state within the so-called 1'spinodal curve 11
, the 



10 

system is supposed to be unstable with respect to weak delocalized 

(i.e. long wave-length) fluctt~tions and the phase separation pro-

ceeds then by the "spinodal decomposition" mechanism. If the 

alloy is quenched to some phase point in the region between the 

coexistence and spinodal lines (Fig. 1) the corresponding state 

is supposed to be metastable. Some activation energy is then 

required for the system to undergo a phase separation; that is, 

nuclei of a certain si ze (strong localized fluctuations), built 

up by some mechanism, have to be present. It seems however that 

the distinction between spinodal decomposition and nucleation is 

not as dramatic as stated by the classical theory. 

The process will begin with the formation throughout the 

system of small regions in which there is an excess of one of the 

h > -p ases, nA nA. The scatte ring intensity will then have a 

maximum at some comparative ly large value of k. The coarsening 

of these i nitial "grai ns" may then proceed essentia l l y by t\vo 

* different mechani sms . One may consider single atom processes 

which cauee the gr owth of larger grains at the expenses of 

smaller ones . This is the basis of the "Os twald ripening" theor y 

as consider ed in section 3.2. The "Smoluchowski coagulation", 

on the contrary, assume s the preponde rance of an effective 

diffusion of the cluste rs and their coalescence with other clusters 

* This point is being expr ess l y analyzed nm.radays in a t wo-
dimensional system (Rao e t al., to appear). 
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of a comparable size. This is considered in section 3.4. During 

the coarsening it is observed that the maximum of the scattering 

intensity shifts toward smaller values of k while it becomes 

sharper. These facts are respectively associated with the growth 

of the linear dimensions of the differentiated regions and with 

the increasing compactness in the clusters. 

Spinodal decomposition in alloys is formally similar to the 

spin diffusion in ferromagnets. We shall frequently use the spin 

language keeping in mind that the concentration, composition and 

chemical potential in an alloy correspond to the spin density, 

magnetization and magnetic field in a magnet . The corresponding 

critical point is the Curie point. One outstanding difference 

consists in that the total magnetizati on need not b~ conserved in 

a magnetic system while the average composition is constant during 

the time evolution of the alloy. 

The condensation of liquid droplets in a supersaturated vapor 

is also a similar phenomenon. The conceptual difference comes 

from the fact that in the vapor the thermal atomic motion is closely 

associated with temporal changes in the spatial composition, an 

effect that can be disregarded in the alloy problem. This might 

also be true, to a lesser extent, when considering fluid mixtures 

in which the coarsening process should be qualitatively very similar 

to the one in alloys. In this case, however, there is a finite 

viscosity and hyd rodynamic e ffects may be expected to be dominant 

over atomic diffusion. 



12 

Spinodal decomposition is supposed to be characteristic of 

all alloy systems as far as they present a miscibility gap, the 

experimental difficulties in obtaining a rapid enough quenching, 

however, lead to its be ing mixed up with other competing pro-

cesses. Also, inperfections of the alloy, grain boundaries, 

elastic strain fields, etc. can modify its development, by 

limiting the phase separation in a later stage. These difficul -

ties are net present in the computer simulations, where the 

phenomenon can be isolated. 

The typical experimenta l evidence of spinodal decomposition 

corresponds to the situation in which a metallic alloy, such as 

0 Zn - At, rich in aluminum, is rapidly quenched from about 400 C 

0 
and then annealed at 100 C (Rundman and Hilliard 1967, Rundman 

1970, Butler and Thomas 1970, and •1 t:hers to be quoted later). 

The phenomenon has also been reported in so~e gl a ssy mixtures 

(Zarzycki and Naudin 1967, Nielsen 1969, Andreev et al . 1970 , 

and Tomozal-'a et al. 1970). When the sea ttering length of the two 

kinds of atoms in the alloy is sufficiently diffe rent, it is 

possible to determine experimentally the structure function, S(k), 

which is pro_Po:rtional to the intensity of the radiation scattered 

with momentum transfer 1· In sections 4 .3 and 4.7 some such ex-

perlments are compared with our results. In some cases magnetic 

measurements techniques (Butler and Thomas 1970), as well as 

measurements of the electr ical resistivity (Richter et al. 1974), 
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have been used to determine the structure of the alloy. More 

directly comparable with this work are the analysis of thin foils 

of the sample by means of electron microscopy and direct es tima

tion of the particles size (Ardell 1969). Some of these experi

ments are considered in section 3.2 where it is pointed out that 

while they are consis tent with power-laws with small exponents, 

these exponents cannot be determined unambiguously in that way 

(Speich and Oriani 1965, Smith 1967), even apart from other 

difficulties (section 4.7). 

In the case of an antiferromagnetic coupling the process in

volved is in some sense the opposite to the clustering described 

above. It occurs in the development of antiferromagnetism in 

magnetic systems, the absorption of a gas upon a crystalline sur

face, the formation of "superlattices" in alloy systems and the 

solid-liquid transitions. In the latter case, the liquid state 

possesses only short-range order while the crystalline structure 

of a solid is a long-ranged ordered structure (there is a certain 

degree of correlation between the positions of different atoms 

which is almos t independent of their distance apart); the transi

tion from liquid to solid thus requires the building of some order 

in the system. We shall use here the widely-accepted (Green and 

Hurst 1964) term "order-disorder" (although "disorder-order" 

might be more appropriate to our case) to refer to this kind of 

transition, in spite of the fact that the clustering processes· 
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are sometimes also called by that name. 

A quenched binary alloy undergoes such an orde ring process 

when unlike atoms attract each other more strongly than like 

atoms. This interac tion favors having different kinds of atoms 

as nearest-neighbors. For a simple-cubic lattice at zero temp-

eratures and 50% concentration of A-atoms the equilibrium state 

is one in which each atom is surrounded by atoms of the other 

species. This t ype orde ring will persist for higher temperatures 

(below T ) f or certain range of compositions. When t he re is an 
c 

appreciable di f fe r ence be tween the concentrations of the two 

-
atomic species ( ~ i 0), most of the A-atoms will be separated 

from each o the r by distances larger than the i nteracti on range . 

The A-atoms are then allowed to keep "travelling" in a s ea of 

B-atoms without changing the total energy of the system and 

there will be no l ong range o r de r in the sys tem. This peculiarity 

of ordering phenomen~* ~ which i s observed in our simulation, is 

associated with a degP.neracy in the or de r ed s tate (Sato and 

Kikuchi 1973). 

(*) 
A difficulty of a similar nature (Ki kuchi and Sat o 1974), not 
present in clus tering phenomena, may induce essential di ffe r e nces 
between the ordering process in a simple -cubic la t t i ce and body 
or face - cente r ed cubic l a ttices , which is of more pr ac tical 
interest. 
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An accurate description of the processes involved is more 

complex than in the case of the spinodal decomposition; every pro-

posed orde r parameter f ails t o describe some aspect of the phenomenon, 

and this usually hampers the theore tical approaches (Guttman 1966). 

A convenient way of dealing with binary systems is the considera-

tion of two equivalent sublattices (or superlattl.ces) : at ze ro 

temperature and equal concentrations all of the A-atoms will occupy 

a sublattice, ex, and all of the B-atoms the o ther sublattice, ~. 

This suggests (Bragg and Williams 1934) the consideration of a 

"long-range orde r parame ter", 

a = (N - N )/(N + N ) 
r w r w (1.3) 

where N refers to the total nwnber of atoms occupying the proper 
r 

sublattice and N to the total number of ''misplaced " atoms in w 

the system. Thus a varies from 0 (the completely random distribu-

tion of atoms favored by the thermal agitation a t "infinite" 

temperature) to one (the complete ly ordered state at T = 0 and 
-
~ = 0). This long-range order (LRO) paramete r, however, provides 

on some occasions a poor description of the state of order in the 

system; one can cons truct atomi c arrangements (such as the one 

shown in Fig. 1.2) with a high degr ee of order, for which a = 0. 

Other order parameters have been proposP.d (Bethe 1935 , Cowl ey 

1950, Klein 1951, Fowler and Guggenheim 1949) f or SJ?o2Ci.fic. or 

general purposes. 
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The description via the structure function (1.2) is still 

very useful in this case. In fact, the scattering intensity from 

a partially ordered system is essentially the sum of two differen

tiated parts. A disordered system will cause diffuse scattering 

with a small number of peaks ("fundamental reflections") which 

correspond to the presence of some short-range order (SRO) in the 

system. When the system undergoes an ordering process, some of 

the diffuse intensity will concentrate into sharp lines ("super

lattice reflections"). This corresponds to the development of 

LRO and is intimately associated with the lowering of the lattice 

symmetry. These superlattice line s have been detected in a 

number of different systems; the classic experiments by Jones and 

Sykes (1938) and Wils.on (1949) refer to the temporal evolution of 

binary alloys . The typical example of a substitutional alloy in 

which ordering takes place, and \vhere the above effect are observed 

(Dietrich and Nielsen 1966), is the so-called S-brass (Cu-Zn at 50%). 

This crystalline alloy presents a BCC structure that, in the 

ordered state, can be considered as made up of two interpenetrating 

simple cubic lattices , each occupied by one of the atomic species. 

Some more expP.rimental evidence, as well as some related theoretical 

concepts are analysed in sec tion 3.5. 

The mathematical problem (Green and Hurst 1964) associated 

with ordering phenomena in the Ising model is very similar to that 

of clustering phenomena, and they are equivalent in the case of 
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zero external field for loose-packed lattices. In fact . (section 

2.1), the spins are dummy variables in the expression for the 

partition function so that one may change the sign of all the 

spin variables on one sublattice without altering that function 

and, in consequence, without altering the thermodynamic properties 

of the system. Our model sys tem can simulate the kinetics of the 

transition as it occurs in the simple -cubic binary alloys, and in 

section 4.5 we report some results in this sys t~m. 



II. THE MODEL SYSTEM 

2 .1. - "Ising-like" models 

"Ising-like 1
' mode l s (Brush 196 7) have often been us ed for 

the modelling of alloy systems for the study of cooperative 

phenomena. We describe them in this section since they 

form the basis of the kine tic alloy model s tudied in this wor k . 

Consider a regular lattice with N sites and dimensionality 

d, and assume well-localized s pins (angular momenta) s o that 

we can associate a spin variable cr., cr ~ 1/2, t o each 
~ 

lattice site i. The sys tem is placed in a magnetic field h, 

and there is an isotropic, pairwise spin interaction. Under these 

conditions the energy of the system is given by the Heisenberg 

Hamiltonian (Heisenberg 1928), 

= 7~. J .. ~ 
l. J l.J ... 

. cr 
-j 

where J .. is the "exchange e nergy" between spins i and j and gi-LB 
l.J 

is the magnetic moment per spin (g is a pure numbe r and 1-LB the 

Bohr magneton). The spin operators~ satisfy the usual commuta-

tion rules ([cr . , cr .J = i a while cr . and --kcr commute for j ! k) 
XJ YJ zj' -J 

and ~2 = cr(o + 1). 

Equation (2.1) can be seen as a particular case of the more 

gene ral Ising -Heisenbe r g Hamiltonian, 

(2 .1) 
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lLH = 1:-~J. J .. [CT a + a(a .a . + CT .a .)J _ g~ ~a .• h. 
·~ lJ zi zj Xl XJ y1 YJ B 1 -1 -

HIH reflects the fact that actual magnetic materials exhibit 

neither pure isotropic nor pure anisotropic interactions. The 

Ising case (Lenz 1920, Ising 1925) follows from (2 .2) when a = 0. 

If the field h is parallel to the z-axis the Hamiltonian has a 

trivial diagonalization and, upon identifying the operators a . 
Z1 

with semiclassical variables with 2a + 1 values, one can write 

HI = :-~. J . . 1 J lJ 
a a 

i j 
h I: a 

i i ' 

where we included g~B in h, the constant intensity of the field. 

The most familiar realizations of the Ising model keep a 

short-ranged intet"action specified by se tting J . . = J when i and j 
1J 

are nearest neighbor spins and zero othet~ise, The Hamiltonian 

is then writ ten 

H = -J .I:! a a 
l,J i j 

h I: a 
i i 

The value cr = 1/2, with a . = + 1/2 corresponding to "up and down" 
Z1 -

spins, is appropriate when simulating the two atomic species i n a 

(2.2) 

(2.3) 

(2.4) 



binary alloy, and a = 1 when vacancies (or a third species) are 

allowed in the lattice. The case J > 0, in general J . . > 0 , 
~J 

is associated wi th ferromagnetic coupling since the 

energy is minimized for a. parallel to a .. Likewise J < 0 
~ -J 

generally corresponds to en antiferron~gnetic interaction. 
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One can think of the above formulae as referring to a system 

confined to a ce rtain domain of finite volume V. The free-energy 

per lattice site is then given by 

f = 1 
v 

where kB is Boltzmann constant , T the temperature and Z the parti

tion function of the system. Z is a function of the configurations, 

z = r a 
N 

exp (-H/kB T) 

in the classical case, whose determination thus implies the "solu-

tion" of the model. One is gene~ally concerned with bulk proper-

ties so that it is important to know if the above quantities have 

a well defined limit when the linear dimensions of the system are 

allowed to become infinite. The existence of the thermodynamic 

limit has been proved (Lebowitz 1968, Griffiths 1972) for the cases 

considered here. 

(2.5) 

(2 .6) 
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2.2. -Binary alloy model 

Let us consider a system made up of two different atomic 

species, A and B, in which we can distinguish N disjoint re-

gions of the same volume, each containing v atoms. The region 

i, i = l, ••• ,N, whose center is determined by the 

position vector r., presents the concentrations nA(r.) and 
-"1. -]. 

In order to simulate a metallic alloy we have to provide for some 

structure; then we suppose each region attached to one of the N 

sites of a regular lattice. This picture helps when considering 

the extension of the model to the continuum case, but only one 

atom per site, V = 1, will be considered in the following. This 

precisely determines the size of the regions considered in 

section 1.2 and in consequence the results of the computer simu-

lat.lon will always refer to the lowest "microscopic" level. In 

these conditions the Hamiltonian of the system can be written: 

lV'here ex, ~ =A or B, and Sa is the chemical potential correspond-

ing to species ex. The interaction energy of the system is supposed 

to be the swn of pair potentials ~ex~ that should have a hard-core 

part and reflect the fundamental property in coarsening (ordering) 

phenomena of a predominant attraction (repulsion) between like atoms. 

(2. 7) 
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The common repulsive part automatically enters in the model when 

one requires that each lattice site can be occupied at most once; 

this hard-core potential has a t·ange a /2, with a the lattice 
0 0 

spacing which is set equal to the unity in the following. The 

simplest realization for the attractive (repulsive) part con-

sists of an interaction between atoms when they are nearest 

. hb . th 1 tt' d th . ~ < 0 ~ < 0 ~ > 0 ne~g ors ~n e a ~ce an zero o erw1se, AA , BB , AB 

(~AA > O, ~BB > O, ~AB < 0). More general interactions might also 

be considered, but they would increase unsuitably the computer 

time necessary for the simulation; only the allowance for 

vacancies (or the simulation of defects in the lattice) seems to 

be at the present time inside of reasonable limits, but they 

were also neglected in this work. \ve can arrange then the 

Hamiltonian (2.7) to get 

(2 .8) 

where the prime indicates that the sum is over nearest neighbor 

sites , -J = ~AA + ~BB - 2~AB' h = gB = -gA' independent of ~' and 

we have introduced the composition at site i, ~(r.)=nA(r.)-nB(r.), 
-.. -.. -1 

as in section 1.2. 

The system is then isomorphic to a spin one-half Ising 

system of Hamiltonian (2.4) in which there is at each lattice s ite 

i a spin variable, ~C.!:)= ± 1, which can either "point up or 
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down". Spin up will correspond to an A-atom and spin down to a 

B-atom. The system is also isomorphic to a lattice gas where 

each site can be either occupied or emp t y . 

The Hamiltonian (2.8) reflects predominance of attraction 

between alike atoms (ferromagnetic intera ction ) when J > 0; 

this is the situation cons id~ red here. Eventually an antiferro-

magne tic interaction, J < 0, is also considered . The results we 

present here r efer to a simple cubic lattice which allows the 

direct comparison with experiments and with the current three-

dimensional theories. In this case the position r . ranges over 
~ 

an L by L by L cubical region containing L3 = N sites. 

In every case we use periodic (toroidal) boundary conditions so 

that corresponding atoms on oppos i te faces are considered near-

est neighbors. 

In a zero magnetic f i e l d , h = 0, the interaction ener gy 

between atoms on nearest neighbor sites is given by 

U = -J ~· ~(r.) ~( r.) • -,_ -J 

The composition 1l(r . ) corresponds to the local magnetization in 
~ 

the spi n representation and the microscopic state of the system 

is specified by giving the value of ~(r. ) at each lattice site, 
-1 

x = l~(r.), i = l, .•. ,N} 
-1 

(2.9) 

(2.10) 
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(Sometimes in the following we shall use n. = n(r.) in order to 
~ ~ 

simplify the notation.) The variable x can thus take on 2N values. 

The total magnetization, n = nA - nB (average values in the system), 

is conserved. This is a consequence of considering a spin exchange 

mechanism as the elementary dynamical process in our system. We 

have 

; = l ~ ~(r.) = 2- 1 
'I N i 'I~ nA - (2 .11) 

that corresponds to the difference between the total number of A-

and B-atoms divided by N. Sometimes we use c = n in the 

figures. 

The equilibrium properties of the model can be directly ob-

tained from the free-energy density, (2.5), which is simply re-

lated to the partition function of the system. · The computation 

of the partition function (2.6), however, involves a complicated 

combinatorial analysis and, as is well-known, has only been 

exactly determined in a few particular cases, mainly in one and 

two dimensions with zero external field (Ising 1925, and Onsager 

1944, respectively; Newell and Montroll 1953, Mattis 1965). In 

other cases, in particular for the simple-cubic lattice of rele-

vance here, most of the equilibrium properties have been accurately 

determined by approximate methods (Fisher 1967, Kadanoff et al. 

1967). The most accurate procedure consists essentially in the 



expansion of certain physical quantities in power series about 

T = 0 and T = ~ and the application of standard techniques (for 

instance Pad~ approximants) in the determination (or guessing) 

of the radius of convergence of these series. In this way it 
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has even been possible to obtain knowledge about the behavior of 

those quantities near singularities. (Domb 1974). 

The critical point for the binary alloy model in the thermo-

dynamic 1 imi t L is located by this method at Tc ~ 4.5103 J/kB 

(Fisher 1967). The phase diagram of the infinite system is shown 

in Fig. 2.1 where it is drawn using low temperature Pad€'s and 

a 5/16 power law near T (Essam and Fisher 1963). 
c 

Here appears an interesting question: hmv large has 

a model system to be in order to simulate cooperative macroscopic 

behavior. The problem has been studied both by means of exact 

analytic computations (Ferdinand and Fisher 1969, Fisher 1970) 

and computer simulations (Yang 1963, Binder et al. 1970) in 

small systems. The finite size causes a "rounding phenomena" 

which smoothes the singularities (for instan~e the peak of the 

specific heat as a function of the temperature) as the number 

of particles in the system decreases, and the critical point is 

replaced by a "transition region" in which one can localize a 

"transition temperature", T'. For a finite three-(or two-) 
c 

dimensional system with periodic boundary conditions this transi-

tion temperature is always above T , the critical temperature · for 
c 
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Fig. 2.1 Phase diagran for the AB-alloy or for the infinite 

3-dimensional Ising model. The coexistence c urve 

(solid line) is drawn according to a low- temperature 

ser ies expansion (Essam and Fisher 1963) . The "spino

dal curve" (dashed line), supposed boundary between 

metastabl e and unstable states, is characterized by 

o2f(~)fo~2 = 0 and is drawn assuming a free-ene rgy 

density of the form f(~) = ~~2 + ~~4 below T • The c 
asterisks denote points discussed here in connection 

wi th a ferromagne t ic interaction, and the circles in 

connection tvith an antiferromagnetic interaction. The 

case T/T = 1.5, i) =· 0 is not included in the figure. 
c 

-
Tl 



the infinit~ system, and rapidly approaches T with increasing 
c 

size. For free boundary conditions the transition temperature 

is always below T . Ferdinand and Fisher (1969) conjecture 
c 
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with a of order unity, L some characteristic linear dimension of 

the system in units of the lattice spacing, and the sign+ (-) 

standing for periodic (free) boundary conditions. The exponent 

b in (2.12) is b ~ 1 for very small systems and the relation 

seems to be confirmed by Monte Carlo analysis (Binder 1972) for 

free boundaries. For larger systems it is b ~ 3/2. In the case 

of periodic boundaries the coefficient a in (3.12) is somewhat 

bigger than that for free boundaries. As a consequence it seems 

reasonable to admit that the critical behavior of our system of 

27000 spins should be practically indistinguishable from the one 

of the corres ponding infinite system. We also computed some of 

the equilibrium properties in our model system, and the compari-

son with the ones approximately known for the infinite system 

seems to confirm this point. Some results for a system of 125000 

spins are also reported. 

The free ene rgy density for our model has a rigo~ous symmetry 

-
about n = 0 and for the s caling analysis performed in section 4.3 

is assumed the conventional Ginzburg-Landau polynomial (3.2) 

(2.12) 



(Fig. 2.1). The form suggested by Wilson and Kogut (1975) for 

the critical region, with a sixth-order term in ~' should do a 

better work in the neighborhood ofT (see also section 3.1). 
c 

This is in any case a delicate point. The spinodal curve (as 

drawn in Fig. 2.1) is only an artifact of the phenomenological 
t 

approach which does not follow front equilibrium statistical 

mechanics; non-equilibrium considerations, however, can l ead to 

a distinction between unstable and metastable states (Penrose 

and Lebowitz 1971, Binder 1973). 

The time evolution of the models so far described has been 
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studied in the consideration of a number of different phenomena. 

Flinn (1974), Binder (1974) and Bortz et al. (1974, Bortz 1974) 

carried out machine computations on this model using essentially 

the kinetics described in the next sec tion. Our kinetic model 

is also similar in some ways to models discussed by Kawasaki 

(1966, 1972). This model differs from the spin-flip models con-

sidered by Glauber (1963) and Got1ib (1970), where the total 

magnetization is not conserved and thus cannot be used to simulate 

the binary-alloy problems of interest here. A simulation of order-

ing kinetics has been performed by Flinn and McManus (1961) using 

second-neighbor interactions and exchanges via vacancies on a 

rather small (N = 2000) BCC lattice. 

2.3. - Kinetics of the model 

An alloy system after the quench is usually in a solid phase 
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which makes atomic migration difficult. The lattice vibrations 

or phonons, nevertheless, can supply the energy necessary for an 

evolution of the system. This picture provides the basis for the 

kinetics of the model. The microscopic time evolution thus de-

pends on the interaction with a heat or phonon reservoir which 

helps atoms overcome the potential barriers necessary to change 

their positions. The reservoir is in equilibrium at the tempera-

ture T during the evolution and provides the driving force for the 

configurational part of the system to approach its equilibrium 

state at that temperature. 

We consider a Gibbs ensemble of the systems so far described 

and denote by P(x) the probability of the microscopic state x 

in the ensemble. The reservoir is always in equilibrium and P(x) 

is the fraction of systems in the ensemble with the configuration 

x, (2.10). Then, when the ensemble is in eq~ilibrium at tempera-

ture T one has 

p (x) = 
. ~ 

! exp [-~U(x)J , Z = 

where ~ = 1/kBT and U(x) is the configurational part of the 

Hamiltonian, (2.9). 

(2.13) 
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Immediately after the quench, which we ·shall take as the time 

origin for the evolution, the ensemble finds itself with a non-

equilibrium probability dist~ibution P(x,O). P(x,t) will in 

general evolve according to· an equation of the form 

op 
dt 

where the first term in the right hand side contains the own in-

ternal dynamical evolution of the lattice system and the second 

term refers to the interaction ~nth the reservoir. But our 

model has no dynamics of it~ own (the Hamiltonian (2.9) commutes 

with the spin variable at each lattice site) so that only the 

fluctuation part has to be considered in (2.14). It is assumed 

that this part evolves according to a "master equation": 

OP(x,t) 

dt = L, [K(x' ~ x) P(x',t) - K(x- x') P(x,t)J 
X 

where K(x- x') represents the probability per unit time of a 

transition induced by the reservoir from the state x to the state 

X I • 

The determination of the transition probabilities K(x- x') 

is in general a difficult matter. It is well known that the con-

clition of detailed balance, 

(2 .14) 

(2.15) 
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K(x ~ x') exp [-SU(x)J = K(x' ~ x) exp [-SU(x')] 

is sufficient, although not necessary, to ensure that the equili-

brium distribution (2.13) is a stationary solution of the master 

equation. When, as in the model considered here, all the configura-

tions x are accessible from any initial state then the equilibrium 

distribution t-r i ll actually be approached as t ... 00 
) even for an in-

finite system (Holley 1974). The elementary process in the model 

consists of a spin interchange between nearest neighbors so that 

K(x ~ x') must have the form 

(2.16) 

K(x __. x') = ~' W(1l., 11.; T]~, Tl ~) 6(x-Tl.-'11.,x'-'11~-'11~)6(fl.+il., Tl !+Tl ~). (2.17) 
i,j ~ J ~ J ~ J ~ J ~ J ~ J 

(2.17) is a sum over all neares t neighbor pairs, and W gives the 

probability for the spin variables '11. and~. to become n~ and n ~. 
~ J ~ J 

The first 6-function ensures that all spin variables other than 

111 and Tlj are not alte red in the interchange . The second &-functi on 

in (2.17) ensures that the total magnetization is conserved so that 

only spin exchanges (and not spin flips) are performed. The vio-

lation of any of these two conditions will annul the corresponding 

term in the sum (2.17). W has to r eflect the relative probability 

of the configuration x and x' that, according to (2.13), is 
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( 2 .18) 

with 2JA . = U(x) - U(x'), and thus A . . is simply the change in 
iJ 1J 

the number of unlike nearest neighbor pairs that would result 

from the interchange. This change depends on the configuration 

of spins on the ten sites surrounding the pair i,j. W in (2.17) was 

chosen as 

tv(n.;n . ; 11~, Tl~) =a p . . /(1 +p . . ). 
1 J 1 J 1J 1J 

(2.19) 

This satisfies the de tailed balance condition. a-1 , which is 

assumed to be independent o£ x and x', is taken to determine the 

unit of time and treated as a temperature-independent quantity. 

Nevertheless, in comparisons with experiments on real systems a 

will certainly need to be taken temperature dependent since the 

strength of the phonon reservoirs decrease with temperature. In 

this case our time scale will have to be rescaled for each tempera-

ture, apart from the necessary rescaling necessary to model differ-

ent materials (section 4.7). 

To carry out the computer simulation we start the system 

-
with a magnetization i) in a "random configuration" x

0
, i . e . 

we choose the sites at which to place the A particles 'at random' 

from among all sites. Then we sel ect at random a pair of nearest 

neighbor spins and the Markov transition probability (2 .19) is 
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calculated for this case. The value of W is then compared to 

a random fraction R that is chosen each time with uniform prob-

ability over the interval (0,1). If W ~ R the interchange is 

performed, otherwise the process ("try") is repeated by select-

ing a new pair of nearest neighbor spins. In this way a stochastic 

evolution is simulated in which the number of tries per lattice 

site is the natural unit of time. 

As the system approaches the equilibrium state, it becomes 

more unlikely that a pair of nearest neighbors selected at random 

will be different, that is, more tries are necessary in order to 

perform an interchange. Thus, after a relatively rapid early 

evolution it is necessary to use a large amount of computer time, 

especially at low temperatures, to proceed further in the simula -

tion. This problem can be largely avoided when studying long time 

effects by means of an a priori classification of the spins accord-

ing to their probability of inte rchange; the time variable is then 

computed in a stochastic way (Bortz et al. 1975). 

The "programs" were written in Fortran Extended (FTN) Language 

for a CDC:-6600 computer; the (Central Processor) time the machine 

employed in the simulations is indicated in some of the tables. 

2.4. -Computation of time-dependent system prope rties. 

The expected value of any function cf the configuration at 

time t is obtai ned by taking the average over the ensemble with 

the initial state x distributed according to the probability 
0 

P(x ;0). This means that we can obtain it by averaging over 
0 
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"many" independent evolutions of our model system. We expect, 

however, that for functions which are "extensive" (like the energy 

and a "smoothed" structure function) the number of runs needed 

should decrease with increasing system size (for a macroscopic 

size system almost every run should produce typical results). 

The results presented here correspond to averages over eight 

statistically independent evolutions, unless otherwise indicated. 

We define tbe pair correlation function G(~,t) as 

G(£., t) = 1 
N 

r: 
r . 
-I. 

where r and r. run over the N sites and we have indicated ex-- ~ 

plicitly the time dependence of ~(r.). Thus, the structure 
-I. . 

function is given by 

" ik • r S(_k,t) = ~ e-- G(r t) .!:. _, k = (2TT/L) ~ 

tV'here 

1-La = O,l, •.. ,L- 1, Q' = x,y,z 

Note that from our definition, 

(2 .20) 

(2.21) 

(2.22) 



1 ~ S(~,t) = (1 - ~2 ) , 
N 

S(~ = O,t) :: 0, 

and that corresponding to the random initial configuration pre-

sent at t = 0, 

for k 'f 0 • 

We also define the spherically averaged structure function 

S(k,t) = L:" S(k t)/L:" 1 
~ _, k 

where k = (2TT/L)IJ., 1J. = 1,2, ••• , and the sum L:k goes over all 

values of~ such that (2TT/L) IJ. ~ \~1 < (2TT/L) (!J. + 1). In the 

actual simulation in three dimensions we computed S(k,t) fork 

in one octant of the reciprocal lattice up to lk\ = 2TT/3, i.e. 
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in ten shells in which there were 6, 13, 19, 39, 55, 72 , 91, 114, 

169 and 178 different k values respectively (for L = 30). 

The energy U, given by (2 .9), is related simply to the value 

of G(~,t) for~ a nearest neighbor vector. If we denote this 

value of G(£,t) (averaged over the three orientations) by l g , 
3 

we have 

(2.23) 

(2.24) 

(2 .25) 

(2.26) 
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U/N 
-2 = -3J(g + 11 ) = J[2NAB/N - 3] = J(2u-3) 

where NAB is the number of bonds bebWeen spins of opposed orienta

tion (A-B bonds). 

A "cluster" is defined as a group of spins ~-lith "up orienta-

tion" (A-atoms) linked together by nearest-neighbor bo!1ds on the 

lattice. 

In the case of antiferromagnetic interactions (J < 0) we also 

computed, in addition to the quantities above, the "sublattice 

magnetization" 

(J = L O'~+Y 
( 1 /N) a J, Y=l ( -1) 1']~~:/ t) 

where each set of integer numbers a,~' Y (= 1,2, ••• ,1) specifies 

a given lattice site <\I3.Y = Tl(!i_)). The quantity (2 .28) corresponds 

to the so-called "long -range-orde r parameter", (1.3). The usual 

"short-range order parameter" corresponds to the pair-correlation 

function over neares t-ne ighbors , g, and is related simply to the 

energy of the system by eq . (2.27). 

(2.27) 

(2 .28) 



III. THEORY 

3.1. - Classical Theory. 

The production of alloys with desirable properties by rapid 

cooling of a molten mixture has a very long history but systematic 

attempts to understand the nature of the processes involved are 

relatively recent. The concept of spinodal (but not the term which 

is probably due to Cahn) as the limit of metastability in a fluid 

solution goes back to Gibbs and van der Waals. On the temperature-

composition section of the phase diagram (Fig. 2.1) it is general l y 

believed to correspond to a line that can be characterized 

by the condition (o2 ffo~2 )T p = 0, where f is some "Gibbs free -
' 

energy density" and n, as before, the composition of the system. 

The regions in which that derivative is negative correspond to 

unstable states (Fig. 3.1.) . The division of the phase diagram 

in this case is more subtle and ve ry far from being as rigorous ly 

justified as the one implied by the coexistence curve. A 

spatially uniform solution with a concentration and temperature 

corresponding t o a point in the region between the c oexistence 

and spinodal curves is metastable with respect to small fluctua-

tions. Some thermal activation energy is then r equired for the 

appearance of two stable phases; only a nucleation and growth 

mechanism can account for the separation in this case. On the 

contrary, if the solution is held at a temperature insicie the 

spinodal curve, it is unstable and spontaneously sepa rates into 
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7JB 
Sche1natic expected form f or the free-energy of an AB-alloy 

below and above the critical temperature in clustering 

processes. 
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two phases by what is called the spinodal decomposition mechanism . 

Eventually , also nucleation and gro.,.Tth is expected to occur in 

this region a s a competing mechanism (Cahn 1962). 

The great metallurgical interest of the problem l ed to the 

extension of the spinodal conce pt to solid systems (Hillert 1956, 

Cahn 1961) and t o the development during the last decade of an 

essentially phenomenological theory which is apparently quite 

successful (Hilliard 1970). Hillert (1961), Cahn (1961, 1962) 

and others ( see Cahn 1968 for further references) supposed the 

process entirely governed by diffusion. First they assumed that 

the system can be described by a free-energy (functional) of the 

form 

2 
where K = €S , with € an energy density and S a characteris tic 

length ior the variations of ~. An elastic energy t e rm can be in-

eluded i n (3.1), in order to account for s trains in the system 

when atoms of diffe rent nature are interchanged (Cahn 1962, 

Christian 1969), but it is not essential and will be omitted in 

our discussion. What is essential in (3.1) is the gradient ene rgy 

term that gives rise t o the necessary surface tension ; as express-

ed in (3.1) it can be interpreted as the first t e rm of an expan-

sion for the addi tiona l free -ener gy due to gradients in compos i-

tion (Cahn a nd Hil~iard 1959). The free-ene r gy dens ity f is ex-

pected to have two distinct minima at temperatur es below T , 
c 

(3.1) 
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corresponding to the two stable phases (Fig. 3.1.). Assuming 

a symmetry about ~ = 0, Cahn and Hill i ard(l958)suggested the 

form 

f = .a~2 + 13~4 ' (3 .2) 

with a~ (1 - TIT )a and 13 a positive constant. This form has 
c 

been generally accepted as a reasonable approximation. In Fig. 

1.1 f is plotted as a function of n. Also plotted is the 

spinodal line corresponding to (3 .2) ; (which implies~ = ~ f/3, 
s c 

with n and n the respective abscissas of the spinodal and co-
s c 

existence curves at a given t emperature ). The parameters in (3.2) 

can also be adjusted to more realistic situations (de Fontaine 1967); 

the form sketched in Fig. 3.1 is believed to be more appropriate for alloys 

(Cahn 1966). It is important here (Langer 1971) to make the 

distinction between fin (3.1), where it has the meaning of a 

"coarse-grained" free energy density, and the true, statistical 

mechanical, free - energy de nsity, (2.5),obtained from Z the parti-

tion f unction of the real system, which woul d be observed in the 

true equilibrium sta t e . In fact they only are approxima tely equiva-

lent at very low temperatures whe re atomic thermal fluctuations are 

negligible. 

The classical kinetic analysis essentially proceeds as f ollo'A'S. 

The driving force that causes the interdif f usion of the atomic 

species is taken t o be -6F j6 'rJ(!) '· \vhich is interpre t ed as the local 

chemical potential, so that there is a current density 
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where M is a phenomenological mobility (temperature-dependent 

in actual systems). Equation (3.3) only differs from Fick's first 

law in the interpretation of the force. It follows then from the 

continuity equation that, 

Eq. (3.4) is due to Cahn and Hilliard. 

The introduction in this equation of the fluctuation variable 

{;(!. ,t) = il(f.,t) - il 

to describe what were supposed small deviations from the average 

composition of the system, ~ , and the expansion of f around ~' 

leads to a linear equation, 

when only the first term in that expansion is kept. This is the 

Cahn's equation (Cahn 1961), which is the basis of the classical 

theory. In Fourier space one has 

oCc~,t) 
d~ = R(!s) C<!~.,t) 

(3.3) 

(3.4) 

(3 .5) 

(3.6) 

(3. 7) 
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where R(~ is the amplification factor of the fluctuation given 

by 

with K and M positive constants . The quanti ty M(d2 f fo~2)~=n is 

identified ~.,rith the chemical or dif fusion constant, s o that the r e 

is "negative diffusion" be l ow the spinodal line, whe r e that de ri-

vative is negative . In this case (3.8) will be positive for small 

values of k , k < K 
- }z I 02 ' 112 , ~ ( f/o , ) ~=~ , and the solutions of equation 

(3.7), proportional to exp [ tR(~ J , will incr ease exponentially 

with time . The struc~ure function S(k,t) is proportional t o 
.,_ 

'Gi,t) CC,!i,t) so that if one multiplies the solution of (3.7) by 

* ' (k,t) it follows that 

= 2 R(£) S(!s., t), 

with solutions proportional to exp [2tR(~J: the structure function 

also increase s exponentially with time for small values of k. At 

the value k = k • m· 

(3 . 8) 

(3. 9) 

(3 .10) 



the amplification factor (3.8) has a maximum; it vanishes at 

k = k =12 k and become s negative for greater values of k. o m 
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Fig. 3.2 is a schematic representation according to this picture 

of the variation of R(k) with k for a mixture inside and outside 

the spinodal region. (Note that the inclusion of a strain energy 

term in the expression for the free-energy, (3.1), would be re-

fleeted in the expression (3.8) for R(k) so that the values k and 
0 

k would be slightly decreased). 
m 

R 

R 
0 

k 

k 

(b) 

Fig. 3.2 Amplification factor R(k), (3.8), inside the 
spinodal r egion (a) and in the stable or 
metastable regions (b). 
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The resulting picture implies that one should observe, after 

~uenching from a single phase, composition modulations symmetric 

around the average composition of the system, that eventually would 

lead to a two phase structure. Looking through the microscope one 

should early observe a precipitate of grains with typical linear 

dimensions proportion to A = 2TT/k in which there is an excess of 
m m 

one of the phases. These grains would essentially maintain their 

initial size during the "early" process while be coming purer in the 

predominant phase. Grains with characteristic linear dimensions 

smaller than A = 2TT/k should rapidly dissolve. The scattering 
0 0 

intensity should develop a clear maximum ut k which would grow 
m 

exponentially with time while remaining at that location. For 

k > k the x-ray scattering intens i ty should rapidly decay to zero 
0 

ivith time~ 

This basic theory has led to the experimental identification 

of spinodal decomposition in a number of alloys and in other differ-

ent mixtures (section 1.2 ) and to the recognition of the importance 

of this process in the temporal evolution of a mixture after a 

rapid cooling. The available x-ray and neutron scattering 

studies (although the reported results are not yet very clear-cut) 

indicate, hmvever, some systematic discrepancies with the 

theory. for instance, the theory allows via e q. (3. 9) the deter-

mination of the amplification factor R(k) from measurements of the 

scattering intensity, and eq. (3.8) predicts a linear variation of 
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R(k)/k
2 

with k
2 

with coefficients corresponding to some quanti-

ties of interest. In general the theoretical fit of the data 

grows worse with increasing values of k (Rundman 1967, Neilsen 

1969, Cook and Hilliard 1969, Philofsky and Hilliard 1969). 

Some authors reported a definite bending for any k when plotting 

2 2 
R(k)/k vs. k (Zarzycki and Nandin 1967, Andreev et al. 1970). 

This curvature was also observed by Erb and Hilliard (1970; 

Hilliard 1970) who attributed it to the neglect by the theory of 

thermal effects in the process. Other authors reported a temporal 

dependence of R(k) (Tomozawa et al. 1970). Recent experiments in 

fluids have observed the collapsing of the ring of scattered light 

which corresponds to the maximum intensity of S(k) (Huang et al. 

1974). 

Since the theory described above neglects nonlinear terms in 

the free-energy (passage from eq. (3.4) to (3.6)) its applicability, 

if any, is certainly restricted to the "early stages" of the process. 

Some aspects of this limitation have been analysed by Hillert (1961) 

by means of machine calculations on a one-dimensional equation de-

rived from (3.4). In a slightly different direction, Cahn (1966) 

proposed starting vTith the equation, 

(3 .11) 

that contains some nonlinear terms. Expanding the three coeffici-

ents in this equation around i) Cahn obtained a linear equation, with 
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more information than (3.6), that we shall not write here. The 

computer treatment of one-dimensional versions of that equation 

(de Fontaine 1967, Swanger et al. 1970) showed that the nonlinear 

effects were not es sential during the early decomposition. In 

the current formulation of the theory they had the effect of 

limiting the exponential growth in the later stage, but they did 

not include the necessary corrections to account for most of the 

experimental discre pancies. More r ecent work by Langer and co

workers has shown, however, that any realistic formulation should 

avoid such a linearization around n given that we are expecting 

the appearance of regions with composition near nA and TiB, which 

are in general very different from n (Fig. 1.1). 

The suggestion by Erb and Hilliard was examined, on a linear 

approximation, by Cook (1970) who pointed out that the effect of 

thermal fluctuations in the system might fundamentally affect the 

process from the earliest stages. The formal modification in 

Cook's equation, which wil l be further considered in section 3.3, 

comes from the introduction in the expression for the current 

density, (3.3), of a random current derived from a fluctuating 

scalar field. It represents the counterpart to the Langevin force 

in Brownian mo tion and thus it corresponds to the interaction with 

the thermal reservoir in the model system described in section 2.4. 

While in a fluid mixture this could be of less importa nce , in an 
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alloy it decisively helps the atoms to overcome the potential 

barriers that prevent their migration. A one-dimensional study 

(Bortz 1974) that compares the predictions of a conventional 

diffusion equation with the evolution of a mode l system in '"hich 

these fluctuations are included indicates their possible import-

ance in a more accurate description of the phenomenon. 

3.2. -"Os twald ripening'' Theo-ry. 

At the beginning of the last decade there was developed, on 

a different basis from that so far discussed , a theory for the 

clustering process which a mixture undergoes after a rapid cool-

ing. Following Ostwald's earlier ideas (Lifshitz and Slyozov 

1961, Wagner 1961) these studies are directly concerned with the 

growth of the clus ters and with their size distribution. Originally 

the approach referred to particles dispersed i n a fluid but it has 

been widely accepted (Ardell 1969) for alloy systems following the 

work of Oriani (Oriani 1964, Li and Oriani 1967). 

Lifshitz and Slyozov, and also Wagner, assumed the process 

governed by diffusion and concluded that the dis tribution of 

cluster sizes will evolve towards a "quasi-steady-state" distribu-

tion whose dependence on A, the cluster radius, and on the time, 

t, has the separable form: 

"" - 2 -P(A,t) ""P'(t) (A/A) P"(A/A), (3.12) 
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with A the average cluster radius at time t, independent of the 

initial distribution P(A,O). These authors presented an explicit 

form for P "(A/A) which is identically equal to zero for A :_ Ac = 1. sA 

so that no clusters greater than 1.~ should exist. This theory 

also predicts that 

where A is A at 
0 

j.,_3 - j.,_3 = Xt, 
0 

the onset of coarsening and the coefficient K 

is proportional to the diffusion constant and inversely proper-

tional to the temperature. Wagner showed on the other hand that 

if one assumes a predominance of interface control in the 

process, the appropriate size distribution has the form 

P(A,t)::: PJ (t) (A/A) P"w(A/A) 

where A = 2A in this case. From this distribution one has 
c 

with X proportional to X in (3 .13). ,., 
Since these theories permit a direct determination of the 

diffusion constants via t he easily measu-red A they have 

(3 .13) 

(3.14) 

(3.15) 
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attracted much attention. The Lifshitz-Slyozov predic-

tion (3.13) has been reported (Dalal and Grant 1973, Cornie et al. 

1973, Flewitt 1974, Richter et al. 1974) to be essentially confirm

ed in a number of different alloys, typically the ones made up of 

nickel with other elements (Al, Ti, Si). The predicted cut-off 

in the cluster radius at any time turns out to be not so dramatic 

in experiments (Smith 1967, Ardell 1969). Wagner's law (3.15) has 

also been reported to hold in similar alloys (Higgins et al. 1974) 

and, interesting enough, Smith (1967) showed how the data from an 

experiment with manganese in magnesium can reasonably well fit 

both relations (3.13) and (3.15) (Fig.3.3). In any case we are in the 

presence of definitely slower time-power laws for the coarsening 

process than the ones predicted by Cahn and Hilliard. Langer (1971) 

has shown that the relation (3.13) can be consistent with a theory 

including thermal fluctuations, and Binder and Stauffer (1974) 

suggest tl1at this 1/3 law might be quantitatively characteristic 

of spinodal decomposition in binary liquid mixtures rather than in 

alloys, what seems to be confirmed by some recent experiment (Huang 

et al. 197 5). 

3.3. - Nodern Formulations. 

The identification of the physical steps in the phenomenon is 

at the present time a difficult matter by means of experiments in 

real materials and some effort has therefo r e been 

directed :award compute.r simulations in model systems. In 

this direc tion are the works by Bortz (1971) ou a one-dimensional 
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The same Jata , ::::on t he obse rva t i on through the e l ectronic 

microscope of a quenched magnesium-manganese a l loy (Smith 
1/3 1/2 1967), can be used to ve ri f y both a t and a t law. 

A similar ambiguity in this kind of experiments fol l ows 

f r om a pape r by Speich and Oriani (1965) . 
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model, by Shendalman and O'Toole (1968), Flinn (1974), Binder 

(1974), Bortz, e t al. (1974), and Rao e t al . (1975) in two di-

mensions, a nd by Marro e t al. (1975) in three dimensions that have 

led to recent modif ications of the theor y , particularly those due 

to Langer and Binder and Stauffer. In particular the last analytic 

computations by Lange t et al. (1975) produce an excellent agree-

ment with the results we report here. 

Langer and coworke rs (Langer 1971, Langer and Bar-on 1973, 

Langer 1973) still assume a Ginzburg-Landau free-energy, F, 0 .1), 

for the system, but they present a much ~ore elaborate formulation 

for the phenomenon based on the importance of both the thermal 

fluctuations and the non-linear effects . The fluctuations are 

accounted for by assuming that the atomic migration is driven 

by interaction with a phonon reservoir, j ust in the same sense as 

in the model of our simulations. The system then evolves accord ·· 

ing to a master equation of the form (2.14). Defining the dist

ribution-functional p(\ ~\ ) (the counterpart of our ensemble distri-

bution) on the space of functions ~ (~) where ~spec ifies a small 

region in the system, the theory transforms that master equation 

in the continuum limit to the form 

(3.16) 



where the probability current ~(!) is given by 

2 
~(!) = l{J 
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Now, taking the first moment in (3.16) with (J . l7) one formally 

recovers almost exactl y the non- linear equation (3 .4) of Cahn and 

Hilliard. The difference is obvious; here the equation will refer 

to the average of ~ (~, t) in some region, that only wil l coincide 

with the point function of the classical theory if P is a sharply 

peaked function of the ~'s, which usually is not the case. 

Alternatively, multiplying eq. (3.16) by [~(~,t)-·nJ [~(.!,',t)-~J 

and integrating over the space of functions Tt one gets in the 

Fourier space, with the same notation as before, 

Here O(k, t) has the explicit form 

O(k, t) = ~ - 1- (cPf) s (k t) 
n=2 (n-1) ! laTt~~=~ n ' ' 

where f was introduced in (3.1) and 

(3.17) 

(3 .18) 

(3. 19) 

(3 . 20) 
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with s2(k,t) = S(k,t) a semi-microscopic structure function. 

The non-closed form of equation (3.18) makes it necessary to 

introduce some approximation in order to proceed to its analysis. 

As a matter of fact, it can be seen in that equation what are the 

differences between the proposed theories for all practical pur-

poses. The linearized theories formally follow from eq. (3 .18) 

when one only considers the first term in (3.19). In this case 

we have 

os(k,t) 2 
Ot = 2R(k) S(k,t) +2M kBT k , (3 .21) 

with R(k) given in (3.8). Cahn's linear equation, (3.9), is a 

particular case of this equation in the sense that we can recover 

it by neglecting the last term in (3.21), which appears 

as a consequence of the thermal fluctuations. Eq. (3.21) was first 

derived by Cook (1970) and one sees that it also, like Cahn's e quation, 

predicts an unbounded growth of S(k,t). Besides, although the last 

term introduces some limitation when k > k (Fig. 3.4) in the ,..., 0 

decay of· S(k~ t) to zero predicted by the classical theory, Langer 

and Bar-on (1973) noted that the limit solution of (3.21) is not 

consistent with the expected form of the equilibrium structure 

function . 

The application of standard many-body techniques leads to the 

approximation 
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O(k, t) ~f1 _ c~4f = -2 - + ~ u(t) 4 -
~ =~ 0~ ~=~ 

with the "mean-field" u(t) = (1/8~) Jd~ S(~,t). The result-

ing equation has the form (3.21) with a modified amplification 

factor that only differs from R(k), (3.8), by the inclusicn in R 

of the last term in (3.22). This gives a smaller and time-depend-

ent value of k , more in accord with the observation, but the des 
m 

cription is soon invalidated by non-linear effects (Langer 1973) . 

Also, as in the case of a lineari za tion of the generalized diffu-

sion equation around its stationary solutions (Langer 1971), there 

is some trouble he re in ~he predicted form for the equilibrium 

structure function. This can be avoided by introducing in the 

analysis of the master equation a certain cell-phase space (Wilson 

1971) intermediate between the Fourie r space and the position 

space, but the resulting picture only refers to a few values of k 

(Langer and Bar- on 1973) . The results of this analysis, however, 

have provided important information regarding the phenomenon. 

First it made eviderlt the implicit high non-linearity and 

asymmetry, not clear at all from the classical theory, that 

appears when dealing with eqs. (3 .18) and (3.19) (or similar 

equations); second,two new features arise for the expected behavior 

of S(~, t) and both are evidenced by the existing experimental 

data. The structure function in this picture soon develops a peak 

at a value k sensibly smaller than the classical one, which !<7ill 
m 

(3.22) 
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slightly shift toward k = 0 with time; in the mean time, S(k,t) 

decreases for values k > k • As we shall see this behavior is 
m 

also present in our model. 

A recent approximation (Langer et al. 1975) for the expression 

(3.19) provides the best current (excellent indeed) quantitative 

description of the phenomenon, at least as it occurs in our over-

simplified model. The basis of the approximation consists in suppos-

ing that Sn(k,t), (3.20), is linear in S(k,t), Sn(k,t): (\ Tjn>;<~2 ~S(k,t), 

so that 

O(k,t) ~ Y(t) S(k,t) (3.23) 

where Y(t), see (3.19), depends both on f(~) and on S(k:t) in a 

highly non-linear way, but is independent of k. We shall make, 

later on, some detailed comparisons of these calculations with our 

results . 

3.4. -Cluster Dynamics. 

Binder and Stauffer (1974; Binder 1975) have suggested a semi-

pheno~enological approach that provides some definite predictions 

concerning some of the most characteristic parameters in the 

phenomenon. The the.ory assumes the process governed by di ffusion 

of large clusters. 
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Consider a cluster in the system with a given volume Vt (which, 

at low temperatures, is proportional to t, the number of A-particles 

linked together). According to our model kinetics, there will be 

random interchanges between the A-particles in the cluster surface 

and the surrounding B-particles. The frequency of these inter-

changes can be taken, at least when the cluster is compact enough, 

i 1 h 1 f V(d-1)/d d . proport ana to t e c uster sur ace area, .x, , an two 1nter-

changes of opposite sign (an A-particle is changed to a B-particle 

in some place of the surface and an A-particle is added to the 

cluster) will shift the center of masses of the cluster in an 

amount proportional to 1/Vt. This suggests a random diffusion of 

the cluster with diffusivity of the form D t "' ( 1/V t) 2• v~d -l) /d=V ? d+l) /d 

During this diffusion the cluster may grow by coalescing with other 

clusters. Binder and Stauffer (1974) argued that a cluster moving 

1/d 
the mean distance between clusters ("' Vt ) in the time Cit will in-

crease its volume 
2/d 

in an amount 6vt"' Vt, so that Vt · "'Dt 6t and 

-2/d -3 /d 
V.x, "'Vt • Thus, the volume will grow as 

V "' td/(3+d) < 
£ ' T Tc. 

This yields a definite prediction for the behavior of the energy u 

as defined in (2.27). The quantity u - u (T) ~ections 2.5 & 4 .2) at 
p 

any time is proportional to the total surface of the clusters at 

that time. Assuming that t he cluster distribution is strongly 

(3.24) 
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peaked at some value t and denoting by nt (t) the number of clusters 

with t particles at time t, we have nt(t) • 1- = constant by c onser

vation of the number of particles. Then 

Inserting (3.24), 

-b" 
u - u (T) "" t 

p b" = l/(3+d), T < T • 
c 

It is interesting to note that the introduction in (3 .25) of 

the Lifshitz-Slyozov Law, (3.13), and the Wagner Law, (3.15), give 

respectively the exponents -1 /3 and -1 / 2, independent of d. 

Now one can introduce some for~m for the structure function; 

for instance Binder (1975) assumes that 

S(Js., t) ~ c
1 
(t) 

k2+k2(t) 

~1 - exp [-o (t) k2tJ!, 
m 

m 

for small values of k and "low temperatures", where D is the 
m 

diffusivity associated with cluste rs having the characteristic 

-1 
length k (t). The combination of this equation with previous m 

results (Binder and Stauffer 1974) l eads to the relation 

-d 
S(k (t),t) ~ k (t) 

m m T < T 
c 

(3.25) 

(3 .26) 

(3.27) 

(3 .28 ) 



and 

-a' k ( t) ,..., t 
m 

a' 
' 

= b" = 1/(3-hi) , T < T 
c 

In the neighborhood of T (one- or t\vo-phase regions) the 
c 

composition fluc tuations are not so dramatic and the situation 

is quite different (Fisher 1967b , MUller -Kr umbhaar 
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and Binder 1972). In these cases the corresponding cluster diffu

sion constant is D ~ z( l-O)/O T > T where the exponent o is 
Z ' c' 

introduced so that the average cluster volume is 

Sd,..., (1 - T/Tc)-~O(l+l/O), with ~ the correlation length. Then 

(Binder and Stauffer 1974): 

k ( t) ,..., t 
m 

-a' 
c a' 

c = 1/(2+~ 1 ), T; Tc' 

where n· = d(0-1)/(6+1), and 

u - u (T) ,..., t 
p 

-b" 
c b" 

c 
=a' d(a' - 1)/a' T,..., T 

c ' = c' 

where a' = ~(1+6), with~ t he critical exponent for the total 

magnetization in the Isi ng model, and o previously introduced 

(a' ,..., 0.25 b" ,..., 0.36 for a three dimensional system; a '=4/15, 
c- ' c- c 

b",..., 4/15 in two dimensions) • Also the exponent b" 2a d 'P Ja ' 
c - c c 

("' 0.97 a for three dimensions) 
- c 

(3.29) 

(3.30) 

(3.31) 
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has been suggested (Binder 1975). On the other hand it is expect-

ed that outside the critical region: 

-a' k (t) ~ t , a' = 1/2 , T > T 
m c (3.32) 

and 

-b" 
u - u (T) ~ t b" == da' , T > T • 

p c 
(3.33) 

These expected behaviors are analysed in sections 4 .1 and 4.2. 

3.5. -Order-Disorder Transition . 

The "antiferromagne tic" coupling favors some alternate spin 

ordering rather than the clustering of spins with the same orienta-

tion (section 1.2), and the processes involved are of an essentially 

different nature. Even the kind of the transition is, in principle, 

different; while s pinodal decomposi tion is associated with a first-

order transition in the Ehrenfest (1933) classification, order-dis -

order phenomena general l y correspond to a second-order transition 

(although the distinction is not so great in real systems; G!.!ttman 

1966, Kikuchi and van Baal 1974). The analysis of these processes 

in multicomponent systems, where clustering and ordering can occur 

simultaneously, seems to indicate (Horral and Cahn 1971, de Fontaine 

1973), however, that both are essent ially governed by diffusion 

in a very similar way . The same was concluded by Borelius (1947 ) 
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and Nystr~m (1950) from measurement of the activation energy . 

This suggests, a formulation of ordering kinetics parallel to that 

in the ferromagnetic case. Cook et al. (1969, de Fontaine and 

Cook 1971) have developed a phenomenological approach within the 

framework of the linear classical theory for spinodal decomposi-

tion (sec t ion 3.1). The basic equation in this case is again 

equivalent to eqs. (3.7) or (3.9), which predict exponential be -

havior for S(k,t) with the amplification factor in this case given 

by 

R(k) = -M w(k) [(02~) _ 
0~ ~=~ 

+ K w(k)J . 

HereM is a phenomenological mobility (always positive), 

(3.34) 

w(k) 
2 = ( z/a 0) (1 - K), ~ = (1/z) i cos(~·!), (3.35) 

with z the coordination number of the lattice, and a the lattice 
0 

spacing. K,the coefficient of the gradient energy term in the 

free energy ( see eq . (3 .1)), is negative for ordering sys t ems. 

Now Cook et al. expand w(k) in (3.34) about k = 0 up to the fourth 

order. In this way these authors retain the first gradient energy 

term in f that was neglected to fine eq. (3.8),and which seems 

to play an important role in the diffusion of ordering (Cook and 

Hilliard 1969, Yamauchi and Hilliard 1972). Finally, 
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R(k) = -Mk2 ~~. (o2fl _ + Kk2 _ l\ ~1121 11=11 
(3.36) 

The last term in the bracke.t of (3 .38), and the sign of K, differ-

entiates thi s equation from (3.8); the dependence of R(k) on k 

is sketched in Fig. 3 .5 (Yamauchi and de Fontaine 1974). Accord-

ingly, the structure function for a system quenched to T < T 
c 

should decay exponentially with 

R T<Tc 

k Fig. 3. 5 Ampli
fication factor, 
(3.36), below 
and above T for 

d 
. c an or er~ng sys tem. 



time for small values of k and increase, also exponentially, for 

certain value s of k > k developing a sharp peak at k • The o m 

values of k and k can easily be obtained from eq. (3.36). For 
o m 

T > T an exponential decay is expected for any value of k . 
c 

Yamauchi (1973; also Yamauchi and de Fontaine 1974) have 

investigated the validity of this approach starting from the 

master equation (2.15). Multiplying both sides of this equation 

by nc~,t) or by cn c~:t) - ~] cnc~ + ~';t) - ~] and integrating 

over the possible configurations (see sections 2.4 and 3.3) one 

can again recove r the simple equations (3.7) or (3.9) in Fourier 

space. To this end one has to introduce several drastic simplifi-

cations. First, the intermedia te formal kinetic equation is ex-

panded about J /kBT = 0, which corresponds for all practical pur

poses to the zeroth order approximation introduced by Bragg and 

Williams (1934). Further, it is assumed that there are only 

very small devia tions of n(L,t) from~ fo~ all r. Thus, the 

range of applicability of these approaches is limited to systems 

at very high temperatures (T ~ ~) during the early stage of the 

evolution. Yet, it seems that there is some qualitative experi-

mental evidence when one creates unstable composition modulations 

and then up-quenches the alloy into the stable region. Thus 

x-ray scattering on Au-Cu, 16% Cu , at 225°C (just above T ) 
c 

shows (Paulson 1972) a variation of R(k) vers us k that resembles 

the graph at the bottom of Fig. 3 .5. Similarly Murakami et al. 
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(1975) report, from the scattering analysis of an up-quenched 

(to 250°C) sa~ple of Ag-Au, that log [s(k,t)/S(k,O)J varies 

approximately linearly with time during the whole duration of 

the experiment. In other cases, however, the agreement is not 

so good. In Fig . 3.·6 we collect some rest:lts from scattering 

• ooo• 
o Ill • 

0 • 1 o~"'--,zo~"--~-:':--'--:Lro,......l--,JaoL-L-J,oo 

TIME [10
1 ~J 

(a) 

oo~ - 2--.. 6 a tc>- -12 '"' 

0040~--~,~-----~--~--~~~~~~~---~ 
JV 60 90 · 120 1:so 1eo 21e> 

Time (sec) X 10' 

( c) 

Torne ( \tC) X 10
1 

(b) 

Fig. 3.6 • Semilogari thmic 
plots of the time evolution 
of the x-ray scattering in
tensity in experiments on 
(a) Au-Ag up-q uenched to 
228.3°C (Cook and Hilliard 
1969), and Cu-Pd (b) at 
3890C and (c) at 366oc 
(Philofsky and Hilliard 
1969). 
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experiments on the alloys Au-Ag, 32% Au, and Cu-Pd, ~ 20% Pd , 

which show deviations from the straight line behavior pre-

dieted by the above theories. 

A kinetic equation for the LRO parameter cr, as defined in 

eqs. (1.3) or (2.28), can also be derived by phenomenological 

treatments (Dienes 1955, Vineyard 1956) or from the master 

equation (2.15) (Yamauchi 1973) using the Bragg-Williams' zeroth 

order approximation. The basic equation has the form 

(3.37) 

The solution of thi s equation corresponding to a BCC lattice, 

~ = O, is shown in Fig. 3 .7 for the case (Dienes 1955) : 

K
0 

= v' exp(-V' / kBT), ~ = v ' exp [(V' + U'O)/kBTJ, wher.e v•, 

V' and U' are thermodynamic parame ters of the sys t em (Yamauchi and 

Fig . 3.7 Sol ~tion of eq. 
(3.37) for an AB-alloy 
with a BCC structure 
quenched to various temp-
eratures (T 2500K) 

(Dienes 1955) . 
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de Fontaine 1974). 

A striking peculiarity of ordering kinetics, whose actual 

relevance has not ye t been clearly establishe d (Sato 1970), 

concerns the existence of two differentiated stages in the approach 

of the system to equilibrium. Lord (1953) presented some evidence, 

Figs. 3. &.3 .9, based on the analysis of Young 1 s modulus on the 

alloy Cu3 Au quenched from 414.2°C to various temperatures T < Tc. 

A qualitatively similar effect has been reported in a number of 

6 

u 
~ 4 
I 
Q 
~ 

• ':;l 
lu 

2 ' 

-- 38Q2· c~.,, 

/' 312.1' ... 

/ : 
' UMIH. 

TIMt 111HINUT[S 
• 10 IZ 

Fig . 3.8 Variation of Yo~ng 1 s modul us, E
1

, wi th ti~e 
after quenching a sample of cu

3 
Au to various 

tempe ratures (Lord 1953) . Ec ~s the va lue of 
ET immediately before the quench. 
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Fig. 3.9 The varia tion of Youn8 1 S modulus, as in 
Fig. 3.8, showing the separation of the 
stages (Lord 1953). EA and EB correspond 
to the inflection points, and the initial 
stage (including the extrapolated dashed 
line) is fitted by the formula 
(El - ET) ::: (E1 -EC) (1-e-t/T), with T the 

associated relaxation time. 

different alloys (Kaya et al. 1943, Weisberg and Quimby 1963) . 

Although there is no adequate theory, (Jones and Sykes 1938, 

Sato 1970) the first "fast" stage might be associated with the 

development of short-range order throughout the system by means 

of normal atomic interdiffusion. After a r e latively short time 

68 

"out-of-step" ordered domains ("antiphase domains") would appear 

in the system. These domains are supposed to be highly ordered, 
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but in the opposite way as are their neighbors (as was shown in 

Fig. 1.3). Once the system presents such a structure, which is 

sometimes evidenced by electron micrography (Marcinkowski 1963, 

Stoloff and Davies 1966), the re is a much slower approach to 

equilibrium. 1~is stage is then associated with the coalescence 

of the antiphase do~~ins: certain domains are absorbed by others 

and the excess atoms diffuse along the domain boundaries. 

The theories above do not account for this peculiar effect, 

although eq. (3 .37) can be shown to be consistent (Yamauchi and 

de Fontaine 1974) wi th the critical slowing down (divergence of 

the relaxation time when the critical temperature is approached 

from below) observed by Lord (1953). Finally we shall mention 

that a modification of the linear theory by Bragg and Williams 

(1935) and Dienes (1955) to include non- lir..ear terms in (0" - 0" ) , 
e 

where o is the equilibrium value of the LRO ~arameter at the e 

considered temperature, leads to (Nm\Tick and \veisenberg 1958): 

Here Y stands for a thermodynamic parameter which vanishes as 

the temperature approaches the absolute zero, and 

~(t) = coth(Y't +c), 

(3 .38) 

(3.39) 



70 

with Y' also a thermodynamic parameter and c an integration con-

stant, when eq. (3.38) refers to a sample quenched below T • This 
c 

equation was shown to fit well some data from the evolution of 

up-quenched states when ~(t) =tanh (a't +c) is used instead of 

eq. (3.39). 



IV. ~STJ1..TS 

4.1. - Structure function 

We report first the results of our observations of the time 

evolution of S(k, t) after quenching the system at two different 

concentrations to various temperatures. Fo~ ~ = 0 (~ = ~ = 1/2) 
'A B 

the system was quenched to temperatures T/T = 0.591, 0.780, 
c 

0.887, 1.068 and 1.501. The three lower temperatures a.re in the 

two phase region of the phase diagram, the spinodal region, while 

T/T = 1.1 and 1.5 are in the one phase region; see Fig. 2 .1. 
c 

For ~ = -0.6 (~A = 0.2, ~B = 0.8) the system was quenched to 

temperatures T/T = 0.591, 0.887 and 1.068. The two lower tempera
c 

tures are in the two phase region of the phase diagram but, accord-

ing to the spinodal line drawn in Fig. 2 .1, they are outside of 

the spinodal region. As we shall see, however, the evolution of 

the system at T = 0.6 T in this case is very similar to the 
c 

evolution at the same temperature for 'fi = 0. At T = 0.9 T and 
c 

n = -0.6, on the contrary, the evolution is qualitatively quite 

different from the one at the same temperature for ~ = 0, and 

resembles more the cases T = 1.1 T , ~ =~.6 and T 
c 

= 1.1 T , 'fi = 0. 
c 

The last two points of ~he phase diagram are sufficiently close 

to the coexistence curve so that significant "local ordering", 

which for short times looks similar in some sense to coarsening, 

may be expected. 
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All our results for the different reported quantities are 

averages over eight independent runs which appeared sufficient 

to wash out most fluctuations. In the case of the energy, the 

typical r.m.s. fluctuations between the eight runs, 
8 

[i~l (~(t) - ui(t))
2

/8J
112 

, with ~(t) the value reported here 

for each time and u.(t) the corresponding value for each run, 
~ 

are approximately 0.5% - 2%. The corresponding typical r.m.s. 

fluctuations for S(k,t) (whose average values for each time and 

for each value of 1-L ::: Lk/2TT are given in Tables A .1 - A.8) are 

approximately 5% - 15'% but, for the latest time and for values of 

kin the neighborhood of the maximum of S(k,t) (where the largest 

uncertainty is), the r.m.s. fluctuations are sometimes as large 

as 50%. The data reported we re collected at initially assigned 

intervals of a certain number of (actual) exchanges . The inter-

vals were increased as time progressed and the evolution s l owed 

down. 

The spherically averaged structure function is plotted in 

Figs. 1 - 8 of this chapter as a function of k for different 

values of t after quenching to the temperatures mentioned earlier . 

An interesting result (also reported in the two dimensional study; 

Bortz et al. 1974, Rao et al. 1975) is the shift of the peak of S(k ,t) 

to smaller values oi k as time passes. The shift is very rapid at early times 

continuing more slowly at late times . As the peak shifts from 

large k to small k, it g r ows consi derably. The growth and the 
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shift of the peak (in disagreement with the classical theory) is 

similar to what is reported by experimentalists on some occasions 

(section 4 .7 ) and agrees fairly well with the solution of eq~ 

(3.18) with the approximation (3.23) . One outstanding difference 

in qualitative behavior at different temperatures and compos i tions 

can be seen in Figs. 1 - 8. In the one-phase r egion, and for 

T = 0.9 T and~= -0.6, S(k,t) initially grows rapidly for large 
c 

k, then quickly decays to its apparent equilibrium value. This 

shows up as the common tail of all the curves in Figs. 4, 5, 7 

and 8. In Figs. 1 - 3 and 6, howeve r, the tail as well as the 

peak is changi ng, thus in what seems to be the spinodal regi on, 

S(k,t) continues to change at large k, even at late times. These 

"crossovers" in the spinodal region are consistent with the 

approximations (3.22 ) and (3.23) at ii = 0. Cook's equation, (3.21), 

howeve r, predicts a common tail in that region, and is not support-

ed by these results. 

-
The point T = 0.6 T , ~ = -0 . 6 is sufficiently close t o the 

c 

spinodal line drawn in Fig . 2.1. so tha.t the behavior in that case 

should be very similar to the one pr0dicted for points l ying on 

that line. According to the l ineari zed classical theory we would 

have k = 0 and no decomposition at all. Langer et al. (1975) pre 
m 

diet a broac but well-def ined peak for S(k,t), wi th considerably 

l ess inten sity than in the ca se of the spinodal r egion, and a 

common t eil £o r S(k,t)GFig. 9). The computer solut ion of the one -
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dimensional diffusion equation with parameters corresponding to 

the AL-Zn alloy, 20% Zn, (de Fontaine 1967) also presents a 

similar behavior. The observed S(k,t) in Fig. 6 is similar to 

that shown in Fig. 4 (note our normalization (2.23)) and there is a 

cross-over in the tail as in the case ~ ; 0, very similar to 

what is observed in the x-ray scattering spectra from AL-zn, 22% 

Zn (Fig. 96 ) . Langer's calculation, Fig. 9, more resembles our 

Fig. 7. Fig. 8. bis and Fig. 31 bis corresponds to a 50 x 50 x 50 

lattice at T ; 0.6T and n = -0.75. Although the cross-over 
c 

effect is less pronounced here than in Figs. 1 and 6, the maximum 

intensity at, say t ; 1000 is comparable to the one at the same 

time in Fig. 6. This fact may indicate, as also suggests a 

dynamical def inition of spinodal (Binder and MUller-Krumbhaar 

1974), that the spinodal curve is much closer to the coexistence 

curve than is shown in Fig. 2.1. 

We have also investiga ted the shape of S(k,t) fork> km, 

the location of the peak, by fitting it to the formula 

-
This is plotted in Figs. 10-11 for the latest times. For~= 0 

at T = l.lT and T ; 1.5T , and for ~ = -0.6 at T = l.lT and, 
c c c 

perhaps, T = 0.9Tc' c1 and c 2 become time independent very early 

while for the other cases the c's definitely change with t ime · 

(4.1) 
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(see Figs. 12-15 where l/c
1
(t) and c2 ( t) are plotted vs. time). 

-
Note that c

2 
< 0 for i1 0, T/T = 0.6 and 0. 8, and for ~ = - 0.6 , c 

T/T 
c 

= 0.6, as one would expect in that region (Langer 1971). 

The behavior (4.1) was also found in the two dimensional study for 

T/Tc = 1.1, where c2 ::: O, in agreement with the calculations of 

Fisher and Burford (1967) of the equilibrium S(k) for t he two-

dimensional I sing model above T (see section 4.6 ) . 
c 

In Figs. 16-31 S(k,t) is plotted as a function of time for 

different values of k, Figs. 16-23 corresponding to the very early 

time behavior. It is clear from these figures that there i s no 

time regi~e in which S(k,t) can be said to grow exponential l y 

with time as is predicted by the c l assical theor y . In 

fact S(k,t) for each value of k, has an initial growth in time, 

reaches a peak and decays. The time required to reach the peak 

increases as k decreases and the peak is never reached, during 

tne course of the experiment , for the smallest values of k. The 

slope of S(k,t) vs. t appears to decrease monotonically with t 

(for almost all values of k) until S(k,t) is past its peak. As 

the temperature is increased,the decay after the peak is r eached 

becomes le ss pronounced,and forT= 1.1 T and T = 1.5 T , S(k , t) 
c c 

appears to reach its maximum value for each k, beginning r,.1ith 

the largest values of k, and remain there. This agrees with some 

predictions of Langer (1973). (No te th&t at T = 0.9 T, i1 = -0 . 6, 
c 
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S(k,t) almost f ollows a similar pattern). At T = 1.5T for ~ = 0 
c 

and at T = l.lT for~ = -0.6 we ran our computer simulation to c 

values of t for which the system seems to have reached equilibrium. 

Two important parameters characterizing the time evoluti on of 

S(k,t) are the loca tion of the peak k (t) and the he i ght of the 
m 

peak S(k ( t) ,t). Due to the finite ( smal l) s i ze of our system, 
m 

which leads to a wide spacing be t ween the values of k we can 

measure , it is difficult to determine these paramete r s precisely. 

Using a parabolic fit for three values of k around k we find a 
m 

reasonable fit, Figs. 32 -35, with the following f ormulae : 

-a I 
k (t) '""0' 1 (t + 10) + b, I 

m -

S(k (t),t) :::_ a"(t + l O)a " + ll" 
m 

(4 .2) 

(4 . 3) 

We also computed the first moment of S(k,t), k(t) = ~ k · S(k,t)/~S(k,t). 

This qu<!ntity i s plotted in Figs . 36 -37 and has the "asymptotic" 

behavior 

k ( t) ::: a ( t + 1 0) -a + b. (4.4) 



The values of a, a' and a " a r e lis ted i n Ta ble 4 . 1. Tab l e 4 . 2 

lis ts the va l ues of ex , ex ' and ex", whi ch, of course, only have a 

quali tative significance , and the values of t::. , t::.• and!::." , 

the s ta nda r d e rror s of t he es t ima t es (4.4), (4 . 2) and (4 .3) re -

spec tivel y, in perce nt . 

T/ T = 0 .6 
c 

a 0 . 17 

a ' 0 .21 

a " 0 . 69 

Table 4 . 1. 

11 = 0 I 
I 1\ = -0. 6 

0 .8 0 . 9 1.1 
1 1.

5
1 

0 . 6 0 . 9 1. 1 

I ( 
I !I 

0 . 21 0 . 23 0 .12 0 . 06 I 0 .19 0 .12 0.07 

0 . 25 0.25 I '1 I 0. 22 . o.z51l o . zo - -
0 . 74 0 . 65 l o.3s l o.l9 il 0 . 7o ! 0 . 41 0 . 24 

Values of a , a ' and a" f or diffe:a;ent poin ts 

in the phase di3gr am . 
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Figs. 4.1-4.8 Development with time of the spherical 

averaged structure function S(k,t) vs. kat 

different temperatures. In each figure the 

increasing value s of the time (in units of 

-1 
a , eq. (2.19)) correspond to the different 

graphs from the bottom of the picture to the 

-
top (C = ~ in all the figures . ) 

In every case the peak grows and shifts 

toward small k . Inside the two-phase region 

(Figs. 1-3 and 6) the intensity at a given 

time decreases with increasing temperature and 

seems independent of composition; the tail 

shifts toward small k producing a characteristic 

cross-over. In the one- phase region (Figs. 4-5 

and 7-8) the intensity is much smaller and clearl y 

depends on composition (Figs. 4 and 8); the tail 

is common for all the times. In these cases, the 

shift of the peak for the latest times, if any, 

is very slow. Note the similar behavior shown in 

Fig. 8 his and in Figs. 6 and 1. 

Figs. 8.bis and 8.ter correspond to the 

50 x 50 x 50 lattice. 
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Fig. 4.9 Development with time of the structure function 

versus k (~educed units ; section 4.3) , for a system 
quenched to a point on the spinodal curve dra\vn on 
Fig. 2 .1, according to the computations by Lange r et 
al. (197 5). This is to be compared with Figs . 6 and 
8 bis, and Fig. 7. 
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Figs. 4.10-4.11. 

Figs. 4.12-4.15. 

Figs. 4.16-4.23. 

Figs. 4.24-4.31. 

-1 Plot and least-squares fit of S (k, t) , 

k > k (t), 
m 

to l/c
1 

( t) 

2 
vs. k . The slopes shown correspond 

in eq. (4.1) at t = 613, 1643, 6528, 

421, 554, 3896, 1611 and 727 for increasing 

temperatures and decreasing concentration, re-

specti.vcly. 
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Time evolution of l/c
1
(t) and c2 (t) assuming 

the form of eq. (4.1). In the one-phase region 

(with perhaos the exception T/T = 1.5, ~ =0) and 
c 

for T/T = 0.9, ~ = -0.6 they soon become time
c 

independent. See also section 4.6. 

Early time evolution of S(k,t) as a function 

of time for different values of k. At the end 

of each line is shown the corresponding value of 

1-L = 30k/2TT. 

Complete evolution with time of the spherical 

averaged structure function for diffe rent values 

of k. No exponential growth is seen in any case. 

Figs. 4.3l.bis and 4.3l.ter correspond to the 

50 x 50 x 50 lattice. 
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Tables 4.32-4.37 Least -square determinat-ion of the parameters 

in eqs. (4.2)-(4.4) for t ~50. In Figs. 32-35 is 

assumed that the highes t points of S( k ,t) around k 
m 

follow a parabola; the inadequacy of this fit 

probably accounts for most of the fluctuations· in 

those figures . Note that for T/T = 1.5 in Fig. 32 
c 

and for T/T = 1.1 in Fig. 33 the slope correspond 
c 

ing to the latest times is practically zero, indicat-

ing the end of the growth of the peak of S(k,t). 

This effect is less transparent for the l ocation 

of the peak in Figs. 36-37 fo r the same cases. 

It seems a gain evident from the figu r es that 

the evolution is independent of the c omposition when 

the system is quenched to some "spinodal r egion" 

(this would 

T/T = 0.9, 
c 

-
include T/T = 0.6, ~ = -0.6, but not 

c 

~ = -0.6 nor T/T = 0.6, ~ = -0.94). 
c 
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T/T = 
c 

a • 

6' 

2.21 1 2.54 2.84 1.73 , 1.35 2.42 1. 731.46
1 

0.4 f 1.3 2.2 I 0.8 ! 0.6 I 0.7 0 . 8 1.1 

I I : !I 
I 2.53 2.77 2 .46 1.95 1.81 2.30 

I 
r I 1.5 , 2.8 7.2 I 1.9 

I I i 
4,8 ' 9,9 I 

a.;_A :-: - ---t-j ......;0~·.:::.:51:::....;......;0::..:. • .::.:33::....::.....;0::..:.. 4...:..;0::....: .....:1:..:... =03;_,:.....:1:..:... 2;;;.;::5;_,:~0 ,;,.;;• 3...:....7 ....-...i! ..;;..0 ..;;,;..· 7_3 -+-11 ~ 
~ 3.5 ' 6.5 , 5.9 4 . 5 I 5.0 4.6 , 4.2 I 6:4 ! 

Table 4.2 . Values of a, et 1 and an, and values of 

6 , 6 1 and t:. 11 in percent corresponding 

t o the relations (4.4), (4 . 2) and (4 .3) . 

A basic cluster dynamics theory (section 3 .4) predicts 

103 

a 11 = 3a ' and a'= 1/6 at 11low temperatures 11
• The first of these 

predictions seems to be satisfied well for T = 0 . 6 .T and 
c 

T = 0 . 8 T c' the second apparently not. For T"''l' the prediction - c 

is a 1 
::: 1/4 and for T > T 

c' 
a I = 1/2. Only the first of these 

predictions seems in agreement with s ome of our results. On the 

other hand, th~ solution of eq . (3 .18) with the approximation (3.23) 

is consis t ent with a'"' 0.21 (Langer 1975). 

4.2. - Energy 

The behavior of u defined in (2.27) is plotted in Figs. 38-

41 and a part of the numerical data (the ener gy was collected 

more frequently than the rest of the quantities ) is listed in 

..Tables A.9 - A.l6. At t = 0, the nurnbf'r of .\-P b0r.ns i s 
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approximately NAB= (znB) (nAN), with z = 6 the coordination 

number of the lattice; then u = 3/2 for~ = 0 and u = 24/25 for 

~ = -0.6. This quantity, excluding the very early times, appears 

to behave (Figs. 38 and 40) as 

-b u:::a(t+lO) :t:6. (4 .5) 

This behavior must clearly be modified for still longe r times when 

u should approach a finite value ~(T) which will be very small 

at low temperatures. The parameters for eq. (4.5) are given in 

Table 4.3 for t > 100. Figs. 39 and 41 correspond to the early 

-b 
behavior of the form u ~ t 

Unfortunately we have no reliable way of estimating ~(T), 

the equilibrium value of u for our system, at T < T • What 
c 

exists in the literature (Baker 1963, Binder 1972) are estimates 

based on Pad~ approximants for the equilibrium energy in the pure 

phase, u (T), i.e. along the coexistence line, and in the one 
p 

-
phase region~ = O, for T > T • As discussed in section 2.2, 

- c 

the size effect corrections to this energy can be expected to be 

very sr~ll for our system. Wnat is not negligible for our system 

are the interfacial energies, which since we have a finite system 

-
(with a fixed value of 11) give a non vanishing u<X>(T) even for 

T = 0. Fisher (1975) suggested t hat we estimate this interfacial 

energy, u1 (T), forT< Tc, by multiplying u1 (0) by the surface 

tension O(T). This would give 
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where O(T) = 0 and u (T) is the one-phase equilibrium u for T > T , 
p - c 

and 0(0) = 1, u (0) = 0, The values of u~(T) ob tained in this 
p 

way, using for O(T) the results of Monte-Carlo computations 

(Leamy et al. 1973), are listed i n Table 4 . 6 ; its accuracy is 

uncertain (see section 4.6). Above T it was possibl e to ob tain 
c 

the value of u00 (T) in our sys t em from the Pad~ approximati on and/ 

or by means of the simulation t echnique, as described i n section . 

4.6. This gives, excluding the very early times, an asymptot ic 

behavior, Figs . 42 - 45 , 

We have al so looked at the behavior of log[ u - u (T) J and find 
p 

that 

b" 
u- u (T) ""ct"(t + 10)- + 6 11 

p -

The parameters in r e lations (4.5), (4.7) and (4.8) at different 

temperatures and compositions are listed in Table '• .3. In the 

two dimensional case Bortz e t al. (1974) found for 

(4. 6) 

(4. 8) 
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i1 = 0 I ~ " -0.6 t 
T/T = 0.6 l 0.8 0 . 9 1.1 1.5 ,, 0.6 l 0 . 9 l.l j c 

I •I 

0.16 J 0.02 O....Q.d. 
I 

002i1 
I 

0 . 06 b 0 . 17 ! 0.10 0 01 0 

I j I 1: o 2a 
1 

o 14 11 o6 I b' 0 22 I 0 . 23 0 . 24 ' o. 79 !1 26 
! I I 

\ b" 0 .18 0.16 o.u l o.79 1 li - -- -
! I ' I I I 

l 0.2 lo.2 
I. ' I 

!:. 0.3 0.5 0.5 'I 0 .5 , 0.3 10.2 l 
I ! ~2 .8 !61.2 II i 

118.5 ) t:.• 0.7 1.5 ! 2 .1 2.1 ! 2. 7 

a l 1.78 
I l : i! 

1.55 : 1.35 . 1.20 1.27 :i I ! .\ 
1.31 I 0.80 ~ 0.81! 

i I ' 
!a ' 

I I 

1.78 ! 1.59 1 1.32 
•' 
I 1.33 1. 71 il I I I 

1. 71 0 • 19 0 . 83 

Table 4 .3. Values of b, b', b", a, a• and~~~ and 

values of !:. , !:. ' and f::.t! in percent 

corres ponding to the r e lations (4.5), 

( 4 • 7) and ( 4 • 8) • 

i1 = 0 b,....., b" ,...., 1/5 at T = 0.6 T and b' ,.....,_ 7/12 forT= 1.1 T 
' - - c c 

( the only two points analysed the re). The ex t ension of the 
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computa tions at T = 0 . 6 T in that case t o much longer times gives 
c 

b ~ 1/4 (Rao et al . 1975) . 

The behavior of b at the lowes t t empe ratures is in good 

accord wi th the prediction of the cluster dynamics theory in 

section 3.4 which gives , at "1mv t empe ratures ", b" = (d + 3)-1 

with d the dimensiona l ity of the space cons idered. For T > T 
c 
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this theory predicts b' "'- d/2 and a change -over effect at T ""'T 
- c 

with b":.: 0 . 36 or b":.: 0 .24 , that mi ght still affect the behavior 

at T = 1.1 T (Binde r 1975) : there is also in this case some 0:: • 

support from our data . 

It is not clear t o us at the present time how muc h weight 

one should pl!t: on the fits or misfits b~Lween our r.esul t s and 

the predictions. Our da t a is l imited and the theory n~y or may 

not be adequate . In f act, as also has been pointed cut by Binder 

(1975) 1 the inspection of the figures 43 and 45 seems to indicate 

a certP.in t i mt: depE:nd ence in b 1 (and also in a) and perhaps a 

change - over effcc t :f.n the behavior of u - u
00

(T) vs. t.i.me at a 

defildtc , temperature -dependent value of t he t j :nP.. The- data 

irom very ea rly times is reaso nably fitted by a power law with 

the exponents given in Figs . 43 and 45 (or in Figs . 39 and 41 for 

t}Je behavior uf u with t: ime). After a temperaturE: derr=ndent 

interval v£ Li me there is a shor t interval during which the 

cxpor,ents change rJ:pid l y to a new value . After 

thi s~ b ad during most of the evol ution ~..,e have studied, the 

exp~~eots in Fi~s . 42 and 44 describe fairly well the temporal 

cepenciencc: of the exc es s energy . We have at the presen t time no 

a dequate expl<::rtation c£ thi s e ff ect, nor do we know if it has 

any acr:ual significance , but it is interesting co no te that Langer 

c· t ~l. (197.5) have fou nd a s i milar tempera 1 b ·.reak on certain 

occasions in the solution of eq. (3.18) with (3.23). One cannot 



Figs. 4.38-4.41 

Figs. 4.42-4.45 

Figs. 4.46-4.47 
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Logarithmic plot of u, a measure of the 

energy of the system, vs. t for different temper-

atures. In Figs. 39 and 41 the early data is 

fitted. Note in these figures a temporal varia-

tion (of different sign below T than above T ) 
c c 

of the slope. 

Logarithmic plot of u-~(T), ~(T) is the 

equilibrium energy of the system, vs. time. In 

Figs. 43 and 45 the early evolut ion is emphasized . 

The change-over effec t described i~ the text, is 

clear. Note the peculiar graph for T/T = 0.9, 
c 

~ = -0.6 in Fig. 45. 

Logari thmic plot of the number of (actual) 

exchanges vs. time for different temperatures. 

The straight lines , whose slope is shown, corres.-

pond to a least-square fit to the data for t :::_50. 
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expect, on the other hand, the basic cluster dynamics sketched in 

section 3.4 to account for this effect. This may indicate a 

slight change in the clus tering mechanism below T (see Fig. 43) 
c 

when a certain cluster size is predominant in the system. Note 

that the time at which the change-over is observed below T in
c 

creases with temperature, while above T the effect a ppears much 
c 

earlier, the time of its appearance becoming smaller for higher 

temperatures. 

The number of exchanges vs. time is plotted in Figs. 46 -47 

We expect that the slope of this graph, the number of exchanges 

per unit time, should behave, at the lower temperatures, approxi-

mately like the number of A-B bonds, and this is confirmed by 

the results. It is not exactly the same since the probability 

of an exchange depends on the configuration on the sites surround-

ing the A-B pair. When the A and B regions are well segregated 

however this should affec t the rate only through a constant factor. 

4.3. - Scaling Analysi& 

The introduction of dynamical scaling can, in principle, re-

move the temperature and composition dependence from our data allow-

ing a detailed comparison with Langer's theory. Assuming the 

validity of dynamical scaling (Kawasaki 1966, Kadanoff et al. 



115 

1967, Tarko and Fisher 1975) the function S(k,t) may be express-

ed in the vicinity of the critical temperature T < T in a ...., c 

"wliversal form" _,!(q, T) in terms of the dimensionless variables 

The values of the parameters in these equations for the kinetic 

three dimensional mode l simulated here are giv~n by Langer e t al. 

(1975) as 

'Y = 5/4, v = 9/14, a
1 

= 3.51, a 2 ··· 0.35 and a 3 = 2.59 . 

The power-law t :=mpera tcr~ depende<ce -i.n (4 . 9) a nd (4 .10) with the 

above exponents is known to be valid only very near T . In order 
c 

to extend the validity of the scaling to other temperatures, low 

(or high) temperature expansions (Essam and Fisher 1963) should 

be used instead. On che other hand, the calculation of a 1, cr2 , 

. and cr3 , (4.11), involves the assumption of a Ginzburg-Landau 

polynomial for the free energy density of the sys t em and this 

may serious ly affect the r esults, especially at ·n :f 0. These 

(4. 9) 

(4 .10) 

(4 . 11) 
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a ssumptions may caus e (a t l east in part) the reported disagree -

men t be t ween ilie calculation by Langer et a l . at the spinodal 

resul ts at ~ = - 0.6 T * l i ne a nd our ' and therefor e we shal l c 

onl y perform here the scal ing analysis of our data at ~ = o. 

In Fi g . 48 we plot ~(q , T) for~= 0 as a function of T 

for sel ected va l ues of q . If scal ing is va l id and we were in 

0 . 6 T the r egion of scal ing (which we definite l y are not for T = 
c 

and only ma rginal l y fo r T = 0.8 T ) then, for a given q , ~(q , T) 
c 

should be t he same function of T fo r diffe r en t t empera t ur e s . 

Surprisingly enough for q ~ 1 t his is the case even for T = 0 . 6 Tc. 

For sn~ller values of q the deviations increase as T increases . 

The dot t ed lines in Fig. 48 correspond to Lange r' s calculations 

f or values of q close to the ones reported by us. It is because of 

the scal ing of t that we ra n our computer sim~lations to larger 

values of t for T = 0 . 9 T . 
c 

*We note that the position of this phase point relative to the 

spinodal line is critical ly affected by the definition of that 

l i ne . If one defines the spinodal by ~ = (1.57/f3) IT -T 1
5116 , 

s c 
implied by (4 . 9) and · (4 .10) with (4. 11) , the point(~ = -0 . 6 , T/T =0.6) 

c 
l ies, at difference from the case in Fig. 2. 1 , well inside of 

t he spinodal region . According to a molecular-fie l d - free-energy 

density (Suzuki and Kubo (1968)), this point is also inside this 

r egion, bu t very close t o the spinodal line. 
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In terms of the reduced variables q and T, eq. (3.18) with 

Langer's approximation (3.23) leads to 

with Y(T) the scaled Y(t) in (3.23). It was this equation which 

was solved by Langer et al. (1975) and the results compared in 

part with preliminary data from our computer simulation. We make 

such a compari son in Figs. 49 - 32 where ,.,e c6mpare the function 

~(q,T) obtained from (4.12) (and an equation for Y(T) obtained 

from (3.19) after s implifying assumptions; Langer et al. 1975) 

with the results of our simulation. The agreement f o r T = 0 . 8 T 
c 

and 0 .9 T in this case i s quite impressive. As a more direct, 
c 

and more stringent, t es t of the approximation (4 .12) we have also 

plotted in Fig. 53 the function 

which is taken directly from our computer simulation . Function 

(4.13) corresponds to the negative of Y(T) in eq. (4 .12); thus , 

according to the approximation (3 .23), f(q,T) should be independ-

ent of q and of the t emperature T if T < T • Fig. 53 
""' c 

(4 .12) 

(4.13) 
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shows again a surprising temperature independence, even outside 

the scaling region, and a definite dependence in q that is not 

included in Langer's approximation (which gives the dashed line 

in Fig. 53). 

We also note that Cook's equation, (3.21), fo llows from 

eq. (4.21), using the scaling r elations (4.9) and (4.10), when 

Y(~) is given by 

"' 
Y(~) = 

2 2 
2M(o f/oTl. ) Tl=ll 

(1 - T/T )2V-Y 
c 

where, according to (4.11), 2V-Y is close to zero and 

M(o2ffoT)
2

) Tl=fl is the classical diffusion constant. Thus, the 

linear fluctuation theory implies a constant value for our 

function (4.13). 

2 In Figs. 54 -55 we plot the f~mction R(q,~)/q where R is 

the logarithmic derivative of 7/ , 

(4 .14) 

(4.15) 

The linear classical theory predicts a straight line in this case 

(see eq. (3.8) ) whose intersection at k = 0 wou ld give the nega-

tive of the diffusion constant . For this r eason this is a 

quantity usually plotted by experimentalists, and they also 



119 

30.-----------------------------.. --~ 

24 

- · 

T=0.8 
q = 0.41 

T=0.6 

q=0.40 

~18 T=0.9 
q=0.35x 

12 

6 

T=0.9 
q= 1.04 

.... . . 

20 40 60 
T 

........ 

80 100 

T=O.S 
q=0.62 

T=0.6 
q=0.67 

T.=O.S 
q:: I .04 

T=O.G 
q=l .07 

Fig. 4 .4 8 Str uctur e f unct ion vs. t:me in reduced uni ts f or three 
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tures. Note that for q ~ 0.65 (which is in the neighbor 

hood of ~(q ,T) for inte rmediate times ; see Figs. 49 -52) 

the results for T/T = 0.9 can be affected by t he slight 
c 

differences be t ween the chosen values of q. The dotted 

lines correspond to the predictions by Langer et al. (1975) 

for similar ya l ues of q . 
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report a bending (and sometimes a time-dependence) q'-lalitative-

ly similar to the situation in Figs. 54 - 55 Fig. 54 also 

contains the predictions by Langer, and the inset there 

corresponds to the observations (Huang et al. 1974) of the same 

quantity in a binary mixture of methanol and cyclohexane quenched 

to about 2mK be low its critical temperature Sur-

prisingly enough for a liquid mixture (where hydrodynamic 

effects are expected to be of importance in the coarsening process) 

thes e detailed observation~ of phase separation (also Huang et al. 

1975) bears, during most of the evolution, a great qualitative 

similarity with our ohserva tions ne& r T • 
c 

4.4. - Cl~~-analys is. 

He report here our observations concerning the formation of 

11clusters 11 as the system evolves in time. A 11cluster11 is defined 

as a group of A-atoms linked together by nearest-neighbor bonds. It 

turns out that the r e is an essen tial di fference betHeen two- and three-

dimensional systems with t he same composition so that, in addition 

to the 30 x 30 x 30 lattice so far considered, we have als o studied 

* cluster formation in the 80 x 80, 200 x 200 and 50 x 50 x 50 lattices . 

* Other r esults on these sys tems will be reported elsewhere 

(Rao et al. 197 5) . 
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In tvo ·l i.mensions we are reporting the cluster analysis corres-

ponding to six statistically independent evolutions for the 

80 x 80 system and one evolution for the 200 x 200 system, all 

of them (which were run to comparatively very large values of t) 

-
at T/T = 0.588 and ~ = -0.6. In three dimensions we report an 

c 

average over eight independent evolutions f0r the 30 x 30 x 30 

system at ~ = -0.6 and each of the following temperatures: 0.6T , 0.9T , 
c c 

and l.lT ; and one evolution for the 50 x 50 x 50 lattice at each of the 
c 

phase-points:(~=-0.6, T/T =0.59) (n=-0.75, T/T =0.59) and (~=-0 . 88 ,T/T =0 .59). c c c 

For two-dimensions we present in Appendix C, Figs. C.l-C.l6, 

histograms at different values of the time showing the per cent 

of A-particles in the system which con~titute clusters of a given 

size. In this case, given the similarity of the results from the 

two different studied lattices, we combined the results from the 

seven evolutions, each weigh ted according to the number of 

particles in the corresponding ~ys tern. In addition, each graph 

there includes the information from a certain time interval (see 

figures capt~ons). The qualitative behavior shown by these 

figures is much as expected, and they look similar to experimental 

histograms . In Fig. 56 are sketched, from left to right, the 

theoretical cluster distributions at some given "late" time 

according to Lifshitz and Slyo zov , eq. (3 .12), to Wagner, eq. (3.14) , 

and a characteristic experi~ental one (Smith 1967). On occasions 
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sa• 

o .1o,... 0 0.10"' o .fop. 

Clus t ers dis t ributions( pe ~ cent of par ticle s vs . 

clusters size in microns) at some late t ime after 

the quench according to, from left to right, Lif shitz 

and S1yozov, Wagne r, and experimental observation on 

Mn-Mg (Smith 1967 ). 

(Ardell 1969) , the expe r imenta l hi s tograms a gr ee bette r with the 

Lifshi t z- Slyozov dis tribution (and, i n c ons equence , wor se with our 

Figs . C.l-C.l6 corr~sponding t o a t'v7o -dimens iona1 sy stem) than the 

one trans cribed in Fi g . 56 . 

We have a l s o l~oked at the behavior of the fol l owing quantities 

in the system: the average clus t e r s i ze , 

l = L 
/., <J.,<J., 

i - - f 

with n~., the number of clus t e r s made up of /., particles , the s t andard 

devi ation for the distribution of sizes , 

(4.16) 
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=~ 2 - i. 

the average cluster "radius", 

= c .e,l/d 

with d the dimensionality of the system and c = (3/4TI)
1 / 3 for 

d = 3 and c = 1//~ ford = 2, the average cluster energy, 

-E = l: 
.e. <t<t 
i- - f 

E.e, n~ ~t<t 
i- - f 

and the average ratio ("surface/volume"): 

E/t = l: 
1- < .e<.e 
i- - f 

E.e, is the number of A-B bonds of a given cluster of size 1-. For 

the two-dimensional system, -\ = 10 and .ef is large enough 

to include all clusters. The numerical data is 

tabulated in Table s A.l7-A.l8, and its analysis, according to 

predictions in chapter III, is summarized in Figs. 57-63. Fig. 

57, including the data frora the 80 x 80 and 200 x 200 lattices 

and the mentioned temporal average, indicates 

(4.17) 

( 4 .18) 

(4 .19) 

(4 .20) 

(4 .21) 
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with a~ 0.36 for t ~ 1000; the ·earlier evolution does not seem 

to follow (4.21), as seen in Fig. 58. This later figure also 

shows that the medium cluste r size for any time is slightly 

larger in the 80 x 80 lattice. Binder and Stauffer (1974) pre-

dieted (4.21) with a = 0.4 at "low temperatures". We also find 

for the average radius: 

A 
a' 

t (4.22) 

tori th a' ~ 0 . 18 (~ ~ a) for t ~ 1000. In Figs. 59-60, which refe r 

to the same data as above, we emphasize the fact of the ambiguity 

of that kind of plots, which ar.e used by experimentalists to con-

firm Lifshitz-S1yozov, (3.13), or Wagner, (3 . 15), laws. Figs. 

59-60, however , show more transparently than Figs. 57-58 a change-

over effect s imilar t o t~1e one discu~> eed in sec tion 4 .2. 

Accord i ng t o Fig. 61, 

(4.23) 

with b ~ 0.44 fort~ 1000 (and b ~ 0.47 fort~ 4000); the 

data in tables A.l7-A.l8, however, shows a size-dependence (the 

only one which affec ts the temporal behavior) in the decay with 

-time of E/t (actually we obtain for t ~ 4000, b ~ 0.60 for the 

system of 6400 spins and b ~ 0.43 for the one with 40 ,000 spins .) 



131 

Fig. 62 also refers to the evolution with time of the clusters 

compactness; we obtain (size-independently) 

b' 
~· 1 

with b' ~ 0.488 for t ~ 1000 and b' ~ 0.492 for t ~ 4000, very 

close to the value 1/2 of the contour/area ratio . Fig. 63 shows 

the evolution with time of the standard deviation (4.17). 

The evolution with time of the cluster distribution in the 

-
30 x 30 x 30 lattice at ~ = -0.6 and different t empe ratures 

is shown i n Figs. C.l7-C.50. The re becomes evident an essential 

difference with clustering in a two-dimensional system with the 

same composition. Instead of the peaked distribution of the 

later , the histograms for three d imensions present (or have the 

tendency to), after a r e lative ly very short time which incr eases 

with temperature, two different maxima. In fac t, each of the 

eight evolutions at T/T = 0.6 showed very early one or two 
c 

clusters totalizing between 2000 and 5000 particles (see for 

instance the cluster distribution accompanying Figs. B.l-B.l9 

wh~ch correspond to a single run). At TYT = 0.9 (Figs . C.31-
c 

C.40 and B.20-B.24) the big clusters appear much late r and, at 

a given time, their size is smaller than at 0.6T . Above T 
c c 

(Figs. C.41-C.50 and B.25-B.30) only one out of the e i ght runs 

developed a big cluster of about 1500 particles and the 

(4.24) 
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c 

132 

This interes ting behavior, very different from the one re-

ported by experimentalists for real alloys (see Fig. 56 and 

section 4.7), seems to be a consequence of the natural extension 

of the "percolation" effect (Shante and Kirkpatrick 1971, Essam 

1972) to interacting systems, a phenomenon rarely considered 

(NUller-Krumbhaar 1974) in the literature. In this case, of 

course, the system, llhen quenched to a l ow t emperature, is crossed 

by thick layers of the minority phase jns tead of presenting the 

diluted network of connected particl es which is characteristic of 

the familiar "random percolation". 

We have also studied a 50 x 50 x 50 lattice; Figs. C.51-C.56 

contain th~ corresponding histograms for the cluster distribution 

at different values of the time for. T/ T = 0.6 and ~ = -0.6. A 
c 

big cluster (~ 9000 particles) develops very early; then its 

size increases very rapidly up tu about 17000 particles and its 

size fluctuate s around that value for the rest of the considered 

evolution. Thus, we r.ote that the size of the big cluster has 

roughly increased, as compared with the eight evolutions of the 

30 x 30 x 30 system, in an amount proportional to the ratio 

between the total number of particles in the systems 

(50
3

/30
3 = 4.63), and this strongly sugges ts that we are in the 

presence of an "infinite clus ter" in the sense of percolation 

theory (connected by periodic boundary cond itions). 
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In Figs. C.57-C.64 we present simila'r histograms for the 

evolution of the 50 x 50 x 50 lattice at~ = -0.75 and T/T = 0.6. 
c 

Regarding our latest distributions in this case we note that, 

although the bigges t clusters are only of a few hundred particles, 

the situation is qualitatively simila r to the case of composi tion 

~ = -0.6. In fact, it is also present here the peculiar gap 

between a "typical" distribution for small clusters and a few big 

clusters, and we think that, letting the system evolve l ong 

enough in time, one would fir~lly observe the appearance of an 

infinite cluster. 

We also mention that the "typical" distl"i.bution for the small 

clusters, as clea rly observed for instance in Fib• C.64, is also 

characteristic of the temperatures below T and concentrations 
c 

previously reported; Figs. C.l7-C.50 do not show this typical 

distribution due to our choice there of wide bands to smooth the 

-fluctuations be tween the eight evolutions. Figs . C.65-C.66 con-

tain the same information as before (approximately as C.23 and 

C.37, respectively), but this time the bands are more sensible 

and the m~ntioned "typical distribution" is clearly seen. This 

suggests the separate analysis in the system of properties (4.16)

(4 .20) corresponding to "small" clusters and "big" clusters. We 

shall take 10 < 1- < 300 as "small" clusters, and 1- > 300 a s "big" 

clusters . We prepared in this way Figs. 64-66 corresponding to 

the 30 x 30 x 30 system, 11 = -0.6, at different t empera tures. 
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An interesting difference between the qualitative behavior 

at T = 0.6T and T = 0.9T , l.lT is shown by Fig. 64. After a 
c c c 

relative ly short in t erval of time, the mean size of the small 

clusters decreases slightly for the later t empe ratures , while at 

0 6T th · · f (as t 0 •42). • e mean s1ze 1ncreases very ast 
c 

Note that 

the rapid decrease which is observed at 0.6T after t ~ 1500 only 
c 

means that clusters with more than 300 particles are predominant 

in the system after that time . This fact ~lso affects the inter-

pretation of the behavior at T = 0. 6T shown by Fig. 65 , which 
c 

corresponds to "big" clusters . Again, the decrease of the mean 

size for this temperature corres ponds to the fo1~tion and growth 

of clusters of ~ize bet~.,.een 300 and 1500 pa"t"ticles (at the expense 

of the smaller clusters) while the to ta l numbe r of particles in 

the (few) very big clusters is approximatel y stationary (although 

important fluctuations are seen due to the breaking, and subsequent 

recombination, of these big cluste r s) . Fig. 66 corresponds to 

the evolution ~"i th time of the quantity E/i fo r small clusters. 

In fig . 67 we analyse the temporal behavior of the mean 

cluster size including all the cluste rs with t > 10 (Tables A.l9-

A. 21). Given the "untypical" fo rm of the cluster distribution 

in three dimensions , one has to be cautious when i nterpreting 

this figure; this is obvious when one compares Fig. 67 with Fig . 

68 for the t empo"t"al evolution of the clusters rad ius (~ £173). 

We emphasize in Fig. 67 two differen t temporal behaviors; for · 
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t ~ 500 a least-square fit according to eq. (4.21) gives a = 0.385, 

as compared with the pr~diction a = 1/3 of the Ostwald ripening 

theory and with a = 1/2 which is given by the cluster dynamics in 

section 3.4. Figs. 69-70 refer to the quantities defined in eqs. 

(4.20) and (4.19) respectively. 

When the fractio~ of A-particles in the system, nA, is below 

the critical value for percolation (this value is 0.307 ± 0.01 for 

site percolation, as c0mputed by the series method; Essam 1972), 

one expects the initial, random, clus ter distribution to decrease 

monotonically wi th cluster size. Fig. 71 corresponds to the 

average of eight infinite-temperature configura tions for the 

30 x 30 x 30 lattice at ~A = 0.2 . At highe r concentrations, 

"infinite s i ze'' clusters appear in the system. This is shown in 

Figs. C.67-C.84 which correspond to the average over twelve ran

dom configurations of the 30 x 30 x 30 lattice for ;A ranging 

from 0.282 to 0.350 at inte rvals of 0.004. 

Also of inter es t is the analysis of the behavior of the ve ry 

small clusters (monomers, dimers, etc. ) in the system. The 

variation .of the pe rcentage of A-particles constituting clusters 

of small sizes as a function of nA i s given in Fig. 72, while 

Figs. 73-80 bis are concerned with the evolution in time of the 

same quantity for different situations. A common fact to all these 

situations is that, apart from fluctuations, the numbe r of monomer, 

dimers, trimers , e tc. reaches very early the corresponding 
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equilibrium values . s 
We denote these values by ni, i = 1,2,3, ••• , 

and they are tabulated in Table 4 .5 for different situations as 

computed by a t emporal average over the part of the corre spond ing 

evolution after stabilization. Note the qualitatively different 

behavior shown by Fig. 80 bis (the only one at~ = 0) for early 

times as compared with the one in Figs. 71-80. 

In the lattice-gas -model language, onP. may think of the "very 

small" clusters in the sys tem as constituting the vapor phase; 

then, large clusters would correspond to the solid phase. The 

mean dens ity of t he sys t em is then given by 

P = X P + (1 - X) P v s 

with Pv and P
5

, respectively, the density of the vapor and solid 

phases, and X, (1 - X) the corresponding fractions. When P is 
v 

s 
small, n1 ~ PN with N the number of sites in the lattice . One 

may wr ite 

A. -

~zN in the one-phase region 

L Xz 'N in the two-phase region, 

and 

n~ ~ 3 t..2 
exp(4J/kT), 

(4 .25) 

(4 .26) 

(4 . 27) 
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3 ]2 15 A [exp(4J/kT) , ••• 

From these equations, 

r = 15/9 . 

This value reasonably agrees with the one computed from the 

evolution of our model system (rightmost column in Table 4.5), 

especially if one has in mind that P is not so small in the v 

cases considered in Table 4.5. From the values for the 

30 x 30 x 30 lattice one observes, however, that r slightly de-

pends on the temperature . The value of r for the 80 x 80 

lattice i s 8.6% higher than (4.29) (while the one for the 

200 x 200 lattice is 2.2% s~~llcr) pe rhaps corresponding to size 

effects in the smallest sys t em. A s imilar (less pronounced) 

(4.28) 

(4.29) 

difference affects the values for the 30 x 30 x 30 and 50 x 50 x 50 

lattices, and i s remarkable the fact that the largest lattices 

-
at T = 0.6T and ~ = -0.6 give almos t the same value for r, ve ry 

. c 

close to the prediction (4.29). We do not expect (4.27)-(4.29) 

-
to hold at n = o. 

Other cluster properties will be conside red in section 4.6. 



lattice T/T 
c 

80 X 80 o.c 

200 X 200 0.6 

30 X 30 X 3~ 0.6 

30 X 30 X 301 0.9 

30 X 30 X 3011.1 

130 X 30 X 30jl .1 
l 

11 

-0.6 

-0.6 1 

t I 

s 
nl 

s 
n2 

s 
n3 

s 
r.4 

15.621 1. 99 0.46 i 0.27 

I 
90.3j 12.1112.64 

' 

1.38 

s 
n5 

0.16 

s 
n6 

0.14 

s 
n7 

0.09 

0.93 1 0.70 i 0.78 

s 
n8 

s 
n9 

0.05 t 0.03 

0.67 0.56 

l i -0.6 j 226.92 38 .48 1ll.42 ~ 4.15 I 1.85 I 1.08 I 0.33 I 0.29 i 0.11 
I . _l 
I 

-0.6 1 474 .13 I ' l I ! I I • 
113.69 50.59

1
27.74 1 17 .60 , 11.67i 9.10 I 6.32 ~ 5.38 

s 
nlO 

0.06 

0.56 

0.09 -
\ 

4 .39 l 

r 1 

1.81 

1.6 3 

1.7 5 

1.86 

1 -0. 6 1 573.9 · 140.~~ 65.13 1 37.15
1 

24.48
1

17.76
1 

12.59
1

10.27
1

8.25
1 

6.86 
1 

1.90 

l 
t 

) I l I I i I l 
o j u2.13 7 .8~ 1.78! o.395 o.l94. o.l571 o.046 o.o2o 1 o.ol8 o.o1o l 3.27 

i ; 
30 X 30 X 30 , 1.5 l o l n4.3lr ---:-14 ~2T0.315l 0.1741 0.047 0.033 0.013 1 0.003 1 0.0051 3.95 

50 X 50 X 5010.6 -0.6 ~066~0-~193.~ r 5:9T -_ - ~-~ 1---1--~ -r-~ 1---=-r -~ -r 1.62 

' j_ __ _l i I I I 1 ' l 

50 X 50 X 50 10 .6 
i ! . l I t I 1 !. I • -0.7~ 1425.3 !296.8 1 108.3

1 
43 .7

1 
24.0 ) 18.0 i 9.5 ! 5.3 3.0 1 3.3 1 1.75 

j5o x so x so l I 1 -o.38l ns7.l lt213.a l
1 

_ I - ~---~-~~ _( _ l, _\ -_ l~ _ 
• I • ' I ! I ~ \ l -

Table 4.5 Equilibrium value of the number of monomers, ni, dimers , n~, etc. computed as an 

average over the stationary evolution shown in Figs. 73-80, in the cases for which it was 

clear the stabilization of these valt1e s . 
s s s 2 

r = n1 n3 /(n2) • 

The right most column corresponds to 

1-' 
w 
00 



Figs. 4.57-4.58 

Figs. 4.59-4.60 

Figs. 4.61-4.62 

Fig. 4.63 

Figs. 4.64.-4.70 
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Logarithmic plot of the average cluster size 

(number of particles) vs. time as obtained from 

six evolutions of the 80 x 80 lattice and one 

evolution of the 200 x 200 lattice at T/T = 0.6 
c 

and ~ = -0.6 (Fig. 58) and the combination of 

the seven evolutions (Fig. 57). The straight 

lines shown are a l east-square fit to the data; 

the figures show the s lope and intersection of 
I 

these lines with the vertical axis for zero 

value of the horizontal axis, and the standard 

error of the estimate (RMSF) in percent. 

Same data as before, this time referring to 

the average cluster radius , plotted in the way 

experimentalists use to do. 1bc RMSF are in 

absolute value. This kind of plots do not deter-

mine unambi gous ly a law for the temporal evolution. 

Logarithmic plots of the decay with time of 

E/i, eq. (4.20), a~d of E vs. l , eqs. (4.19) and 

(4.16), for a combination of the results from the 

two-dimensional systems. 

Evolution with time of the standard devia tion 

of the dis~ribution of clusters si zes correspond-

ing to the two different two-dimensional lattic~s . 

Same as Figs. 4.57, 4 .58, 4 .61 and 4.62, ' this 

time referring to the 30 x 30 x 30 lattice, ~ = - 0 . 6 , 

at different temperatures. Figs. 4 . 64 and 4 .66 

refer to "small" clusters and Fig. 4.65 to "big" 
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Fig. 4.71 Initial cluster distribution, average of 

eight random configurations for the 30 x 30 x 30 

-
lattice at ~ = -0.6. The horizontal axis was 

divided in bands o£ 5 particles up to size 

51 and in bands of 10 particles for the rest. 

Fig . 4.72 Percentage of A-atoms constituting very 

small clusters as a function of the fraction nA 

of A-atoms in the system. The corresponding 

cluster si ze is indicated at the end of each 

line. 

Figs. 4.73-4.80bis Evolution ~·:ith time of the percentage of 

A-atoms constituting very small clusters for 

different sys terns, compositions and temperatures. 

The nllinbe r at the end of each line corresponds 

to the cluster size to \vhich it refe r s . No te 

that the very early times are not cons idered 

in any of the graphs. 
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4.5. - Anti-ferromagne tic interaction. 

We present in this section some results on the temporal evolu-

tion after quench of the Ising anti-ferromagnet as discussed in 

Chapter II. They refer to an average over eight independent evolu-

tions (Tables A.22-A.27) of the 30 x 30 x 30 lattice at the phase

points (Fig. 2.1):(~ = O, T = 0.591T ), (~ = -0.4, T = 0.591T) 
c c 

and (~ 0, T = 0 .887T ). 
c 

The spherically averaged structure function , (2.26), is plotted 

in Figs. 81-82 as a function of k for different values of t after 

quenching the system with different compositions to T = 0.6T • 
c 

Figs. 83-84 refer to the evolution with time of S(k,t) for differ-

ent values of k. All these figures show R rapid decay of S(k , t) 

with time which corresponds to the decay of the short (microscopic) 

ranged correlations . According to Fig. 83, this decay is quanti-

tively similar to e.ll the studied k values with the exception of 

the very small ones . This is also. seen, although less transparently, 

in Fig. 84 and might indicate the appearance of a peak for S(k,t) at 

k < 2TI/30 (the smallest value of k we can measure in our finite 

system). The visual inspection of Figs. 81-82 also helps to guess 

the presence of this peak. On the other hand, these figures show no 

"superlattice r efl ec tion" corresponding to the development of corre-

lations of order ~ 2 a
0

; this may be due to the spherical average 

performed in S(k,t) . If one avoids this average , however, the fluctu-

ations in S(~,t) will probably hamper the usefulnes s of the resulting 

picture. 
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These figures evidence that the system reaches its equilibrium 

state much earlier Lhan the corresponding ferromagnet; this is also 

true for quenched real alloys favoring ordering for which the 

relaxation time (though may vary fron several seconds to several 

days) is, generally speaking, one order of magnitude smaller than 

in the case of alloys with a ~endency to clustering. In our model 

system the relaxation time at 0.6T is larger for ~ = 0 than for 
c -

~ = -0.4. On the other hand, a remarkable fact shown by the pre-

ceding graphs is that one can clearly distinguish two different 

stages in the approach to equilibrium. This evolution, however, 

presents no exponential regime for any case. S(k,t) seems to 

vary almost linearly with time during most part of the evolution. 

The energy u varies with time as shown in Figs. 85 (very 

early times) and 86 for the cases studied here. The last figure 

also evidences the two different stages in the relaxation of the 

system. The first stage is a very fast one and, according to 

Figs. B.31 - B.33 for the lattice configurations at early times, 

it is associated with single atoms processes which built up 

small ordered regions in the system. These regions ("antiphase 

domains") clearly show up in Figs. B.35 - B.37; in Fig. B. 37 

we limited the boundary of two of these domains by a dashed line. 

The "diffusion" and reaction of the antiphase domains is a much 

slower process and tdll then correspond to the flat part of the 
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evolution of u in Fig. 86. Note, however, that one can still 

distinguish t wo diffe rent s lopes in the upper succession of 

points in Fig . 86; the latest, s lightly s lower, part of the evolu-

tion seems to corre spond to the diffusion of '~efects'' (very small 

clusters which break the general order) throughout t he lattice . 

Fig. 87 corresponds to the variation with time of ~-u(t), 

where the equilibrium ene r gy ~ is given in section 4 .6 as computed 

from the evolution of our model system to long times; that figure 

shows a similar behavior of u
00 

- u(t) for ~ = 0 at different 

temperatures. In Fig. 88 we present the temporal dependence of 

Ou/Ot for all the cases considered here; this is to be compared 

with Fig. 89 corresponding to !ida's classi cal experiment in which 

a sample of the Ni3 Fe alloy (Tc ~ 550°C) is quenched from 600°C 

to the indicated temperatures (Iida 1955). Finally, Fig. 90 shows 

the evolution with time of aoo - a at ~ = 0, T = 0.9T , where a is 
c 

the long range orcer p3rameter defined in (2.28) and its equilibrium 

value is given in the next section. 

We mention that we find not much support from the present 

data for some of the predictions in section 3.5 . In particul~r, 

when our data for S(k,t) i s plotted in the same fashion as in Fig. 

3.6 we find a much more serious deviation from exponential behavior; 

we expect to report soon on higher temperatures which will be more 

comparable to tho se s tudied . Neithe r the evolution with time of the 

long range o rder pa rameter seems to agree with the theoretical 
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expectations (3.37) or (3.38) which are s upposed to hold below 

T . 
c 

·40 

.J_ soo•c 

dU (Call. ) dt tnr-atom 

l( llours) 

Fig . 4 . 89 

60 so 

- 40 - --+----1f-- - t------i 

4so•c 

-301 - --+-- --t----t---+ 

~~ (C0Yhr-atom) 

00'1---+---+---+------f 
~ 

80 
l(hours l 

~: e rate of the i nternal energy decreas e pl otted 

against time for Ni
3

Fe quenched to the indicated 

temperatures (T ~ 0 . 94T , 0.89T , respectively) 
- c c 

(Iida 1955). 



Figs. 4.81-4.82 

Figs. 4 . 83-4. 84 

Figs. 4.85-4 .88 

Fig. 4.90 

De cay with time of the spherical ave raged 

structure function S(k,t) vs. kat T • 0. 6T 

for total magne tizations ~ = 0 and -0.4 , 
c 

respectively , i n the antiferromagnetic mode l 

system. 

Evoluti on with time of S(k,t) for dif ferent 

values of k. The corresponding value of 

~ = 30k/2TI is shown at the end of each line. 

Temporal behavior of the energy u (numbe r 

of AB-bond pe r site)~ a s i ndicated in the 

figures, for the gi ven compositions and 

temperatures . 

Evolution with time of 0 00 - o at T = 0.9T 
c 
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and ~ = 0. o is the long range order parameter 

defined in eq. (2.28) and o~ the corresponding 

equilibrium value (sec. 4.6). 
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4.6. - Equilibrium behavior. 

The minimum interfacial energy ui at zero temperature in our 

three -dimens i onal system is given, depending on the composition, 

by three possible differe nt configurations: (1) a rectangular 

parallelepiped (~A L x L x L, with L the number of sites on a 

lattice side and ;.A th~ fraction of A-particles in the sys t em) 

with four faces connected by periodic boundary conditions; (2) 

- 1: - 1: a rectangular para lle l epiped (n ~ L x n ~ L x L) with two connect -

ed faces; and (3) a cube (~ 1
{

3 
L x ~ ~13 

L x ~ ~131). When the 

system is large enough, the corres ponding zero- temperature inter-

facia l energies are 

U(l)(O) = 2/L I , = 6n- 213 11 A • (4 .30) 

-~ - 1/3 
(Note that for small systems for which nAL, ~ L or n A L are 

not integer numbers, the expressions (4.30) should be corrected; 

this correction, however, may be neglected here.) Then we have 

u(2)(0) 
I 

< u(l)(O) 
- I , for - < t 

nA- ' and 

(4.31) 

u( 3)(0) < (2L 0y for nA < 64/729 (~ 0 . 088). 
I - u I \ , 



179 

Thus, ~A~ 0.088 corresponds approximately to the , so to speak , 

critical value for "percolation" in our interacting sys tem at 

zero tempe rature . The determination of the tempe~ature depend -

ence of this critical value is an open problem. Our simulation 

for the 50 x 50 x 50 lattice seems to indicate that this value 

is between ~A = 0.03 and nA = 0.125 at T = 0 . 6T 
c 

(and l ess than 

nA = 0 . 2 at 0.9T and l.lT for the 30 X 30 X 30 lattice.) The 
c c 

"random percolati on" theory gives the value 0 . 307 for the in-

finite system at infinite temperature. 

In two dimensions the situation is similar (case (1) would 

then correspond to a cross with bars connected by p . b.c.), but 

in this case 

u(3)(0) < u(2)(0) for~ < ~ 
I - I ' A- ' 

(4.32) 

with u(~)(O) = 2/L and u(i)(O) = 4~A~ L. Thus, in two dimensions 

we expected no percolation effects at ~ = 0.2 for any temperature, 

and this is the case in our simulation at 0.6T 
c 

The surface t ension O(T) for the I s ing model has been computed 

using the Monte-Carlo mP.thod (Leamy et al. 1973); Fig . 91. The 

relation U(T) /U (O) between the equilibrium energies in the pure 

phase can be determined by integration o~ the low and high tempera -

tures expansions (Baker 1963) for the specific heat. This value 

is then simply ~elated to our energy up(T) (secti on 4.2) by 
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eq. (2.27) (U(O)/N = (~) zJ). 

Fig . 4 .91 Te~pera ture de pendence of the int errac i al ener ey 

O(T) for an Ising system f rom Nonte-Carlo simulati ons 

(Leamy et al. 1973) . The values of relevance here are 

indicated. 

The combination of a ll of this quantities according to rela -

tion (4.6 ) finally gives the values in Table 4.6 for the equili-

brium ener gy, u
00

(T). In the cases for which the simulation was 

run to large enough values of t, we were able to compute directly 

u
00

(T) for our model system. The inspection of the temporal vari-

ation of the quantities in the system was the criterion we use to 
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- -~---·--" .. __ .., ________ .._ ... __ 
U00 (T) 

u (T) 30 X 30 X 30 lattice 50 X 50 50 lattice p -
T/T TJ = 0 1l = -0.6 l] = 

c -0.38 TJ = -0 .6 TJ =-0 .7' 

0.6 0 .08 0 .20 0 .18 0 .15 0.14 0 .13 

0.8 0.29 0 .44 0.43 0 . 38 0.37 I 
I 0.35 

0.9 0 .53 0 . 66 0.65 0.61 0.60 0 . 59 

1.1 1.10 1.10 - - - -
1.5 1.26 1.26 - - - -

Table 4 . 6 Equilibrium energy ~(T), (4 .6), in the cases of interest 

here, as computed from relation (4.6) . 

I ferro::;etic inter:~o:_ __ r-~~~:r~~-~~J 
T/ T 

I 
l 1.o68 1 1.068 1.501 o .591 o.591 • o. 887 c 
I ' li I TJ 

I 
0 I -0.6 0 0 - 0 . 4 0 

57 I 67 I 117 II 52 72 i 81 n I 
I ' I .. 

± ; 
I 

~(T) 1.097 + 0. 792 + ~ 1. 255± ,, 2. 917± 1.709 2 . 457±! - - I 
0.0064 I 0.0050 0.006 5 0 . 0042 0 . 0044 l 0 . 0152 ; -I C(T)/k !• J ' 0.19 0.22 0.10 0 .27 I 0. 30 l 1.56 

l' o.97o ± I o . 4o7 ± 
I 

0': long range order paramete r 
1 

0. 752+ 
~ ~ 0. 0018 l 0 . 0149 0.010 

Table 4.7 Equilibri~ energy uGO(T) for our syste~ as give n by 

t he computer simulation . n is the number of the diffe rent 

time points cons idered in the cor responding avera·ge . Ou1: 

computed values for the specific heat and LRO parameter 

are also shown. 

I 
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determine whether or note the system had reached its equilibrium 

state. Then the system was allowed to evolve during a certain 

time, and the latest values of the quantities of interest were 

averaged (these late parts of the evolutions are generally not in-

eluded in the previous analysis.) In this way we obtain for 
n 2 1 

~(T) ±Au, Au= [iEl (~- ui) /n]~ , the values in Table 4.7; 

there is good agreement for the cases contemplated in both tables. 

As seen in eq. (2.27), in equilibrium we have 

Uferr = -JNferr + J(N + N ) = -2JNferr + 3JN J > 0, in the 
AB AA BB AB ' 

case of a ferromagnetic coupling. For an antiferromagne tic inter-

action and T > T , Uant 
c 

~err(T)= 3 _ u!nt(T). 

= 2JNant -3JN = Uferr which i mplies 
AB ' 

We note that our data in Table 4 .7 for 

- ferr 
T/T = 0.6, 0.9, ~ = 0, gives u~ (T) = 0.08,0.54, in agreem~nt 

c 

with the values of u (T), the equilibrium energy for the infinite 
p 

system. The same procedure gives u (T) = 1.29 for~ = -0.4 and 
p 

T = 0.6T • 
c 

From Einstein's f ormula for the energy fluctation3 in the 

system, AU (simply r ela ted to Au by eq. (2.27)), 

(4.33) 
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one can also detenmine the corresponding values for the specific 

heat C(T); these values are also given in Table 4.7, as well as 

the equilibrium values we computed for the long range order 

parameter in the case of antiferromagnetic interactions. 

We have also l ooked at the equilibrium shape of the structure 

function S(k) in some of the studied cases; this is shown in 

Figs. 92-95 where also are indicated the equilibrium fluctuations. 

The data in Figs. 92-93 fork < 2/a fits fairly well an Ornstein-
"' 0 

Zernicke expression for S(k) but, as expected, there is a strong 

deviation for large r values of k; this will be reported else-

where. 

In Fig. C.86 we present the equilibrium cluste r distribution 

-
at T = l.lT and n = -0.6. This is calculated by means of an 

c 

average over an interval of time (whose mean time is shown in 

the figure) in which were perfo~med 1,350,000 exchanges in each of 

the eight inde?endent evolutions (corresponding to the last 17 

time points in Table A.21). The same procedure (average over 

1,900,000 exchanges) gives Fig. C.85 at T = 0.9T , n = -0.6 ; 
c 

although in this case the s ys t em had not reached the equilibrium 

state, Table A.20 shows that there is no appreciab le change in 

the cluster distribution during the avera ged tempora l interval. 

In other cases we computed the equilibrium cluster distributions 

corresponding t o sm~all clusters; this is given in Table 4 .5. 
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-
For ~ = 0 at every tempe rature we considered, the system in 

equilibrium showed, in addition to the very small clusters, most of 

the particles connected in a single cluster. At T = l.lT , the 
c 

corresponding values in Table 4.5 are to be completed with 

s s s s s 
n11 = O, n12 = 0.005, n

13 
= 0, n

14 
= 0.002 and nt = 0 for L > 14 

with the only exception of a big cluster whose mean size l-Te 

computed as 13316.61 (98.64% of the particles. ) The correspond-

ing average val ues of the energy per particle are: 

i = 1, 2 , 3 , 4, 5, 6, 7, 8, 9, 10, 12, 14 , 13316.61 

Et/t = 6, 5, 4.67, 4.46, 4.35, 4 .18, 4.04 , 4.20 , 4 . 04, 3.80, 3.75, 4, 2.43. 

At T = 1.5T , ~ = 0: 
c 

t = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 13336.49 

Etlt = 6, 5, 4.67, 4.44, 4. 34' 4.30, 4 .22, 3 .94, 4, 3.90, 4 .09, 2.75 , 

with s s 
n11 = 0.005 and nt = 0 for the values of t not shown above. 

Note t Pat for 8 ~ t < 13000 our statistics are poor and the 

corresponding values above are not accurate . 

ff.7. - Compari.:.on with experiments. 

In order to compare the results of the computer simulation 

with possible real experiment (i.e being able to neglect vacancies, 

defects, etc .) we have to establish some ( order of magnitude) 

relation bebveen our units of length and time and those of real 

systems. Our unit of length is the lattice spacing, a , which is 
0 

of the order of several Angstroms. In the experiments of Rundman 

and Hilliard (1967 , Rundman 1970) on the Zn-At (22% Zn alloy) 
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at 423°K (~ 0.7T ) is a ~ 2.5 R. 
- c 0-

7 - 1 Thus we have k : 2TI~/a ~o . 84~10 em • 
o-

The location of the peak in the Rundman-Hilliard exper iment , Fig .• 

7 -1 96, is around k < 10 em , as is also, according to the above 
~ 

value of a , in Fig. 3 from our "experiment". Interestingly 
0 

enough, the l ocation and height of the peak in the real experiment 

described in Fig . 96 appears to behave in accordance with eqs . 

(4.2) and (4 . 3) with a'::: 0.2 and a"::::: 0 . 7 , which are close to the 

values found by us. 

........ 
en 
a. 
u -
~ -en 
c 
(1) -c 

...... 

Fi.g. 4.96 

300 

No. Time (sec) 

200 I 0 
2 15 
3 30 

100 4 45 
5 60 

00 I 2 3 
k . {cm-1) ( x 10- 7 ) 

D~v:; lopment wi !:h time of t he scat t eri ng in

~ensity as a func tion of k in t he Rundman

Hilliard experiment on the Zn-A~ alloy at 0 . 7T • 
c 

Note the resemblance with our Figs. 1-3 and 6. 
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-1 
Our unit of time is a which according to (2.19) is jus t 

one half of the ave rage time between exchanges which do not 

change the ener gy of a configuration, e.g. 2/a is the mean time 

between jumps to a ne i ghboring site for an A-atom in a sea of 

B-atoms. Hence, according to (2.19), a- l is related simply t o 

"' D(T), the diffusion coefficient of an A-atom in a crystal of 

B-atoms (and vice versa) , 

"'"' whe r e D(T) i s the diffusion constant a t temperatur e T in the 

l imit of zero concentration of A(or B)-atoms (when the system 

would of course be in a one -phas e). If we se t (deFontaine 

(4.34 ) 

1967, Cook 1970 ; see , for instance, Ar dell 1969 for other alloys) 

D(T) ~ 8.8 lo-16 cm
2

/sec for the Rundman-Hilliard experiment, 

-1 
then a :::: 3/50 sec. Accordingly, the time limit in our simula-

tions below T runs from 37 sec to 392 sec and we are reporting 
c 

evolution intervals which can be observed experimentally . 

On the other hand , we mention that the r e is an outstanding 

differ ence between t he cluster distribution reported in a certain 

kind of expe riments on r ea l alloys (Fig . 56) and the corresponding 

graphs we r eport in Figs . C.l - C.51. Those experiments (Ardell 1969) 

r eport a direct counting of clusters s i ze and numbe r which is 

performed on a th i n f oil of the alloy separated from a "frozen" 
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extraction replica. This procedure is justified if the clusters 

are spherical , but cannot detect the presence of "inf i nite size" 

clusters in the sample. To obtain comparable results we would 

have to determine the cluster si ze from Figs. B.l - B.30 which 

correspond to sections of the system (and doing so we approximately 

obtain at T = 0.6T a'~ 1/3 for eq . (4.22)), but this is not 
c 

justified here . An experimental analysis of this point on real 

alloys, a s well as detailed scattering studies (similar to the 

Rundman-Hilliard experiment) at different phase-points on differ-

ent alloys would be very interesting. 

4.8. - Discussion . 

We want to summarize here some qualitatjve conclusions 

which emerged during the preceding analysis. 

The coarsening process in our model binary alloy is 

accompained by a grm·Tth of the structure function S(k, t) for certain 

values of k which is no faster than l i near with t ime (sec . 4.1). 

This r esult i s in serious disagreement with the lineari zed Cahn-

Hilliard theory ( sec. 3.1), including Cook's modification (sec. 3.3) , 

and we conclude that these t heo r ies , which have been usually con-

sidered as e reasonable approximation for the ear ly stages of phase 

segregation in quenched binary alloys, do not provide a valid 

description. 

The computer treatment of one-dimensional diffusion 

equations (sec. 3.1) and statistical-mechanics formulations of 
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the above theories (sees . 3 . 3 and 3.5) have shown that the intro

duction of non-linear corrections is not enough by itself to ob

tain a proper description. A partial, very satisfactory picture 

of t he coarsening process is provided by a recent analytic model 

by Langer, Bar-on and Miller (sec. 3 .3), and we have shown 

(sec . 4.3) in relation with this model that usual dynamical scaling 

laws seem to be valid at temperatures surprisingly lower than ex

pected in the case of zero total magnetization . Several approxima 

tions contained by this mode l might be improved (sec . 4.3), in 

particular the asswnption about a Ginzburg-Landau free-energy which 

prevents it of a !Jlore general applicability. 

The "Ostwald ripening" theory, as formulated by Lifshitz 

and Slyozov and Wagner (sec . 3 . 2), quantitatively disagrees with 

our results . Nevertheless, there is some evidence about the 

re l evance of simple power laws in the temporal evolution of the 

system. If this is so , some of the preceding analysis (sees . 4 . 1, 

4.2 and 4.4) indicates ~n important role of the "Smoluchowski 

coagulation" mechanism and the predictions by Binder and Stauffer 

(sec. 3.4) are approximately correct , at least for some early 

stages of the evolution. Later, if one accepts the existence of 

a rapid change in the mechanism of. cluster growth, our empirical 

exponents for the corresponding power laws are closer to the ones 

predicted by the Lifshitz-Slyozov theory. 
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The main conclusion, however, should be stated at this stage 

in terms of the lack of a satisfactory theory for "spinodal de-

composition". In fact, the last conjecture is no t quite con-

sistent with the reported good agreement between the computations 

by Langer, Bar-on and Miller at ~ = 0 and the evolution of our model, 

although it is interes ting to note that those authors report a 

crossover effect Hhen trying to fit the temporal evolution of the 

peak of S(k,t) by a simple power law. Also, as a consequence of 

the possible inadequacy of theory, some of our empirical fits in 

sections 4.1, 4.2 and 4.3 are to be quarantined . 

The results we report here for the ordering binary alloy 

(sec. 4.5) are of very little support for the ~orresponding 

approaches consider ed in section 3 .5. There is also little hope 

from those preliminary results for an exponential decr ease of 

S(k,t) which is predicted by an ex t ension of the Cahn-Hilliard 

theory to the case of an antiferrornagne tic model quenched to 

T > T • 
c 

Another interes ting conclusion concerns the concept of limit 

of metastability as introduced by Gibbs . We have seen that our 

- -
results at ~ = 0 and Tl == -0. 6 are practically independent of 

composition f or T < 0 . 9T ; this is not consistent with a Gin 7.burg
c 

Landau polynomial for the free - ene r gy of the sys t em, so far 

always assumed by theory . More than that, the gradual change 

observed in the behavior of tile system when quencheJ t o different 
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points inside Lhe coex i stence line (and its comparison with the 

behavior outside that line) i ndicates Lhat there is no well

defined limit of metastability for our system, bu t some transi

tion region very close to the coexistence line 

Finally, we want to comment that some of our results bear a 

close similarity with observations from scattering experiments on 

real alloys, and this supports our belief that the model analysed 

in this work contains the essential physical features of the 

phenomena of interest. This, of course, does not mean that ex

perimentalis ts will always report a behavior similar to the one 

of the model. They deal with systems in which there are vacancies, 

strain fields, grain boundaries, long ranged interactions, lower 

sy~~etries, etc., etc. and, on the other hand, the reliable scatter

ing experiments on real quenched alloys seem to pre sent a very 

difficult realization. There is no apparent reason, however! to 

assume that a theory failing to describe what happens in our over

simplified model will work better in more realistic systems. A 

deeper understanding of these systems may partly follow from the 

incorpora~ion of complications in the flexible computer simula

tions. 



196 

V. References . 

Andreev, N.S., Boiko, G.G. and Bokov , N.A. (1970), J. Non-Cryst . 

Solids .2_, 41. 

Ardell, A.J. (1969), in The Mechanics of Phase Transitions in 

Crystalline Solids, Institute of Meta l s Monograph Series, 

London 1969 , 33, 111. 

Baker, J.A. (1963), Phys. Rev. 129, 99. 

Bethe, H.A. (1935), Proc. Roy . Soc . (London) ~150, 552. 

Binder, K. (1972), Physica 62 , 508. 

(1973), Phys. Rev. ~' 3423. 

(1974a), Z. Phys. 267, 213 . 

(1974b), in Nucleation, Vol. II, A.C. Zet tlemoyer ed. 

M. Dekker, N.Y. 

(1975), private communica tion. 

and MUl l er -Krumbhaar , H. (1974), Phy s . Rev. B9 , 2328. 

Rauch, H. and lolildpaner, V. (1970), J. Phys . Chern. 

Solids, l!., 391. 

and Stauffe r, D. (1974), Phys . Rev . Lett. 33, 1006 . 

et al . (1975), in Nucleation, Vol . III, A.C. Zettl emoyer, 

Dekker, N.Y., to be published. 

Borelius , G. (1947) , J. Inst. Meta l s 74, 17. 

Bortz, A.B. (1971) , Ph.D . Thes i s , Carnegie-Hellon Univ. Penn . 

(1974), J. Stat. Phys . 1!, 181. 

Kalas , l>t . H., Lebowitz , J .L. and Zende ja s , M.A. (19.74), 

Phys. Rev. BlO , 535. 



197 

Refer ences , con ' t. 

Bortz, A. B., Kalos, M.H. and Lebowitz , J .L. (1975), J. Comp . Phys • 

.!1., 10. 

Bragg, W.L . and Williams , E.J. (1934), Proc. Roy . Soc. (London) 

Al45, 340; 151, 540; 152 ' 231 (1935). 

Brush, S.G . (1967), Rev. Mod. Phys . 12_, 883. 

Butler, E.P. end Thomas , G. (1970), Acta Met. 18, 347. 

Cahn, J .~!. (1961) ' Acta Met . .2_, 795. 

(1962}, Acta Met. 10, 179. 

(1966), Acta Met. 14 ' 1685 . 

(1968), Trans. Metl . Soc . AIME 242, 166 . 

and Hilliard, J.E. (1958), J. Chern. Phys . 28 , 258. 

and Hilliard, J. E. ( 1959), J. Chern. Phys. 11, 688. 

Christian, J.H. (1969), Comm. Sol. State Phys . .!_, 145; t_, 143. 

Cook) H.E. (1970), Acta Me t. 18, 297. 

deFontaine, D. and Hilliard, J.E . (1969), Ac ta Met. 

11., 765. 

and Hilliard , J. E. (1969), J. Appl . Phys. ~Q, 2191. 

Cornie , J.A. e t al. (1973), Met . Trans.~' 727. 

Cowley , J.M. (1930), J. A~pl. Phys. 21, 24; Phys . Rev. ll• 669 . 

Dalal, H. and Grant, N.J. (1973), Met. Trans. 4, 381. 

deFontaine , D. (1967), Ph.D. Thesis, Northwestern Uni ve r si t y , 

Evans ton, Ill. 

(1973), J. Phys. Chern. Solids 34 , 1285. 



198 

References , con ' t . 

deFontaine , D. and Cook, H.E. (1971), in Critical Phenomena in 

Alloys. Magne ts and Superconductors , R. Mills et al. 

ed., McGraw-Hill, N.Y. 

and Kikuchi, R. (1971•), Acta Met. 22, 1139. 

Dienes, G.J. (1955), Acta Met. 3, 549. 

Dietrich, O.W. and Nielsen, J.A. (1966), Proc. Conf. Critical 

Phenomena ,~vashington, D.C. 1966 , NBS Publ. 273, 144 . 

Domb, C. (1974), in Phase Trans i t i or..s and Crirical Phenomena, Vol. 3, 

C. Domb and M.S. Green, eds., Academic Press, London. 

Ehrenfes t, P. (1933), Proc. K. Akad. A~t. 36 , 153. 

Erb, D. and Hilliard, J.E. (1970), preprint. 

Essam, J .W. (1972), in Phase Transitions and Critical Phenomena, 

Vol. 2, Domb, C and Green, M.S. eds. , Academic 

Press, London. 

and Fisher, M.E. (1963), J. Chern. Phys. 2[, 802. 

Ferdinand, A.E. and Fisher, M.E. (1969), Phys. Rev. 185, 832 . 

_Fisher, M.E. (1967a), Repts. Progr. Phys. 30, 615. 

(1967b), Physica 3, 255. 

(1970), in Lecture Notes of the International 

School of Physics "Enrico Fermi 11
, L.I. Course , 

Critical Phenomena, Varenna. 

(1975), private communication. 



References , can't. 

Flewitt, P.E. (1974), Acta Met. f£, 47. 

Flinn, P.A. (1974), J. Stat. Phys. 10, 89. 

and McHanus, G.M. (1961), Phys. Rev. 124, 54. 

199 

Fowler, R.H. and Guggenheim, E.A. (1949), Statistical Thermodynamics, 

Cambridge Univ. Press , London. 

Glauber, R.J. (1963), J. Math. Phys. ~. 294. 

Gotlib, Y.Y. (1970), Soviet Phys. Solid State l, 1574. 

Green, H.S. and Hurst, C.A. (1964), Order-Disorder Phenomena, 

Interscience , London . 

Griffiths, R.B. (1972), in Phase Trannitions and Critical 

Phenomena, Vol. 1, C. Domb and M.S. Green eds., Academic 

Press, London. 

Guttman, L. (1956), Solid Stat~ Phys. J., 145. 

Hammersley, J .M. and Handscomb, D.C. (1964-), Monte Carlo Hethods, 

Methuen, London. 

Heisenberg , W. (1928), Physik. Z. 49, 619. 

Higgins, J. et al. (1974), Acta Met. 22, 201. 

Hillert, H. (1956), Ph.D. Thesis, M.I. T., Cambridge, Mass. 

(1961), Acta Met. 9, 525. 

Hilliard, J.E. (1970), in Phase Transforma t ions , R.I. Aaronson ed ., 

Am. Soc. Met., Metals Park, Ohio. 

Holley, R. ( 1974), Rocky Mountain J . Hath., to appear. 



200 

Refer ences . con't. 

Huang, J.S., Goldburg, W.I. and Bjerkaas, A.W . ( 1974) , Phys. 

Rev. Lett. 32, 921. 

e t al . (1975), communication t o the 33rd U.S. East 

Statistical Mech. Mee ting , Yeshiva, Univ. N. Y., May 1975. 

Iida , S. (1955) , J. Phys. Soc. Japan 10, 9; and references therein. 

Ising, E. (1925), Physik. Z. 31 , 253 . 

Jones, F.W. and Sykes, C. (1938), Proc. Roy . Soc. (London) Al66 , 

376; Al57 , 213 (1936) . 

Kadanoff, L.P., e t a l. (1967), Rev. Mod . Phys . 39, 395. 

Kawasaki, K. (1966), Phys. Rev. 145, 224; 148, 375; 150, 285. - - --
(1972), in Phase Transitions and Critical Phenomena , 

Vol. 2, cited above . 

Kaya, s. Nakayama, M. and Sato , H. (1943), Proc. Phys . Math . 

Soc . Japan 25, 179. 

Kikuchi, R. and Sato, H. (1974), Acta Met . 22 , 1099. 

and van Baal, C.M. (1974), Sc r ip. Met.~' 425. 

Klein, M.J. (1951), Am. J. Phys. 19, 153. 

Langer, J _. S. (1971), Ann . Phys. (N.Y .) 65, 53. 

( 19 7 3) , Acta He t. Q, 164 9 . 

(1975), private communication . 

and Bar- on, M. (1973) , Ann. Phys. (N.Y.) 78 , 421. 

Bar-on, M. and Mi ller, H.D . (1975), Phys. Rev. , t o 

appear. 



References , con ' t . 

Leamy, H.J., Gilmer, G.H. and Jackson, K.A. (1973), Phys. Rev. 

Lett. 30, 601. 

Lebowtiz , J.L . (1968), Ann. Rev. Phys. Chern. 19, 389. 

Lenz, W. (1920),Physik. Z. 21, 613. 

201 

Li , C.Y. and Oriani, R.A. (1967) , in "Proceedings of Bottom 

Landing Conference on Oxide-Dispersion Strengthening", pre

print. 

Lifshit z, I.M. and Sl yozov , V.V. (1961), J. Phys . Chern. So l ids 

19, 35. 

Lord , N.W.(l953) , J . Chem. Phys. 21, 692 . 

Marcinkowski, M.J . (1963), Electron Microscopy and St rength of 

Crys t a l s , Wiley, N.Y. 

Marro , J., Bortz, A. B., Kalos, M.H. and Lebowitz , J.L. (1975), 

Phys . Rev. , t o appear . 

Mattis, D.C. (1965) : The Theory of Magnetisme; and Introduction 

to the Study of Coopcr3.tiv'::! Phenomena, Harper & Row , N. Y. 

Morral, J.E. and Cahn, J .W . (1971), Acta Met . 19 , 1037. 

MUller-Krumbhaar, H. ( 1974) , Phys . Lett. SOA, 27 . 

and Binder, K. (1972) , 7. Phys . 254 , 269 . 

Murakami, M.,deFontairie, D., Sanchez, J.M. and Fodor, J. (1975), 

to be published , . 

Nagarajan, A. and Flinn, P .A. (1967) , Appl. Phys. Le tt. !l, 120 . 

Nagy, E. and Nagy , I. (1962), J. Phys . Chem. Sol. 23 , 1605 . 



202 

Reference s , con't. 

Neilsen, G.F. (1969), Phys. Chern. Glas ses 10, 54 . 

Newell, G.F. and Montroll, E.W., (1953), Rev. Mod. Phys. 25, 353 . 

Nowick, A .S. and \veisenberg, L.R. (1958), Acta Met . £, 260. 

Nystr~m, J. (1950), Arkiv Fysik 2, 151. 

Oriani, R.A. (1964), Acta Met. 12, 1399. 

Paulson, W.M. (1972), Ph.D. Thesis, Northwestern Univ ., Evanston, 

Ill. 

Peierls, R. (1936), Proc. Cambridge, Phil. Soc.~' 477. 

Penrose , 0. and Lebowitz, J.L. (1971), J. Stat. Phys. 1, 211. 

Philofsky, E.M. and Hilliard, J.E. (1969), J. Appl. Phys. 40, 

2198. 

Raeside, D.E. (1974), AJP 42, 21. 

Rao, M.,Marro, J., Kalos, M.H., and Lebowitz, J.L. (1975), to 

appear. 

Richter, F., Bendick , W. and Pepperhoff, W. (1974), Z. Metallkde. 

65, 42. 

Rundman, K.B. (1967), Ph.D. Thesis, Northestern Univ., Evanston, 

Ill. 

and Hilliard, J.E. (1967), Acta Met. 15, 1025. 

Sato, H. (1970), in Physical Chemistry, Vol. X: Solid State, 

Jost , W. ed. , Academic Press, N.Y . 

and Kikuchi, R. (1973), ln ]1agnetism and Nagnetic 

Materials, 1972 AlP Confe r e nc.e Proceed ings 10, 505. 



203 

Ref e r e nces , con't. 

Shante ~ V.K. and Kirkpatrick, s. (1971), Advan. Phys. 20 , 325. 

Shendalman, L.H. a nd O'Toole, J.H. (1968), J. Colloid . Interface 

Sci. ll_, 145. 

Smith, A.F. (1967), Ac ta Met. 12, 1867. 

Speich and Oriani, R.A. (1965), AI ME 233 , 623. 

Stoloff, N.S . and Davies, R.G. (1966), Progr. Mat . Sci. 13 ~ 1. 

Suzuki, M. and Kubo, R. (1968), J. Phys. Soc. (Japan) 24 , 51. 

Swanger, L.A., Gupta, P. K. and Cooper, A.R. (1970), Acta Met. 18, 9. 

Syozi, I. (1972), in Phase Transitions and Critical Phenomena, 

Vol. 1, cited above. 

Tarko, H. B. and Fisher, M.E. (1975), Phys. Rev. B 11, 1217. 

Temperl ey, H.N.V . (1972) , in .E!:!!!se Transitions and Cri tica l 

Phenomena, Vol. 1, cited above. 

Takagi , Y. and Oguchi, T. (1950), Bull. Tokyo Inst. Tech. Ser. V l, 211. 

Tomo zawa, M. , MacCrone , R.K. and Herman, H. (1970) , J. Amer. Ceramic 

Soc. 53 , 62 . 

Vineyard, G.H. (1956), Phys. R~v . 102 , 981. 

Wagner, C. (1961), Z. E1ectrochem. 65 , 581. 

Weisberg, L.R. and Qui mby , S .M. ( 1963) , J. Phys . Chern. Solids 

t_i, 1251. 

Wil son, A.J.C. (1949), X- P.ay Optics, Me thuen, London; Proc . Roy . 

Soc. (London) Al81, 360 (1943). 

Wilson, K.G . ( 1971), Phys . Rev . B 4 , 3184 . 

and Kogut, J. (1975), Phys . Reports , to appear. 



204 

Refere nces , con't. 

Yamauchi, H. (1973), Ph.D. Thesi s , Horthwe s tern Univ., Evanston, 

Ill.; Scripta Me t. I, 109. 

and deFontaine, D. (1974), in Orde r-Disor de r Trans i

tions in Alloys, H. Warlimont ed ., Springer -Verlag , 

Berlin, 1974. 

and Hilliard, J.E . (1972), Scripta Me t. ~' 909. 

Yang, C.P. (1963), in Proceedings of the 15th Symposium in Applied 

Math. of the American Mathematica l Soc ., Chicago 

1962, Metropolis, N.C. et al. eds ., Ame r ican 

Mathematical Society. 

Zarzycki, J. and Naudin , F. (1967), C.R. Acad. Sci., Ser. B 265, 1456 . 



205 

VI. APPENDICES . 

In part A of this section we collect selected nume r ical data 

from the computer simulation to which we r efer in the preceding 

analysis. In the t ab l e s for the structure function we indicate 

the value of ~ = kL/2n, with L the number of sites on a lattice 

side. See sec tion 4.7 fo r the appropriate units of k and t ("time" 

in the tables ) . The t e rm "energy" in the table s refers to the 

number of A-B bonds in the sys t em . In tabl es A.l7-A.21 we denote 

by (S IZE) , ( E/ L) , ( EN) and (RADIO) the quantities defined in 

eqs. (4 .16), (4.2cy, (4.19) and (4.18), respectively; the cluster 

si ze interval t o which the corresponding average refe rs is also 

indicated in the mentioned tables. 

Part B groups s ome lattice configurations at different 

temperatures and f or different interactions . Each figure contains, 

in this order, the value s of the t emperature and composition (11 ) 

of the sys t em which correspond.s to the instant of time at which 

the "picture was taken", the numbe r of interchanges performed 

up to that time, the value of the energy of the sys tem (u) and 

the corresponding c l uste r distribution. The occupation state of 

four equidistant sections in the nystem is represented in e ach 

figure . Three different symbol s are used: Q) deno t es an 

"inte r ior" A-particle (surrounded by B-particles at the near es t 

neighbor s ites) , *denotes a non-interior A-particle, and I 

denotes an in terior B- particle; the absence of any symbol denotes 



a non-interior B-particle. Figures B.l - B.30 correspond to a 

ferromagnetic interaction (clustering), and Figs. B.31 - B.38 

to an antife rromagnetic interaction. 
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Part C is devoted to the temporal evolution of the cluster 

distribution, Figs. C.l -C.l6 , in our a~o-dimensional and,Figs. C.l7-

C.66Jfor the three-di mensional systems. The graphs for two 

dimensions correspond to the weigh ted combination of s ix r uns for 

an 80 x 80 lattice and one run for a 200 x 200 lattice; in addition, 

each graph includes information from a certain time interval 

(f011r time-points from the 80 x 80 lattice and corresponding five 

t ime -points . from the 200 x 200 lattice). T~e different cluster 

sizes in the system are groupe~ in bands of ten particles-wide. 

In three dimensions, Figs . C.18 - C.50 refer to a temporal ever-

age of four different time··points , Fig. C.51 to three time-points, 

and Figs. C.60 - C.64 to two time-points. The bands are 500 

particlP.s ,,•ide most of the times in Figs. C.l7 - C.56, 5 particles 

wide in Figs. C.57 - C.59, and 10 particles wide in Figs . C.60 -

C.64. Figs. C.85 - G.86, which c·orrespond to the s t eady , or quasi 

steady, part of the evolution whose mean time is shol-m in the 

figures, refer respectively to 20 and 17 time points and bands are 

of 200 and 100 particles. 

Figs. C.65 - C.66 refer to an aver.age over the eight evolu

tions of the 30 x 30 x 30 lattice (no temporal average), but this 

time the interval s for the horizontal axis are of 5 particles up 
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to size 51, of 10 particles up to 201, of 20 up to 501, of 50 up 

to 2001, and of 100 particles in the rest. 

Figs. C.67 - C. 84 correspond to an average over twelve i nde 

pendent initial (random) configurations, and show the evolution 

of the cluster dis tribution with the fraction of A-particl es in 

the sys t em in the inter va l ;A = 0.282, 0.350. 
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Appendix A. 

TARLE A, i 

J X30X30 LATTIC e 
~J ,OO PE RCE1 lT Of A ~ OLfCULES 

·::'1PEHATURE = , 59 1 T It'H: s THE r.H{'T IC TEt'IPERATJQE 
'lEHAG E OF B RtJNS wi TH 1 ~!FOR MA T I Ot-- AT 29 POI \lT S 
-~HPU TER T tr1E = ~17 , 6 ~~. I NU T !:: ~ 

STRUCTU RF. FUN:T I ON, s ( ?-) 
E ( C~ANGt:S TI M!:: SC l> 5(2) ~(3) SC4) 3C5l s ( 6) !:)('!) ~(8 ) !:iC9 > s (1 0 ) 

0 o.o . ~ 4 ,91 , t;7 ,9 6 1. 05 196 110 1 1. 0 7 , 9 1:l 11 0 ~ 

2500 • 5 187 1,01 ,91 1,0 8 1. 27 1,1 3 1,31 1,:5 5 1, 26 l. ~o 

5000 1. 1 , 90 1, 0 4 1, 05 1, 24 1,5t 1,32 1,61 1 166 1,? 0 1 1:;;2 
7,00 1, 8 ,92 l, OY 1,14 1 , 37 1. 74 1,5? 1, 87 1 , 92 1 173 1 , 65 

10000 2 ,7 , 92 1 I ll. l , 20 1,50 :l.,97 1 , 73 2 ,1 ~ 2,11 1 , 8? 1. '/ 4 
1?000 4,6 ,11 5 1, 13 1, 39 1,77 2,41 2 ,1 9 2,47 2 ,4 1 2 1J, 8 l. I g 

20000 6, U 199 1 . 23 l ,!-:> 6 2100 2,82 2 , 66 2 ,9 :1 2174 21 2 lj 1, !:i2 
2500 0 9,1 11 03 11 26 1 ,7 6 2 12A 3 12o 3. 08 3 , 7."1 2 , Y6 2,2 9 1 • :' ,., 
30000 11, 5 11 06 1. 31 1,90 2 150 316 6 3, ~4 .5 , 60 3 ,1 6 2,2 9 l ' b 7 
35000 14,1 1 10<) 1139 2,12 2, 81 4 , 09 3, 8 9 Jl 87 3 11 7 2,21 1,~ 2 

40000 16,7 1,1~ l. 4b 2,3 4 3 111 4 , 55 4,22 3,94 :5 1 0 8 2 122 1 , ? 3 
50000 22 14 112 3 l1o :i 2,6 0 3 , 69 5,j f\ 41 85 . 4,1, 3 11 0 2,0 0 1,;5 ~ 

60000 28 ,1 1, 31 1 ,83 J,03 4,27 612 0 5,'18 4 ,3 ') 3,1?. 1 , 92 1 , 34 
70000 34,2 1 , 36 l, QH :51 48 4, 8 8 7, 05 5, 90 4 , 3n ~ .ot 1, 82 l , t!7 

tjOOOO 4 0. 5 1,40 2 ,1 6 ;s,en 5,46 7, 5 7 6 , 28 4 ,3 Q 2,Y? 1 165 1 , 25 
IJOO OU 47 , 1 1. 411 2 134 4,4 8 6 , 25 8 ,49 6 , 66 4 ,3 () 2 , 7?. 11 5 9 1 11 5 

100000 5411 116~ z,6o tl,24 6 , 93 9 ,1 9 7,03 4 , ?. R 2,41 1, 5 0 1 , 1 2 
:.5000 0 9 0 ':~ l, f.l ~ 3 , 49 U, 04 11, 03 1?., 05 7, 04 3 15 7 11 137 ! 13 2 I '1 7 
200000 12 9 ,7 1 I ' :~ 5 , 23 1 0 ,7 3 t3 , 95 13 , 6-1 6 , 11 J , oo 1 , 79 11 22 '9 < 
2~ 000 0 171,3 1 , Y, (: 149 1J,49 17,47 11.27 5 , 3 0 2 , 5n 1 17 0 1,1 3 , 93 
30 0000 ~15 . 2 2, 07 7.71 1b,7i 20 , 90 14,13 4, 44 2 ,3 0 1 , 57 1, 0 9 I U'3 

3!:>0000 261,1 2. u < 9 . 0 4 ~0,2 6 22,76 13,63 3,71 2 124 1, 3 8 ,9 9 ' C! 2 
40 000 0 308,2 

' ' 2 11 
10 , 8 ~ 2 J . ~) 6 24 ,1 f~ 12 . 33 3, 62 1 , 9n 1, 37 1 10l t 7 ~ 

·~o o oo 3 56 13 2 ~~ 12,23 26 1Y3 2~ 114 u ... 6 6 3 , 31 l I Y~. 1,26 196 I 7 f) 
I 

500000 40517 2 1'1 f) 13 , 05 3ll , i32 2 7 . ~~ 1 0 , 64 3 , 00 1 , 8 n 1,29 195 • 'I 4 

5~0000 456.3 ~.z o 14, 91 34 1 6 ~ 2 B1; 4 ':) ,1 0 2 , 94 l 170 1,22 , 97 '·n 
60 0000 5 07, 6 :5141 16,7? 3b ,Oi 28 198 8, 73 2 , 8 7 1 ,67 1 , 23 19 2 • 7 3 

6'00IJO 559,8 J . 7 4 18 , 7:.5 4111 Q 28 , 50 1:1 , 12 2 , 6 3 l 16A 1 ,17 193 ,69 
700000 61 3 10 3 , '1, 20 139 4-l,21 2e , 47 7,51 2 , 6!' 1 , 71 1 ,1 9 185 1 b 7 
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TA RLE A. 2 

3QY.30X30 l.ATTJCI:: 
5 Q,OO PER CEN T or ~ MOLECllLES 

EMPEHAT UH E = .7e o TJ MI: S THE CRIT IC TE~PE R AiJ R E 

~ yEHAltE OF 8 RU NS ~J IT H I N F U H 11 AT1 0~ AT 7 5 POI"lTS 
COMPUTER TI ME = e o 9,1 M J 1~UH~ S 

SlRl!CTURE FU"J :TI ON , s ()A) 

=xC HANGt:S TI ME s ( l) s ( 2) S(3) $(4) s ( 5 ) s ( 6 ) SC7> s ( 8) s ( 9 ) s ( 1 0 ) 

0 0 • 0 ti 'l ,99 ,87 . ~ a 1,0 9 , 9 9 l, O~ 1,14 , 9 8 l 100 • 5000 1. 0 ,Y O 1, 02 1 , 07 1,09 1. 39 1,4 2 1 ,5 ~ 1,4 , 1, 43 l i :S l 
10000 2 e3 • '1 0 1,07 1,18 1,46 1 , 6 6 1.7 A 1, 81. 1,6 8 1, nfl 1,::> -1 
15000 3, R , 9 3 1,1 2 1 , 35 1,65 1,95 2, 0 7 2 ,1 1) 2,0 8 1, 8 3 l . o ~ 

20000 5,4 , 9fJ 1,23 1,51 1 , 84 2 , 16 2 . 4 8 2 , 4 H 2 , 2H 1, 0 8 1 , I 0 
~0000 8 ,7 1.0 ? 1,33 1,86 2,34 2 .61 3, 04 '2. .97 2, 55 1 , 9 11 1, 02 
4000 0 1?.,2 ! , l (1 1, ~6 2,1 0 2 , 8 0 3 . 23 3,4 8 .5,2 2 2 . 83 1, 91 11 ~5 

~0000 15, 8 1,12 1 , 79 ,,44 3,23 :s. 85 3,98 J,4 3 ,..~ . 7 5 1, 91 1, 4 3 
60000 1 9 , 5 l,l G 1. 94 '2,7Q 3 , 7 6 4,1 9 4 , 34 J,5 n 2,60 1, 78 1 , 41 
70000 2 3 . 3 1,25 2, 0 9 J,iO 4,0 8 4, 6 7 4, 5 A 3 , 63 2 .41 1,73 1 1 4 ~ 

~0000 27, 2 1. :3 3 2.2 ?. .5,48 4,41 5,31 4, 8 0 .5,6 4 2 ,27 1, 6 9 1 1 ~ 5 
90000 31, 2 1 • 'i 1 2 1 4H ..S,7 6 4,Ci1 5,5 2 4 , 96 .5,3 0 2 , 25 1 , 72 1 , :53 

100000 35,2 1 , J 4 2 , 53 4 , 0 !3 5,41 ~ . 77 5, 0 4 .S,4:t 2,27 1, 64 1 . - 4 

15000 0 5 5 , 6 1,~4 3. 3 2 ~.6 5 7,74 o , 73 4,9 6 J,0 3 2 ,00 1, 56 1 122 
2 0 000 0 7o, A l • 7 q 4 '1~. 6, t3 4 10 , 11 7 , 82 5, 22 2 ,9 ~ 1,9 0 1, 5 0 1 1J. 5 

2!:>0000 90 , 8 2 1 UO 5 ,10 ~.:il 11, 8 9 8 ,4 '5 4, 86 2,~ 3 1, 8 7 1,4 6 l ll d 
30 0000 121, 1 2,2 3 ~.7 3 9,97 13,1 2 3 , 2 8 4, 2 2 2 , 5 n 1 , 80 1, 3 7 l l l.2 

3?000U 143 ,7 2,4 3 6,76 11,29 14, 6 5 8 ,0 0 3, 8 7 2 . 4 :s 1,75 1 , 3 2 1 , 12 

'O OOOU l 66 . 7 2, ~ 1 7, 0 6 1G,:;!1 1,, 6 7 8 , 1 0 3, 90 2 , 2? 1, ~0 1 , :n 1. ~3 
4?0000 19 0 , 0 2,Y 5 8, H, 10,83 15, 9 9 7,67 3,4 1 ~ .2 11 1 , 83 1 , 37 1"11 
50 0000 213,6 J,4"7 9 . 4 ~ 1 ~,1 9 1 6 , 06 7 , 52 3, 4 4 ~ .2 2 1 , 7 4 1 , ? 6 1 1 0 l 
5 ?0000 23 7 ,3 ~.44 1 0 , 5 4 1 t'l ,1 7 16, 9 'l 7 ,67 3, 35 2 ,1~ 1,69 1. 2 ~ 1 , 0 .3 
Jo ooo o 2 6 1 , 3 J , 64 11, 60 1 7 ,?1 16, 8 1 6, 92 3 , 3 6 2' 0 7 1. 6 ~ 1, 27 l. ' c 5 
~~ 0 000 ~85 , 6 3,9o 1 2 , 02 1'Y ,l 3 1 6 ,7 0 6 ,77 3 . 35 1 , 9 4 1, :; 8 1,16 1 1 3 
~ 0 0 00 0 309 , 8 4,..S ? 13 , 2H 2 u , a:s 17,47 6 , 44 3 , 0 9 2 ,1 6 1, 63 1 , 2 0 1 ' 

~ ' \. 

~ ?c ooo 331 , 2 4 , 71 14,7 tl ?. '2 , 29 17 , 5 1 5 , 9 8 3, 1 7 2. 0~ 1,47 1, 21 t.l . ~ 
;: 0 00 0 35B , 8 4, U1 16 , 0 1 2 4 , 74 17, 60 6,17 3 , 32 l., 9R 1,!;> 4 1,1 7 • gq 

~ ' oo o u 383 ,7 ? , Ufl 1 7 1 1 tl 27, C6 1 6 , 8 6 6. 2~ 3 , 00 c,l o 1 , 53 1, 2 0 • 9 7 
; JO OOO 408 , 5 ,, 0, 1 U, 6 :.S 2 Y,2 3 1 7, 30 6 , 5 0 3 , 17 2 ,1 7 1,44 1, 20 • t; 5 
: ~ o o oo 433 .7 <,/7 20 , 01 3 U,7 4 17, 26 6 .1 ~ 2 , 5 5 2 ,1n l,6t 1 , 14 • 9 7 

.· :o oooo 45 8 , 9 4,9 0 21, 4 H 31 ,..5 6 1 6;0 1 5 , 6 3 3 , 0 9 l,9 f., 1,5 6 1, 11 1Y5 

. : ~ o ooo 4a 4,tt 5 • 0 i' 22,9f.l 3 l , cH1 1~.7 6 5 , 46 3, 1 4 1, 97 1.~ 3 1 ,17 , 9 < 

::~ 0 0 00 50 9 ,8 ~.~ :; 24, 46 3 ~,9 4 1, ,1 8 ~. 3 ? 3 , 00 2 , 0?. 1,49 1. 0 8 I <,1 ? 
: , oooo 53 5 , 4 ?, b 7 2!;1 , 9-S 3 4, 8j 1 ,,22 5 ,1 8 2 , 77 1 , Ho 1,49 1 , 09 , bi 
~:-o ooo 561 , 0 5 • t; ~- 2 7,21 3~ . 48 l.5 , Q1 5 , 35 2 , 65 l. 9 1 1. ~; 0 1, 1 1 ' 
- ::l OOOO 5 86 , 8 5,7 R. ?!j , QO 36 ,11 1 5 , 15 :.; , 02 2 .70 1, 9 7 1 , ;S] 1, 14 9 -:> 

I - · 

.: _oooo 6 1 2 ,7 5 , o 2 '?. 9 , 67 3o,9 2 1!;,13 4 , 93 2, 69 1, 94 1, 4q 1, 0 9 1Si4 
- ~ J O OO 6 3 8 , 5 c,2 9 30 ,7 0 3 1,~ 6 14, 29 4 . 8 3 2 , 66 l, ti f\ 1 , 4 2 l, 11 , 9 0 
:o ooo fJ 64 ,5 6, o 7 31, 9 3 3 U,6 5 14, 0 6 4-. 8? 2 , 63 1, 83 1 , 32 1' 11 I v2 

3 0 00 69 0 , 7 6 7 4 31,92 3 Y,21 1 3 , 33 4 ,71 2 , 6 1 1, b5 1,43 1. 0 0 • l) 1 • 
. J OOO 71 6 , 6 6 , 7 7 32 , 9 0 3 Y, , 7 1 3 , 5 9 4 , 5 7 2 , 5 6 1. 9 :~ 1, 41 l . l 0 t l,o J 
j JO OO 7 4 2. 0 t,9 Q 3 4, /3 4 3 ~ . 6 1 1 3 , bl1 4, 3 7 2 , 43 l, ,!j4 1 , 4 4 1 , 0? , d~ 

. J OOO 769,0 ~.7 9 :.s~ , 9 1 3 "1 ,9 8 13, 8 1 4 , 4 7 2, 4 4 1 ,8 5 1 , 44 1 109 I)~ • 
:- ooo 7 95 ,4 7 , 3 fl 37 , 3 2 4 U, l 7 13. 4 6 4, A9 ?. , 4 5 1, 8 6 l. 48 1, 10 t,• • 
.: oo o 821, 8 7 , 6 6 .so ,94 41, ?5 1 3 . ~0 4 ,69 2, 46 1 ,5 3 1, 3 4 1' 0 7 • d s 

co ' l ' 
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TA RL E A,2, c oN T 1o 

~XCHA N Gt=S 
17!:>0000 
1800000 
18!:>0000 
1900000 
19~0000 
2000000 
2 0 ~0000 
2100UOO 
2150000 
2200000 
2250000 
230000 0 
2350000 
2400 00 0 
24;,000 0 
2~ 0 0000 
25~0000 

?60 0 0 0 0 
2 6 ~0000 
2 7!JOOOO 
27 ~00 00 
?8 000 0 0 
28!:>000 0 
z9ooooo 
z9~oooo 
3 000000 
~ 0 ~0000 
31 00000 
~1~000 0 
l200000 

TIME 
13 48 ,2 
t3 7 4 , 8 
901.3 
9 28 , 0 
95 4 ,9 
981,7 

l OOA , 8 
1 035 . 8 
1 06 2 ,7 
1 089 , 5 
111 6 , 6 
11.43 , 6 
117 0 .7 
1198 , 0 
1 ?.25 ,4 
1 ~52 ,9 
1 280 . 5 
1 30e , 2 
1335 . 8 
1 3 6 ~S , 4 
l 39u , 9 
1 4 1 8 , 5 
1A4 6 . 4 
1 47 4 , 2 
15 0 2 , 1 
153 0 , 0 
15 5 8 ,1 
15 86 , 2 
1614,4 
1 6 4 ::> ,7 

S<l> 
7,¢'> 
7, 8A 
~.2 0 
e, 4 4 

t, eo 
9,1 ? 
<;~~ H 

9 1 Y? 
1 U ,4 ~ 
1 0 , t.l~ 

1 0 , 6l 
1l, O?. 
1 1 ,1'~ 
11 ,/ 'J 
1 C: ,l 7 
12 1 Bf, 
1 ;! , 49 

14 1 U?. 
1 3, Y4 
14, 55 
! ~, 4 H 
1 t • 4 ~; 
11 . 0 
17, J l 
17 ,~7 
..... ·;. 5 1 
1 b , l2 
H~ , 4 ·1 
1 e I l () 
1 'i,3 2 

JO X30X 3 U L ATll CE 

s ( 2) 
41,24 
42, 61 
44, 05 
4 :; , 1) 4 
47,3 Y 
4 U , 6~ 

~0 . 3 5 
~1) , 9 1 

~2 . 6 ~ 
5 4. 5 1 
5~ . ?9 
?6 ,4 6 
? a ' 0 J 
59 .0 u 
~ 1. 00 
62 . 22 
6 .5. ~ 3 
66 , 2 6 
t> 7, HJ 
7 0 , 64 
71, 31 
74.1 6 
7';) , 53 
76, 42 
7b , t:? 
7 1.1 ,74 
k2 ,1 2 
8 4, C3 
B7, 6 2 
He , 5J 

STRLJCTURF. f UN :Tt n!J, 
~(J) SC4) 5(5) $(6) 

4U,29 12,79 4,21 2,4Q 
4U, 03 1 2 ,37 4,5 ~ 2, ~ 5 

3 Y, ~ 6 1 2 ,14 4,5~ 2,~9 
4U,7 6 12,31 4,6 ? 2,5 2 
4U,l0 12,1 0 4,5 0 2,57 
41,65 11,3 0 4,4 4 2.53 
41,4 8 11.05 4,3'1 2,4 6 
4U,57 10,24 4,41 2, 56 
4l, 09 10 ,6?. 4,29 2,4A 
41,15 1 0 , 2 1 4,32 2,4 6 
41,1 8 1 0 , 39 4,4 0 2,3 5 
4~ 1 0 3 1 0 , 3?. 3, 9 C 2,47 
4c ,d7 10, 01 3. 99 2 , 4 A 
4J, 5 1 9,b 9 31 83 2,4 9 
4.5,14 9,54 3, 0 4 2. 45 
4 ~ ,7 5 9, 83 3,75 2,37 
40,35 9,77 3, 86 2 ,3 5 
4 ~,7 6 9,65 3.a5 2,3 6 
4~ , 58 9 ,3 2 3,71 2 ,4 o 
4 ~. 4 9 9, 30 3,7 0 2,27 
4~. ~5 9 ,4 6 3 ,6 6 2 ,11 
40,6 0 9, 23 3.7 4 2,2 8 
40,7 9 9,4 9 3 ,6 2 2 , 20 
44,13 9, 25 J. 5o 2,33 
4-S, ou 9,31 3,59 2,3 o 
4~ ,J 3 9, 01 3,~ 6 2.4 0 
41,1 3 8 , 95 3, 8A 2,2 9 
41,94 b,4 6 3 ,9 8 2, 23 
41, 26 8 , 20 3. 55 2, 2 3 
40,43 8, 1~ 3,1 8 2,31 

s ()A) 

S C7l 
1,66 
1,7 A 
1,74 
1,7 ?. 
1,7 <> 
1,7 9 
1, 86 
1, 8 0 
l,7 n 
1,6 0 
1,62 
1,6 ?. 
1,61 
1,57 
l, 7 .~ 
1. 68 
1,60 
1,60 
1, 6 ~1 

l, ., 3 
J_,. b H 

1,81 
l,7 n 
1,60 
1,61 
1,71 
1,61 
l, 5R 
1,6 ?. 
1,57 

~ 0 , 0 0 P F. I( C t.: l i 0 r A 1 0 L f. C U l. t S ( ? = 0 , 0 ) 
T H iP t: RAT lJ rn: = , 5 'J 1 T I i1 f S T H f C Fn T I C T EM;) r: R h TUR F 
A V ~R A GE 0 F d H 1 J t J S ~~ 1 T H I N F 0 R ~ 1 A T I 0 N ~ T 4 7 P 0 I NT$ 

T P-I E 
0 • 0 0 
1,43 
2,96 
4, 4 4 
<>,4 A 
d,7o 

11,11 
1.3.33 
1 ~,74 
?.2.2 6 

171,33 
4 0 ~, 69 

FNF. tiG i' 
1, 5o: 
1, 2;:. t) 
1,1 t:7 
1, 1 47 
1 , 1 l 2 
1, neo 
1, (1; 6 
l., O;p 
1, 020 

1 9/:!A 

. 7~1 
, 6 5 7 

Ti fl F. 
, 3 7 

1, 8 ~ 
3,3J 
4 1 Rl 
7, 0 J 
9 , 2? 

1l, fl 6 
J. ~ , Hd 
1 ,, • ( 1 6 

:;4 , 9.J. 
2J.'5 ,16 
~07 , 6 4 

~ rER GY 

1,::! 8 0 
l, 2 3 1~ 
1,17 4 
1,1 3 9 
1,1 03 
1 , 0 71 
1, 05 3 

' · . 0 33 
1, 013 
,e a ~ 

,7 ;.?2 
.~32 

T I t1 E 
• 7 4 

2.2 2 
3,7o 
5 ,37 
7.~<> 

10 , JO 
1 2 .2 2 
1-1. 4 4 
t7,1 u 
90 ,34 

261.11 
613, J 3 

ENERGY 
1,320 
1 ' 21 5 
t.164 
1 .1 29 
1,094 
1, 06 8 
1. 0 4 6 
1 1 02A 

I 0 0 9 
, 8 27 

"/0 ? . . 
, 6 09 

~ ( ~ ) 
1,36 
1,36 
1,27 
1, 28 
1,3 2 
1,2 R 
1,30 
1,31 
1,:53 
1,3B 
1,28 
1,28 
1,2Q 
1,25 
1, 2?. 
1,32 
1,27 
1,30 
1,25 
1. 3 ~ 
1,27 
1,26 
1,22 
1,33 
1, 3 1 
1,.5 2 
3. , 23 
1,25 
1,23 
1,23 

$( 9 ) 
1, 0 9 
l, 09 
l. us 
1, 06 

,9 8 
1, 04 
1, 0 4 
1, 04 
1, 0 7 
1 , 0 5 
1, 0 4 

• 9 9 
l. 0 5 
1. 0 6 

, 98 
1 • 0 0 
l • 0?. 
l • 0 0 

, 99 
1, 0 1 

, 99 
1, 0 2 

• 96 
• 9 4 
,96 
,9 9 
, 9 8 
, 9 1 
• 9 4 
, 93 

S ( L l ) 
• 'i 0 
• t) 7 
• B ~ 
• 0 1 
• ti-} 

I 8 :; 

' ti 1 
, ti ~ 

, d5 
• b 4 
• d 7 
, 8 
. 52 
• i) ,, 

, t! 3 
I Cj 1 
' 8 j 
, 8-+ 
, o 3 
' 79 
' 8 t 
• ~ 4 
' J -:; 
, 8 (1 
. e ~ 
, o3 
' 6 0 
t 7 :t 

' 6 1 
• 7 6 

TARLF: A.<l 

Tt ME 
1 a11 
~ ,59 
4.07 
5,92 
R9 14 

10,5~ 
1 ?. ,77 
15 1 00 
1 ~ ,1.4 

12 Q!6ti 
3UA1 16 

E1JEHG Y 

1,2H2 
1,2 0 0 
1,156 
1,1 1 d 
1, 0 8 7 
1, 062 
1, 042 
1, 024 
1 , 006 

• 7 1:b 
, 68o 
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TAqL F. A.3 

3QX30X30 LATTICt: 
5Q,OO Pt: RCEN T OF ;,. MOLEC IJL ES 
1EHPERATUHE = , 8S7 TI MES THE c~ IiI c TFMPER ATJ RE 
A. VEHAGE OF 8 FW NS WITH I r 1 F oR ~~ A T I o t-. AT 11 5 POI 'HS 
r= oMPUTER T I r1E = 26QU,2 M I N UTF.~ 

SlR UG TUR F: rU N :: T I () I~ , S CJ-t > 
:: xCHANGES TI MF. s ( 1) s ( 2) 5(3) s ( 4 ) S C5> 5 ( 6) s ( 7) s ( 8 ) s ( 9 ) s ( 1 u) 

0 0 ' 0 ,d4 , 9 7 ,87 ,96 1, 05 ,9 6 1,0 1 1,0 7 , 9 8 1 • 0 1 
50000 13,9 ,11 3 1 ,6 4 z,;,so 2, 83 3, 53 3,3 2 3, 01 ?. ,4 5 1, 87 1 , 4 3 

lUOOOC 3 0 ,1 !,l ~ 2 o2B J,3 5 4135 5,14 3 , 91 3,0 3 ~ .1 6 116 4 1 ,~ 4 

150000 47, 0 111 2 2 19 H 4,47 5 169 5,99 4,1 0 ~.7 1) ~. u 5 1, 55 1. ~ 2 

2l!OOO O 6 4 13 1. 3 ~-; 3,7 7 o,~ 8 61 85 6' 0 6 3, 87 ?. ,6 ?. l, Y6 1,4 9 1 , 24 

250000 81. 8 l, 5 fj 4 . 6 5 7 1Y3 71 95 6,4 i 3,97 2,5 A 1 ~ 8 7 1 . 4 j 1 • i:: s 
3UOUO O 99 , 5 1,/7 ~ . -30 tl 1Y7 0 122 6,51 3 , 9 4 ~.5 7 1 , 84 1,48 1, 1'1 

3~0000 117, 3 2 , 2 n 6 106 Y,2 3 e, 65 6,4 0 4, 0 4 2 ,5 11 1,91 1 153 l. ~ 5 

40000 0 135 ,3 2 1b1 6i 7 6 1 0 ,1 6 e ,94 6,2 9 3,9 0 2,37 1,77 1,4 3 1 , 1 1 
450000 153 ,4 3' 0 7 7,27 1U,J7 9 147 6,47 3,5 0 ~ .3 < !,92 1,37 l. z· 
500000 171, 6 3.17 7, 8 6 :1. 1147 :1.0 , 28 5, 8 6 3, 26 2,3 3 1,79 1, 40 1.14 
5~0000 ~' 9 0 1 0 3 . 4 ~s tl ,54 1~.09 1 0 ,72 5 ,6 9 3. 25 2 ,..$ 7 1,7 8 1,4 3 1 ) l s 
6UOOOO 2 08 ,4 3 t tl4 e , e:s 12,83 11,34 5 , 8 7 3,31 2 ,2 4 l, dO 1,4 0 1 , 2 3 
6~0000 227, 0 4 ,07 "i, e 7 1J,l4 11,11 5,31 3,3 2 2,3 ~ :.. t:!~ 1, 3 7 1' 1 4 

70000 0 ?. 45 .5 4 t 0 <) 1 0 , 6':> 1.SI67 1.1, 21 5, 0 2 3,38 2 ,24 1, 8 ?. 1 , 45 l.1 7 
75 0000 26 4,1 4, 3fl 111 ~ 1 14,:> 3 11, 8 0 5 ,1 2 ?., 9£1 2 ,2 4 1,? 2 11 41 1 ' 1 5 
aoouo o 2 82 , 6 41 /6 1 2 ,1 3 1 4, 7 4 111 57 ~ .3 0 3,2 5 2 ,3 ?. 1, 69 1 , 34 1 • 1 6 
850000 3 01, 3 5, 1?. 12, 5 .3 1 ~ 117 11, 30 5 , 2 4 3, 26 2, 20 1, 8 0 1 , 42 l. ,l ; 
90000 0 3 2 0 ,0 51 22 1 J 1 tl 1 l, ~I:S ?. 11 ,31 5 , 2 7 3, 0 4 2 ,2 o 1 , 6 0 1 , 41 l,l :J 

9,000 0 33A,7 ' ' b '3 14, 36 lt>, !5 4 11, 2o ~ . 2 1 3 ,1 8 1:! ,17 1,7 5 1, 3 6 l! j_ 3 

100000 0 357,3 e, o Q 15, 47 1~,4 2 11, 33 4 , 9 6 2, 9?. 2 ,2 ?. 1,6 4 1, 34 1 ' l 0 
10,0000 376,1 t,07 1(),0 6 1~.:> 2 11, ,; 1 4 , 97 3, 04 ~. 24 :!., 71. l. • :s li 1 , 12 
1100000 395 , 1 6, 4 3 17 ,0R 16,21 11, 55 5 ,0 3 3, 1 8 2, on 1,75 1, 39 l ' l 0 
11 ~0000 414,0 6 6 4 1 8 ,2~ 16 16 6 11, 3R 'l. 9 9 3. 0 4 2 ,1 0 l ,67 1, 40 1 , l !> 

I 

!200000 433, 0 71 04 1<1,14 11,15 :l1,4 3 1 , 85 3. 0 0 2 ,1 ? 1,69 1, 31 l • u:; 
!2,0000 45?. , 0 7. 4 1 19, r. 9 1 "1,3 7 11 ,1 5 4,9 3 3, 07 2 ,1 11 1, 65 1, 3 0 1. 1 ~ 

1300000 4 71. 0 '7 , 94 21. 4:5 17,b2 11,13 4,7 0 2, 9 ~ 2 , 01 1 ,7 5 1 ,3 3 1 , 1 2 
13,000 0 49 0 ,1 ~.Jn 21, 39 1i', 56 1. 0,91 4,6 9 2 , 86 ~.17 1,7 6 1, 0? 1, 0 '3 
! 400 000 5 09.1 lj e il ;~ 2l' 4 ,, 1 7 ,4 0 1 0 , 24 4, 50 2, 8 5 2, 0 '1 1,66 1, 3 fl 1 . J. 0 
:,4,0000 5 2 A,2 'J ,l '; 22 , 0 4 1 d ,1 0 1 0 t 01 1,57 2 ~ 9 8 2 ,1 5 1 , 6 7 l., 34 1 , 13 
:, 50 0000 5 47,3 e 1 7 o 2 3 ,1 3 1 ti , 0 3 9 , 6 1 4,5 3 3 , 02 2 , 1~ 1, 59 1 , 34 1 ' 1 2 
:.5~0000 566 .4 9 ,l ~ ?. 3 , 8 ~ i 7 , <J 7 9 , 58 4 ,64 2 ,97 2 , 23 1 ,64 1 , 2 9 1, 1 7 
! 600000 ' 585 , 5 9 I 4 :~ 24 , 4 7 1 /,<; (3 9.1 6 4, 8 2 2, 85 2 ' l fl 1 , 7 6 1 , 29 l , l O 
:.6 ,000 0 6 0 4 ,7 9 , 6S 2 ;5 , 02 1 t~ I 4 4 8 176 4, 59 2, 8 0 2 ,3 11 1,6o 1, 28 1 , 0 9 

:, 700000 623 ,il 1 0 , 2 H 2 IS,1 6 l. ~ 0 4 9 8 , 5 9 4, 8 4 2, 8 7 2t 2 0 1,6 0 l, 3 0 l . u ~ 
:.aooooo 6 6 2 . 2 1 0 1 ~7 24 1 4H 1 d ,81 9 , 0 4 4. 7 ~~ 2 ,71 2 , J O 1,61 1 , 30 1 , 0 3 
! 900000 700 , B 11.1 1 2 4. 9.4 1"f ; 72 a , 77 4, 84 2 , 92 ?. ,O R l , 6 8 1 , 3 2 l ,U ') 
2 0000 0 73 9 , 5 11;~ ?. 25 , 66 2 0 .03 8 174 4 , 82 2 . 9 9 2 .l. 7 1, 66 1, 3 0 1 , 1 1 

~100 0 0. 0 77 8 ,4 111 !;;4 2 6 . 7~~ 21 ,16 9 140 4, 2 6 2. 7 2 2 ,1 ? 1 ,65 1,26 l. , l14 
;: 2000 0 0 R17, 3 1 2 ,7 4 28 ,4 4 ~ 1, 2 8 8 , 07 4,4 8 2, 65 2 ,0 4 1, 66 1 , 2 7 1 t 0 9 
230 0000 A56,1 1 -, •I 4 29 , 89 2 ~,;so b , l 7 4,36 2 , 8 4 2 , 03 1 , S6 .t, 32 1, 1)3 . "' I 
~ 4 0 0000 8 9 ~ . 2 i.3, Y6 31, 2 H 2 l,Y 3 6 ,1 8 4, 37 2 , 5 6 2 , 0 R l ~ 4 il l , .3 0 1 ' 0 1 
~50 000 0 93 4 , 5 1? ,0 4 3 2 , 3 ? 2 :!. ,! 7 8 , 6 6 4t o:. 2 , 7 ~ 119 7 1, :> 3 1.23 1 , 1J7 

2 ~ 0 0000 973, 8 1 C • :> Si :s 2 , an 2 ~. 6 5 7, 9 1 4,24 2 , 7?.. 1, 9n 1, !j 1 1 130 1 ' c 6 
c7 0000 l.Ol:.S, 3 1 714 6 34 , 5 2 2 .$ , 50 716 4 4,1 7 2, 90 2 , 04 1 • :i ') 1 , 2 4 1 , 0 7 

CCJ Nf, 
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TA BLE A ,3 , CON T1D 

ST RUCTURE F'U ~J :T i nrr , s <)4-) 
EXCHA f'\ G~S T I I'IE s ( 1) S<2 > ~ ( J ) s ( 4 ) 8 ( 5 ) 5 ( 6 ) s ( 7) S< ~ ) SC 9) s ( 10) 

28 00 00 0 1 052 , 7 1a,o·1 35 , 4!:> 2 2 ,4 6 7 ,6'?.. 3 , 71 2 , 73 i! , OA 1 , 6"> 1 , 27 1 , 05 
2900000 1 09 2 ,1 lt:,~ O 36 , 06 2~ . 0 6 7 ,7 2 4,1 5 2 , 59 2,01> 1 , 66 1 , 22 l • 0 4 

300 0 000 1131.9 1 t , ljll 39 , 22 2~ , 00 7 , !3A 4 , 27 2 , 95 1,9 4 1 , :;o 1 , 22 1, ()0 
31 ~ 0 0 00 1191 , 5 1 y., 0 39 , 91 2~ . 2 2 7 , 21 4,23 2 , 79 2 , 07 1,54 1 , 23 1. 0 2 
3300 0 00 1 251,2 21 , 67 41,35 21107 7. 42 4,17 2 , 6s; 2,07 115 5 1, 2 8 1 , 03 

3450 000 131 0 , 9 ?.Z , J fl 41 , 95 21 102 7 1 lf3 4, 00 2 , 7 8 1191 1 , 53 1, 22 1 , 0 4 
3600000 1 37 0 ,5 2~ . 7 1 4J , 2~ 2U , 72 7 11fl 4 , 1 3 2,86 1,96 1 , 49 1 , 23 1. 0 4 

37 ~ 0000 1 43 0 ,4 2!::,~1 45 , 9!:> ?.U,51 7, 65 4, 03 2,61 1 , 89 1 , 59 1,1 8 1, 0 2 
3900000 1~9 0 15 2e , o1 48 , 30 20 17 3 6 , 99 3, 84 2 , ~5 1 , 99 1,5 0 1 ,2 0 , 117 
4050000 155 0 , 8 2 9,4 ~ 49 , 9 1 19,60 7 , :;8 4, 07 2,4 8 2 . 0:1 1, ~3 1 11 8 1 , 0 5 
420 0000 1 6 11 , 3 3 U,0 5 51 . 25 1<; 1::> 2 7, 50 4 , 04 2 , 67 1, 8'1 1 , 44 1 , 21 l • 0 5 
4400000 1 6 9 2 , 2 29,61 ?JI2 ~ 1'Y ,d4 7 • 0 1 4 , 44 2 , 49 l 18A 1 , 49 1 , 25 . '1~ 

4600000 177 3 , 0 31,.5 ') ?4 ,77 1 '1 , 17 7 , 16 3 , 5 0 2 , 44 l. 92 1 , 48 1,19 1 1 0 4 

48 00000 1 85 3 , 6 3~,04 5 7 , 0!:> 1 U,l7 6 197 4 , 01 2 , 5 1 l , 9 R 1 , 47 1,2 0 , <;~ 

5000000 1 934 , 8 32 , Y7 58 ,74 1 I , b4 7 , 28 3,9 0 2 ,7 2 1 , 9 fl 1 , 44 1,1 6 l • 0 0 
S2UOOO O 2016,2 :S~,Y4 611 6 7 1 6 ,9 9 71 64 3 , 5 R 2,54 1 . 9~ 1. 45 1 , 1 6 l, UO 
5400000 20 97, 6 04 , 79 64 ,00 1o , S6 7,61 :L 73 2 , 3 8 1 , 94 1 , 53 1 , 24 , 119 

5600000 21 79 14 3t> , 41 6 41 23 1? , 21 7, 21 4 , 09 2,2 8 1 , BA :L,51 l.,t 3 1, 00 
5800000 2261 , 1 3 7 1 Y ~ 62130 1o l 39 6 , 79 J , 34 2 , 55 1,77 1,56 1 , 1 8 1. 0 2 

~0 00000 2343,2 :~ e, o :; 62 . 49 lb , 09 7, 20 3.61 2 , 42 1,75 :l.t41 1,21 • 9 7 
62 00 000 242510 ~e . .2n 62 , 1 U 1 6 , 1 3 6 165 3,66 2,53 ll93 1 , 41 1 , 1 0 1 , 0 2 
... ~ooooo 2507.2 41 . ~ [) A2 , 98 l b , l"35 6,46 :.s. 6? 2, 59 1,H 6 1,41 l. l 2 0 1 • 0 [1 

~6 0 0 000 ?. 589 , 2 4~ 1 ~ H 63 160 1/ 122 6 , 71. 3 .4 ~ 2,59 1,9 4 1 , 39 1 , 4 4 • c; 7 
58 00000 2671, 0 4 4 • 7 11 62 107 16 , Y1 6 172 :s . 8 7 2141. l,7o 1 , 41 1, 23 , 95 
.. 000000 27 52 , 9 4? I 2 11 n2 , 1 0 1t> 187 6 ,7 6 3,8~ 2 ,79 l , <J?. 1 , 44 1. 1~ t "} 7 
.. 20 0000 ~ 8 3 5 1 0 4¢,4 0 61 ,9;s 1!> , 6 9 6 , 93 4.29 2 , 29 1 18, 1 ,4 G 1 , 22 • '1 4 

"'4UOC OO 29 17 , 3 46 , o 0 60 , 611 10.04 6,2 9 3 , 9 9 2,6 6 l ,d 6 1,5 0 1 , 17 , 9:} 

~ 60 0000 2999 , 8 l\c,o1 64 , 3J 1!:i,70 6 , 50 3,67 2.38 1 , 67 l , 41 1, 18 I t; g 

.. 80 0000 308 2 ,4 47 . ;o . 6:, , 2(} 1o l 04 6 , 1 3 3 , 45 2 , 65 1,74 1 , 40 1 , 14 , <J5 

: oo oooo 316 5 14 5 0 , l7 b6 , 57 14127 6,64 3 , 53 2,4 5 1 • 7 6 1,49 1,1 9 • 9. 

:20 00 00 324 8 , 5 s o . ~ n 69 1btl 1~ 1 4 3 6 , 66 3.71 2 , 53 1. 7 ? 1,4 3 1 , 14 , '1 3 

~400000 3331 ,7 54 , 0H 67. 21 14,22 6 , 39 3 .34 2,3 9 l , 7n 1,33 1 , 14 • 't 7 
!60 0000 ,S414, 7 ?c , -, ~. 69 ,1 2 1417 6 6,? 5 3 ,4 ~ 2 , 31 1 , 67 1 , 43 1, 09 , <;3 

~a ooooo 349 7 , 6 5 t. • 11 :~ 7 Q, 34 1 ::> 137 6 145 3 , 6, 2,32 1 , 76 1 , 43 .1. , 15 • 9 4 - 00000 3580 , 5 5 ~ . ·;7 lO , H:S 1? 1J1 fll17 3 , 43 2 , 42 1,7 n 1,41 11 20 , Y4 ., 
;200000 J66 ~~ . 6 5 7 , 44 7l , 74 10 11 8 6, 2? 3,72 2,44 l, o3 1 , 35 1,16 ' c.; 7 
;~ooooo ;,$746, 1 61 , ?9 7.t , 3 4 14 , ti5 6 , 3 8 3 , 55 2 , 36 l,9 n 1 , 33 l ' l7 t g 3 

;600000 . ~~8 29 . 1 6 4 , 7 ?. 7 ?.. ,3B 1!.> ,9 5 6 , 36 3 , 47 2 , 31 1,711 1 ,43 1 , 15 ,9:} 
;ao ouoo 391212 t'l, , O<l 72 , C2 l'l , 96 6 , 65 3 ,47 2 , 45 l,7 o l, 4 0 1 , 15 , <14 
~ 00000 0995 , 1 68 11 '1 70 , 67 1 4, ~~ 5 6, 38 3 , 7l 2,4 5 1,75 1,40 1, 11 • 9 4 

:20 0000 4 07 8 ,3 72 , 2K 7 0 1 7 0 1!:> 142 6,57 3,48 2, 3 8 1 , 79 1,41 l,1 1 • C12 

:4U OUOO 4161 , 6 7".!J,l1 1 70,~l 1 '11! 9 ?,9 5 3,5? 2 , 29 J. 1 d 1 1,42 l. ,1 2 • t; y . 00000 42 44 , A 7 6 . 0 0 71,9 0 14 148 5 , 9 0 3 , 74 2,3 8 1,66 1 , JQ 1, 1? , 113 . 
~8 00000 432 B. o 77, 2 ~ 69 ,47 t ::> l 14 5 , 97 1,53 2 , 35 1 , an 1,34 1 , 1 ? , <:> 4 
"00000 44 11 , 7 Hl , 3H 72 1 ~j !:> 1~1 05 6,64 3 , 57 2 , 3 1 1 17 1 , :57 1' 17 • y 1 
200000 1~ 4 95 1 8 A~ 1 l4 7 0 , 1 0 1J,:.S 8 6 , 24 0 , 68 2 , 52 1, 76 :L, 41 1 , 11 • 95 

JOOOOO 4570,R 8 ~, 2 H 71 17Y 14 , 4 5 6 113 3 ,6 8 2, 2R 1 '6 :~ 1,'+n 1 , 11 . ~~ a 
00000 4n64 ,1 84 . 7 il 73 .13 14 129 5 , 58 3 , 17 2.3 0 ;1.. , 74 1 , 4 n t . 1 0 • y 7 

500 000 47 48 ~4 Ac , O? 72,73 ~.;s i <J6 5 , 8 7 3,54 2,30 1 , 70 1 , 42 1,1 0 I 9? 
~oo ooo 48 32 17 8 <; 4 ll 70 , 9 / 14 1:.S U , 17S ;) , 33 2, 10 1,77 1,;s9 1 , 1 1 '9 • 
20 0000 4916 , 8 B '1 , J ~ t-9 177 1.511}8 6 , 5 9 3 , 52 2 , 15 l l 66 11 ;) (, l. l l 3 ' -} 1 
.: l) OOOQ ~0 0 0 , 9 91,JH 69 ,11.; 1J , , 2 6, 38 3 , 5 t'l 2.2 4 1 ,67 1,3?. .l, C7 • 9:; 

00000 5085,4 92 2fl !>7 ,4 2 1 .5 , 83 5 185 3 , 24 2 , 30 1 17-l l.,:.S7 1 , 1 0 • \} 3 
I 

CG'H , 
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T M1L F: A,3, CQN T
1

D 

STHU CTU RE F'U ~! :T I Ml, s '?-) 
EXCHANGES T I t~E s ( 1) s ( 2 ) ~(3) s ( 4 ) S.( 5 > s ( 6) $ ( 7) s un $(9) s ( 1 u ) 
!.2800000 5169,9 q4j. ·;1 67 ,79 1J,26 5 ,7 3 3 , 1 8 2,3 8 1,7!, 1 , 20 1 ,1 5 • 9 0 
:.3000000 5254 , 2 9,,1 , 65 , 03 l.4,01 5,55 3,35 2,19 1. 6 3 ~. 33 1,1..5 , Y2 
!.3200000 5 338 ,4 97 , 73 A3,73 1~ . 46 5 ,76 3,25 2,44 1,5 ? 1,..3 5 1, 14 , 9-> 
:3400000 ~422 , 5 97 

1 
Jrj 6~, 0 2 1l ,Y 7 5,35 3 ,4 7 2,4 2 1 • b $' 1 ,4 6 1, 0~ ~ 92 

:3600000 55 06 ,7 10~ .~ ~ 64 , 66 j:?.. 5 7 5 , 5 3 3.51 2.26 1,69 ::..41 l.1 0 1, 0 1 
!3800000 ~59 1, 1 l.O t , o U 63,43 1J , 57 6,01 3.37 2 . 46 1,7A !,41 1' 0 7 • C3, 
!.( 000000 56 75.7 Oti, 911 6:5 , 42 1.S,e!8 ,,96 3.26 2 , 37 1,71 ~ . 33 1, 09 'y ) 
:..az uooo o 5 76 0 , 5 1l . ~:; 6 ~ , 34 1,S,69 5 , 81 3 , 24 2,23 1 , 60 1,J4 1 , 0 7 • 9 1 

:,4 00000 , 845 , 2 11l, J7 6 4,1:1. 14 , t;9 ,,50 :.L52 2.2 2 1,60 1 , 3n i,ll 6" . ., 
:c60 000G 5930,1 t 4. 4·tl 64,7 R 14,71 6 , 01 J ,3 9 2,27 1,6 ~ 1,:.5 8 1,1 2 • ~~ 0 

:,48 0000(.) 6015, 3 ).1~ . y·, 65, 8 0 1? , 22 5 ,44 3,46 2,?.1 1,6 -1 1,31 1.0 6 ' I} 1 
:;oooooo 6100 . 7 :117,31 6~ .3 9 1!:> , 37 4,97 3 , 28 2 , 08 1,66 1,41 1, 07 t 9 
:52 00000 61 86 , 6 l H~ ,o ':J 6!..i , 24 14,84 5,27 3,25 2 , 19 1,6A 1 , 3 9 1,11 , 93 

:_ ~400000 6~7?, 0 l l.J , Y7 63,14 1? ,2 8 5 ,46 3.17 2,0'5 1,7 '?. 1, 30 1, 01 • 'I . 
: s6ooooo 6357,7 116,4 2 64, 5 9 1;c ,U4 5, 8 1 3.5 2 2.07 1,6 2 1, 26 1 , 11 , 9 0 
.5800000 644 3 ,? 11, , 'i (I t-1,1? 11 ,65 5 , cHJ 3,2? 2,24 1,66 1,3A 1, 1 0 ' r:; 7 
:~o ooooo 6 5 28,3 1 20 , 116 6 1, Qtl 12,20 5,98 3 , 24 2,23 1,75 1 ,3 3 1,14 , 95 

TAHLE A, IO 

30X30 X30 L.ATT! CF. 
51J, QO P E 1~ Ct: J T ()V A t10l.ECU L,E S ( ft = o. o ) 
T Et1 P~ R AT U Ht:: = .7 ~0 TJ n F ~ THE C il l T 1 C T t: t1 ~ ERA T U R E 
AVe RAGE OF" e 1-i lJ NS l·ll TH 1 f•l F 0 F 1'1 A T 1 0 N AT 1~ PO f N T~ 

TI ME ENF. I' '1Y T I i1E ENEHG Y T I M: ENE= RGY TtME t ~ E RG y 

fi • 0 0 1, 500 ,37 1.~ 92 , 56 1,363 ,83 1,330 
1,11 t, 306 1,3lJ 1,2 R7 1. 57 1,273 t,94 1 , 26 0 
2 , 3 2 1,, 2 4 5 2 , 69 1,232 3.06 1, 222 3 ,43 1, 213 
3,no 1, 2 0 .~ 4, 2 ~ l 1 l (.)!) 4,72 1.,t 88 1'5 .1<1 1 . 1 8 2 
5,65 1,17 3 6 , 11 1, 1 6A 6,57 1,161 7. 0 4 1,1 ~6 
7. 5 iJ 1.1~ 2 7,9o 1,14 e 8,51 1,141. 9.26 1.,13 4 

12.17 1.112 1?, 8 !.) 1, 092 19,5 ~ 1 , 073 (:! .3 ' ~~ 1, 06 2 
27,2 0 1 t 0; 0 31,1? 1, 040 35 ,1'> 1 , 03 0 ~5 ,61 , 9 96 
76,7 8 ,973 9H , HU ,1147 121,12 , 937 141,75 , 920 

1 66,67 ,9 07 19 0 cOU , r;n o 213,5 0 1 A8 7 ?..57,3 :5 , 87d 
261,34 , ll7:? 285 , ? 'l , e69 309.3 .3 tl\61 ~34,?1 , 85 9 
35 '3,ao , 11 4'5 ~ ~ .~. 7l , E4!.> 40B . 52 , 8 33 -1.53,7'2. , 830 
4513,94 , A2S 4 d 4 , 3 ~ , e2 4 509,7 8 , R20 5J5 ,40 , 817 
!>61,04 , nu 9 ~Ho , 7 ~i • f 0 7 612. 5" • go 4 fi3R 1 52 , 7 98 
664 , 5 2 ,7<;7 690 , 67 ,7 9{: 716 , 52 , 792 74?. , 79 ,7 5 7 
769,01 , 78 9 79'5,43 , 7H?. n 21,7 8 ,77 9 R4 8 , 2 4 •. , 8 1 
871 ,7 8 ,77 6 901,?."7 ,771 927 . ~9 ,76 8 9:;4,90 .76'2 
9131 ,7 0 ,76 4 l OQF3 1 H3 ,761 1035,79 , 765 1 06?.,70 ,7 64 

1089 ,4 6 ,7 6 0 111 6 , 6 2 ,7 '56 1143,5 0 ,7 55 11. l n ,n9 , 7 50 
1197,97 ,74 1\ 1 225 , '11 ,7 44 1252,j3 , 746 1 ?.8 11,46 , 74 2 
L~ oS ,1 6 , 7 -qo 133:,,715 ,7 41 j_3 63 , 4~ .. ,7 3 7 1190 ,91 ' 7 41) 

1 413 1 51 ,7J3 14~ 6 ,40 ,7 ?.8 14 74 8 20 .7 2Q 1~ 0?. ,10 , 7 31 
1'30, 02 ' 72? 1 ?5B ,l l ,7 '2 6 1 5P. 6,17 ,721 1614,3 '1 , 719 

1642, 66 , 719 



TA Rl.EA,Y 

30 X30X30 LATTICI: 
50 1 00 PE RCEN T OF ft MO LECULE S 
•EHPEHAT URF. = l, Oc 8 TJ M[.:S TifF. CHIT I C TF.MP ERATJ RE 
!yEHA\iE Of a RUNS wlT rl I N F Df~I'1 A T 181\ /IT 62 PO I '.JTS 
: QHPUTEH T P1E = 2 2 ~.3 M l i'I U TE ~ 

ST HlJCTURE F"U tJ:Tin N, s <)A, 
:xCHANGES TI ME 5(1) S<2> ~ ( 3 ) 5(4) S<5> s ( 6) ~ ( 7' ~un ~ ( 9 ) s ( 1 0 ) 

0 0 ' 0 l:l4 , 97 ,87 19 6 1. 05 , 96 1,0 1 1, 0 7 , 9 8 1. G 1 
I 

2500 , 4 , {$4 1,00 . ~a 1, 05 1,23 1,1 0 l,2 n 1,27 1,17 l ' 1 ~ 
5000 ' q ' <; n 1,0 5 ,9 0 1,1 3 1. 36 1,2 (1 1,3? 1,44 1,33 1,.51 
7500 1, 4 1<1 ). l, OH 1,05 1,2 0 1. 49 1,4 0 1. 4 B l,~ A 1,44 l,.S B 

10000 2. 0 ,<; 3 1,1?. 1,12 11 27 :1.,57 1. 52 1 , 5Q 1 , 66 1, ,2 l • 4 7 
12~00 2,6 , "i ~ 1, l2 1 , 15 :1..32 1,73 1, 66 1,71 1,75 1,50 l . ? J 

1500 0 3,2 , '13 1 .12 1, 20 114 3 i. 84 1. 76 1,84 J •• 8 0 1, 64 1 • (, 7 
17500 3 , 8 1<;2 1,1 2 1. 26 1 • :; 0 1,98 1. 79 1195 1, 86 1, 67 l . ~ J 

20000 4 I 4 1'1 6 1,15 1,29 1 , 54 2 , 06 1, 89 2,01 1,9~ 1, 6 / 1 , ? 4 
~2~00 5,0 ,'i7 1,1 6 l, Jo :1,61 ?. • j_ 6 1. 94 t l 06 1,96 1, 67 

1 , '" 
25000 5,6 , Y4 l,).? 1,30 1,61) 2 ,26 1,9A 2,1 f> 2,0 0 1, 68 1. ' 0 
27500 6,2 9 ., 

1.2~ l,J 6 1,75 ?., 37 2, 0 4 2,1A 2, 07 1, 69 1 . 4 5 . ' 

30000 6,9 ,9 5 1,2H l,J 7 1.81 ?. ,44 2,11 2 ,1 9 ~ .04 1, 6 8 1 . 4 g 

32700 7,~ , 96 1, 34 1,44 1, 85 2,5! 2,1 5 ~,21 2 , 0 4 1, 7 ~ 1 , 47 

35000 8 ,1 9 4 1,36 1,4 8 1, 9fl 2 ,5 8 2, 27 2 ,1 0 1,99 1,79 1 , 45 
I 

J7,00 8,8 • 9 t., 1.4~ 1,57 2 ,1 0 2 ,66 2,32 2, 27 2' 0 0 1, 79 1 ' 4 '> 
40000 9,4 ,91 1 , 5 0 1,57 2 , 15 2,77 2 . 29 2 ,3 A 2,09 1,74 1 1 4 7 
42500 1 0,1 , 9~ 1, 5 9 1,62 2 , 20 2 , 83 2 , 28 2 ,4 0 2,11 1,78 1 ' 4 7 
45000 10,7 y ") 1, 62 1,62 2 ,27 2,A 5 2 , 45 2 1 4 ~~ 2,07 1, 80 1 '4 1 I . 

47500 11,4 ,9'5 1. 6 J l,o 6 2.3S 2 , 9 7 2 , 52 2 ,4 t) 2, 0 B 1 , 7 8 1 ' 4 2 
50000 13, 0 )l H 1, 71 :i.,e1 2 , 52 3 ,11 2 ,6 ?. 2 , 4'1 2 ,1 0 1,72 1 ' 4 5 • 
60000 14,7 1. 01 1,75 l. 97 2 , 60 3 ,2 5 2 ,7 2 2, 45 2,0Q 1 , 76 1. .s ;; 
70000 17, 3 11 06 1,78 2 .24 2, 8 6 3,3 5 2.77 2,5 0 2, 09 1,7 5 1. 3~ 

80000 2 0' (I 1 ,1 ~ 1,94 2 ,4 7 3 10 7 3,38 2,8 8 2,4() 1,99 1,72 1 , .5 0 

'10000 22 ,7 l, 1 ~~ 12 ' 0 0 2 , !:>7 :3,34 3,6 ?. 2,96 ~ .~ 6 1,96 1, 6 7 1 , 4 3 

10 0000 25,3 , 97 1,91 2,73 3,41 3 ,57 3,08 2 ,4 R 1,97 1, 68 1,:5 3 
:10000 28 ,1 1,~ 3 2 ,14 0,0 2 3,59 "!, , 77 3 , 1 7 ~164 1, 81 1 , 68 1 , 2 
:20000 3 018 l. ~~ 3 2,3U j,Q 9 3, 86 ;$. 75 3, 28 2,54 l, t35 1, 63 l , 3 \. 

:.:sooou 33, 5 l,2 CI ;:: • ~~ 7 J, 26 3 , 93 3 ,7 0 3,33 2 ,5 0 l, 9Q 1, 67 1 , 2:t 
!40000 36, 3 1, 26 2 , 3H 0 , 45 4, 0A 3 , 8 / 3 ,45 2,~ 1 l,t37 1, 5 7 1 , :52 
:, oo oo 38 , 8 1. 2 (• 2 , ~7 4 1 Q 6 3,94 3, 83 3 , 1R 2 ,4 7 1,98 1, 49 : ,.5~ 

!.60 000 41, 8 1, ;57 z , :;Q ~~ ' 71 4,31 3, 80 3.2 2 2 ,4 0 1,79 1, 5 0 1 , 2 5 
: .1 0000 4 4 ' 5 . l, 4 1 ~ .7 2 .5,74 4 , 62 3 ,9 2 3 ,1 9 2 ,3 13 1,99 1,5 0 1 , 3 S 
:bOOOO 47,3 l, 4s:; '2. , 77 .S , 82 4,65 ~.94 3. 2 ~s 2 ,4 "\ 1,YO 1 , 4? l ' 

. 1 

!.9 0000 so.o 1 1 <j 4 2 , 8 M J ,Y 9 4,73 3 , 96 3.15 2 ,4 1 1, 9 1 l.4 5 1' :Sl 
2UOOOU 52, 6 11 2H 2 , 8 0 4,9 4 4, 65 4,12 3, ?.2 2 ,3 1 l, M7 1, ;, 4 l t ..s 7 
2 ::> 00 00 66,4 l,J 7 3,1ti ~. 24 4,7 8 4,0 8 3,1 2 2 .3 ~ 1,87 1 " .1 1. 2 7 • ,., 1 

:t OOO OO 80,3 l,2 K 3,39 o ,0 9 5 ,03 4,33 3,1 0 2 ,2 0 l, BQ 1.49 1 t .5 ~ 

:!500 00 9 4 ,3 1,49 3 . 0 0 o ,64 5,2 2 4,29 3,1 2 2,21 2 ,0 3 l, 49 1. ( :; . .., . 
4!) 00 00 108,3 li:> P 4, 28 ~e8 3 5. "~ 4 4,16 2,9 0 2 ,3 ?. l., 83 1, )1 1 , 2 2 
' ' 000 0 122.4 l, oti 4 , 60 /,l A !' 84 6 4 .10 2, 80 ~ 1 2 A 1, 88 1, 52 1 , 3 J 
5 JOOOO 136,5 1 • i' 0 4 ,77 ~, . 3 9 ::,,76 3 , 97 2,94 ~ .2 A 1,<1 0 1, 54 1, 25 
~~ 0 000 150,6 1, bO !:l,26 7,46 5192 3, 88 3,1 9 2 ,3 9 ll d2 l. 48 1 , 22 
~.00 00 164 . 8 2,04 :;,?3 7 ,3 6 6,2r. 3 , 99 2,7 5 G1 2'7 1, 82 l . 4 3 1 , 20 

e ::> OOO O 179,0 2111 ~ .7"1 1,62 e,3o 3198 2 , 8 4 2, 1 ~ 1, 88 1, 5 6 ' • 2 3 

CO r\ 
' 
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TA q LF. A ,4, CON TI D 

E(C~ ANGf;S 

700000 
7!;)QO OO 
6U OOOU 
8!:>QQil O 
9 0000 0 
9!:i0000 

:. oo oooo 
:. o,oooo 
.!.1UOOOC 
!1,0000 
:,200000 
:. 2,0000 
!300000 
:. 3 ~0000 
!400000 
:~ :>ouoo 
!50 0000 

T I 11 t: 
1 93,2 
207.~ 
~21 , 6 
23 5 , f3 
25u, o 
2 6 4 ,2 
278 , 5 
292 , 8 
307,0 
321,3 
33 5 , 4 
3 4 9 ,7 
364,0 
378,2 
392 , 5 
~06 , 9 

421,1 

s ( l) 
2,2 4 

2 . 3 ), 

2. 6 ;1, 
2 . ·; d 

2,o4 
"- ,117 
;$ ' u .; 
2 , 110 
2,Y 9 
3,21 
:5,64 
3 I 8 ; ~ 
3 • t.l '} 
J,Yn 
4,1 R 
4,2 /J 
4,49 

s ( 2 ) 
6. 06 
0,3 3 
6,44 
7, 00 
7,4 7 
7, 87 
8 ,22 
lj,41.) 

8 , 48 
8,51 
Q, d3 
9,44 
1.),7c. 
9, 60 

10,22 
9,94 
9,32 

SlfWC TU RE F" UN :: T I ON , S<):> 
S(J) 5(4) $ ( 5 ) 5 ( 6 ) S(7 1 
7,Y4 6,2 8 4,2 6 2,7 2 2 ,24 
tl,l8 6, 22 ~.84 2, 87 2,1 5 
7,Y5 5,87 4,24 2,92 2,21 
7,8~ 5,84 4,1 5 2 , 9 0 ;. ,3 4 
8 ,0 9 5 , 85 4,32 2,71 2,0 9 
d,23 6,22 4 ,4 3 2 , 86 2,3~ 
u ,3 ~ 5 ,79 4 , 52 2,76 2,2 a 
8,J1 6,06 4 ,41 2,86 2 ,1 R 
U,2 9 5,74 4,05 2,8A 2,1~ 
H, 2 7 5,74 3, 97 3, 03 2 ,2~ 
H , ~s 5 ,61 4,1 B 2,95 2 ,2 0 
~.71 6 , 02 4,07 2,9 0 2,2 0 
Y,81 5,95 4,1 3 2 ,7 8 2, 17 
Y,9 3 6 ,0 3 3 . 98 2,96 2,1q 
1.),7 0 6,2 6 4 ,1 0 2, 74 2 , 21 
Y,9 8 ~ ,7 0 4 ,19 2,90 2,24 

10,27 5,72 3,9 4 2,72 2 ,23 

sun 
1, 86 
1, 85 
J. . 7 3 
l,l R 
:1.,89 
1, 8 1 
1, 8 :~ 

1,74 
1 ,6 ~ 
1,75 
1,91 
1,7 fl 
l,Bn 
1,71 
l,70 
1,7?. 
1, 77 

5(9 ) S C10) 
l , ·~8 1 , ~2 

1 , 51 1, 22 
1 , 47 1, %1 
1 , 43 1,i:!S 
1 , 54 1, 25 
1 , 52 l , :t.Y 
1 , 48 1,2 7 
1, 47 1. 29 
1, 46 1, 2 q 
1,4 3 1,~2 
1, 5 4 1. ;n 
1 , 52 1, ~1 
.:,44 1 . 1:~ 
1,4 8 ~ . ~ 2 
1 ,4 6 l , :S~ 
1 ,41 9 1.~~ 

1,49 1.,2 0 

TA t1 LF. A,5 

:1 .5 QX 30 LATT I Ct 
• , U 0 P 1: R C F: iH a F A M 0 L E C l J L E ~) 

wuEH AT URE : 1, ~ 0 1 T! M~S ThF CHI1IC T~ ~PE RATJRE 

_rH.liF. OF 8 RUNS r: IT H l' ! F Of~ ::AT l nl\ AT 2 8 ~0 1\JTS 
"' ..>UTER Tl i1E = J3l, 5 M i idJTE~ 

:1ANGt:S 
0 

250 0 0 
: ll OUOO 
2J QUU O 
3JOO OO 
(JOOOO 
5u o u C1 u 
;.JO UOU 
.., 000 0 
::00000 
'Y JC OOO 

:- oo uoo 
:: JG OOU 
!£J OOUU 
::J•J{lQO 
:.! JO OOO 
: :'J JUOU 
! ~ J 0 0 0 Ll 
: - J OOOil 
•- Ot:OO 

.::J ouo o 
- ouoo 
: ~ ouoo 

T I IJ.E 
\) • 0 
4 , 8 

?. 0 ,5 
41 '7 
.)2 ' h 
34 ,1 

1:15 , 4 
1(~ (, ,7 

14 11 ,1 
16 9 , 5 
19 0 , 9 
21/. , 2 
2 ·33. 6 
?::)IJ , O 
?. 76 , 3 
?9 7,7 
3 1 9 , 1 
34i) , 5 
361, 0 
333 . 2 
-1 0·~ . ~ 
42:.i,d 
t;47 , 2 
468 ,6 
48 9 ,CJ 
511, :5 
'?32 ,R 
55•1 , 2 

~(l ) 

, B 4 

• ~ .? 
l t ~)'.) 

1 ' j : ~ 
1 , 60 
1. c 1 
l ' c s 
:t , dn 
2 • ~) 1 
~ . ~rl 
~ • 0 ~~ 
2 , ;; n 
2 , ? .'3 
2 , ~4 

~ .l7 
2 < 1! 0 
t: , 6-1 
;;: ' '1 4 
2. J ;~ 
t; ,'Y l 
~.~2 
J , !:i 6 
:! • j). 

:~ • 7 1. 
.; ' 'i ., 

4 ' u 1 
4 . 1 .5 
'1 ' t; ,; 

s ( 2 ) 
, 9 7 

1, 25 
). ,77 
? , J Y 
2,65 
2 , d 2 
2 , 94 
3 , 22 
3 , 4~ 
3 , 31 
3, 5 1 
3,6 4 
3, 2. 9 
j , 9fl 
3,o D 
;) , (:,0 

3 . t> 1 
~ . ;.c. 
3,v.3 
:~ • l fJ 
~ . 94 
3 , 7b 
;~ ' ~ ~ 
3' ·q~ 

~- t ,..:; 

:s • 6 (, 
~ . n2 
3, H:' 

STR UC TlmE FlJ N:Ti nll , 

~ C3) SC4 ) S C5 > SC6 ) 
, 67 ,9 6 1 , C5 ,97 

l,l o 1,~9 1 , 7~ 1, n6 
1, 95 2 , ~9 2 , 43 2,31 
~e 41 2 , 47 2 ,4 6 2 , 06 
C. ,79 2,, 7 2 ,5 2 2 ,1 7 
~ . 91 2,f 8 2 , 53 2,1 6 
?. , 6 R 2 , 6n 2 .77 2 , 16 
~ .86 2 , 86 2 , 49 2,2? 
~ . 9~ z . ~o 2 ,7 2 2,0 A 
0, 07 2 ,75 2 , 39 2 ! 19 
J,Ul 2,9? 2 ,59 2 , 08 
~ . 63 ?.,67 2 ,4 5 2 ,1 3 
~ , b4 2 , 85 ?. , 56 2 , 27 
J ,! 9 2 , 77 2 ,4 6 2, 05 
3 , 06 2 , 00 2 , 43 2 , 00 
~. G? 2 ,97 2,36 2 ,4 5 
J ,11 2, 8 3 ~ , 4 8 2 , 0S 
J, 13 2 , 6G ~ ,3 S 2, 05 

,4 2 2,4 1 2 ,4 n 2 , 3G 
jlj7 2,5 7 2 . 61 2 .2 4 
~,jR 2, 72 2 . 39 ?., l7 
J,J 7 2,as 2 ,4 n 2,12 
J,bl ~ .95 2 . ~ 1 2 . 37 
J~4 ') 

J, U2 
:s. :s 1 
J t 1·3 
s,::.~ 

? , 83 
3' 0 0 
.3,38 
j t 0 1 
2 , ~ 0 

2 , 38 
2 , 5? 
2 ,61 
';'.,72 
2 , 41 

2.17 
2,1< 
2,1 fi 
2,10 
2 ,1 4 

s ()A ' 
s ( 7 } 
1' 01. 
1,86 
l,!jq 
1,37 
1 , 313 
l , 9 n 
l,79 
1,91 
1,7 S 
1, 8?. 
1 , 8() 
1, ~M 
1, 81 
1, 81. 
l, os 
1. 8 7 
l, I.J3 
l , U'J 
1. 9 1 
l , 7 h 
.l.,'i';l 
l ,IJ ~ 
l , SR 
1, 8') 
l, 'J?. 
1 , ~R 

l.,97 
1.,9~ 

s < <.n 
1 , 07 
1.'1 9 
1,69 
l , oH 
1 ,71 
1,63 
1,6<J 
l ,ln 
1, 55 
1,6 ?. 
l, 6 4 
1, 61 
l, /0 
1, 60 
1,71 
1 , 51) 
1 ' 6 f~ 
1,67 
1,6n 
1·. 6 7 
l, 6n 
1,63 
:l.,7 0 
1, 6~ 

l. ?8 
1,7 '? 
l. , !;:i7 
l. :> 7 

s ( 9 ) 
, 98 

l , ? ll 
1,49 
1 , 42 
1 , 43 
1 ,4 9 
1 , 41 
1, 50 
.!.,4 5 
1, 35 
l. t 4 7 
1 , 5 9 
1, 54 
1,5il 
1 , 4 6 
1 , 49 
1 , 4 3 
1 , 4 0 
1, 51 
1 , 39 
1 , 45 
1 , 49 
J. t 4 4 
1. ~ 4:> 
1, 1.4 
1 , 4 3 
1 , 4 3 
l • . 0 

s ( 1 u ) 
1. 0 1 
1. 41 
1 , .51 
1 , :5? 
J "j (; 
l , ~) 

1 , ~'1 

l , ~S3 
1 • ;s 5 
1. 3 4 
1.-P 

'· ' :5 .1 1. :st 
1 , 2i 
1 , ;o 
1 • ~~ 4 

l , ;s J 
1, .$1) 

1. ~5 
l . ~? 
1. ' 5 
1 , ;n 
1, 2 7 
1 , ~ " 
l, j ') 

1, ·.n 
1 '2 1 
t , ;; :> 
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TAilL E A,6 

:o x..s ox~~ o LATTICt 
'O , 0 0 P~RCEN T or /1. r-;nu:cuu:s 
·~HPEHATUR E = ,591 TI MES THE CHIT IC TEMPF:RATJRE 
lVEHAGE OF 8 RU NS WI TH ! N HJ tH1 A T 1 0 t-. AT 7 0 POl 'ITS 
:or·Wu TER TIME = 1c36,9 t' I N UTC~ 

SlRUCTliRE r u N : r 1 n :~ , s ()A) 

=xCHANGtS TIM E s ( 1) s ( 2 ) ~(3) s ( 4 ) $(5) Sl6) s ( 7 ) ~(!:i) SC9> s ( 10 > 

0 0 t 0 t 75 1, 06 ,82 1, 0 0 l . • 0 5 ,96 1,03 1,02 1, 03 1,0 0 

2700 t 7 ,7 "'i 1,1?. ,9 2 1,17 1. 26 1. 25 1,34 1,35 1, 3 0 1. 3 " 
5000 1 t 7 ,7 <J 1,17 , 9 13 1,33 1. 43 1, 5A l ,~ 7 1,65 1,~7 1 . 4 ~ 

7500 2,9 , e o 1 , ~3 1,11 1, 5 0 1 , 62 1,73 1 , 81 1,8~ 1,69 l ' ::> 5 
10000 4,1 , e~ 1,2Y 1,20 1,63 :1 • • 75 1. 95 2 . 0 4 l,Y9 1, 7o 1, 63 
12500 5 f 4 , !j5 1,34 1,j4 1,75 1. 9 8 2 , 19 2 ,21. 2,12 l. , 85 1 , 0 

15000 6,7 , 81; 1,41 1,39 1 ,97 2 ,22 2 . 45 2 , 4~ 2 , 22 1, 92 1., 6 0 
17,00 8,2 , t3q l, 43 1,~1 2 , 06 2,40 2 , 7 2 2,6n 2 , J4 1, 9 6 1. 6) 

20000 9 , 7 , b7 l,4~ l,!:)7 ?,21 2 ,58 2, 86 2,8 0 ~.36 1. 99 1 , ?~ 

22500 11, 2 . ~o 1, 50 1 • . , 0 2 , 36 2,73 3,00 2,9H 2,40 2,0 2 l ' ~ 5 
25000 12,7 1 Y3 1. 59 1,83 2. ~ 0 2,98 3,14 .5,11 2 , 46 2 , 03 1. :; ~ 
27500 14,2 ,Y4 1, 62 1 , 9 0 2 , 52 3,t4 3 , 4? 3,25 2,4Q 1, 98 1 . 01 

30000 15, 8 , 97 lr69 1,94 2 , 5 9 3,30 3 , 57 3,2Q ?.,48 2 , 02 l • . 5 
3 2~ 00 17,4 l. 0 4 1,73 2,05 2,78 3 , 52 3,64 ..S,J Q 2 , 47 1 , 92 1, ~ .i 

.S5000 19,1 1,0 6 1,7tl ~ .11 3,01 3 , 83 3,81 3 , 5n 2,49 l.. 85 1, 4 4 

37,00 20 , 8 l,U(J 1., 85 ~,16 3,13 4.01 3,81. J ,6 1 2,49 1,87 1,4 S 

40000 22t5 1,1 0 1, 88 2,27 3, 2~ 4,?.3 3 , 91 3 , 6? 2 , 47 1 , 8 3 l , :;, :l 
42500 24,2 l , ll! 1.92 2,40 3 , 37 4,3Q 4 , 16 3,7~ 2 ,47 1, 82 1 , 54 

45000 25 ~ 9 1,1~ 2 ' 0 u 2,55 3 ,47 4,59 4 , 30 J. 6 :~ 2,46 1 '7 8 1.? 0 
47500 27,6 1 , l2 2 , 05 ~ . 57 3,66 4,81 4,44 3 , 54 2,50 1 , 61 1, 4 

50000 29,3 1 ,1 1 2,09 2 , 65 3 , 8 4 5,01 4 , 4?. ..S,6 4 2 ,5 3 1,7 6 1 . 4) 

: ooooo 67,1 1 '3 11 3,19 4,o2 6,41 7,35 5 , 25 ..5,3-1 2 , 22 1,57 1 ' 2; 
:.,oooo 108,9 1, 7 8 4 , 61 7 0 00 9, 21 8 ,1 0 5,1 R ..s ' 0 () 2,10 1,46 1. 1 g 

20 0000 153 .4 2 , 0r> 6,40 9, ~3 12, 2 7 8,45 5,00 2,7 Q l , oA 1 , 41 l, L 
270000 2 00 ,? 2 , ~ Y d , 41 J. r. • 71 j 5 , 12 8,76 4, 83 2,57 1,78 1 , 32 1 • u 
300 000 249,7 ' . 8 0 9, 5 t{ 1~ , 79 16,90 8 ,75 4,64 2 , 4 8 1,83 1 , 2 3 I <}~ 

:.t?O OOO 30 0 , 3 2 • 9 r~ 11.1 0 1ii , 87 1e , 14 8 , 8 0 4, :.S6 2 , 37 1,~7 1 , 19 • 9 1 
" OOOilO 35?.,6 "t -( , 13 , 31:3 2~ ,47 1c;,es 9,33 4,2 2 2 ,2 " 1 , 6 :1. 1 , 14 , 'f 3 

...... itoi \ J 

''OllOO 405,9 3 ' d4 1~, 3U ?4 ,27 20 , 81 9 ,3 6 3,75 2 ,1 ') 1 , :>4 1,1 3 ,o ~ 
~ 0000 460,9 4,3 ~ 17, 49 ?_ 1, ~7 21, <;6 9 , 03 3,4 8 t:,1 ? 1 , 43 1, 01 • b 4 ... 
570000 5 16,6 !:1,14 ?.0 ,1 6 30 ,.5 4 22 , 4 :~ 8 , 54 3,67 2 , 07 1,3 8 1' 0 2 t t) '1 

! 'J OOOO 57 3 ,1 :; ,1 2 21,6.5 3t: , 99 22 ,74 a. o6 3, 68 1,9R 1 , 39 , 99 1 b2 

~:>0 000 63 0 , 9 ,,J9 2 4,0~ 3b ,1 3 23 , 17 7,41 3,43 1,8Q 1,38 l , 01 ' b ') 
. 20 000 689 ,4 tJ • 0 ~ ?6 , 66 ~U ,6 4 23 , 01 7 , 49 3,4? l,8 R 1 ' :s 0 , 97 , 7':J 
·;oooo 749 , ?. c,(:t\ 28, 8 1 41,? 8 ?.2 , 74 6 , 86 3 , 1 5 2. , 01 1 , 28 • 94 , 73 
~ ,.,0 000 01 0 , 1 t , 4q ~~0,96 4.5 , ..3 2 22,21 6,61 3' 0 0 l,6Q 1,21. , 9?. . 73 
:,oo oo 1371 ,6 c '12 33,?9 44 , 6 2 22 , 05 6 ,17 2 , 8 6 l. I tj 2 1,16 ' 9 1 • 7 

' ;_oo oo CJ33,6 7 , 72 3~ . 16 4o , uo 2 ,. '7 0 6 , 1 2 2 , 8 5 1, 6 n 1,17 • 91 ' 7 )_ 
:::;0 000 996,0 7i b2 37 ,17 4b , 73 20 , 92 5, 94 2.72 1,73 1,20 , 92 , 72 
·:o ooo 1 059 , 6 e. o 3 3 Y, 2 6 4ti ,27 20 , 76 5.81 2 , '.7 3 1 , 67 l,20 , 57 ~ 7 : 

112 4 , 3 7, lJG 41, 07 50 , 73 20 , 6 4 5 , 75 2 , 69 1 , 5 r~ 1,1 0 , 86 , 7 
11 89 ,0 e , ;c4 4;$, 36 5 j , l4 19 , 9R 5 , 84 2,44 1,? c; 1 , 21 ,8 9 I 7 
1?54 ,:3 '1,1 8 4 :S,9~ 5 J ,4 9 19,67 5,84 2,37 :1. ,6 .~ 1 ,11 , 88 , 7! 

.0 000 1 32 0 ,0 '1 , b7 47,22 5 4 , !:'6 19 , 22 5 , 33 2~ :>9 1. 5 3 1 , 11 t 9 1 I /3 
; J OOO 13136,1 l O,J ¥ 49, 8 6 5/ 144 19, 29 5,37 ~ . 45 1 ,6 3 1,13 , 89 1 7 3 

CO NTt 
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TA BLE A, 6, CnN T1D 

STRlJC:TURE F'U N:TION, s ()A) 

EXCHANGt;S T I r~E 5(1) s ( 2) ~(3) s ( 4 ) $(5) $(6) s ( 7) S c H > s ( 9 ) s (1 0) 

1300000 14 52 10 10,7H ~2.74 5/ ,7 8 18163 s ·~ 33 2142 1153 1,1?. 189 1 7 1 
1350000 151 8 .3 11 1 ~'- 54,39 59,32 18111 5,1 7 2.3~ 1,70 1,12 ' 8 4 • 71 
1400000 1585 ,9 11,21 56,09 5 9,U 5 17,72 51 04 2,25 1,59 1,12 184 , 66 
14~0000 1653 ,1 11,'/f> 57,49 59,31 171 28 5 ,10 2119 1,47 1,20 188 • 6 ~ 
1500000 1721,3 111 73 60 , ~ 1 6U,08 16, 69 5,01 2,25 1 .5 ~ 1,12 , 86 ,'11 
15~0000 1789,1 12,.$4 60,?.8 60100 16136 5101 2,40 1,5n 1,13 , 85 ,6 6 
1600000 11356 ,7 12 169 62 106 59,86 15 , 32 4,57 2131 1,4R 1113 185 I 0 4 
16!;)0000 l Q25 15 1~ , !;:7 04143 61,24 14,95 4,55 2.33 114 2 1116 181 1 6 4 

1700000 1994,~ 1~.?~ 6? , 0:> 62,~3 141~5 4166 2,26 1,4n 1, 0H ,81 ,6 5 
17~0000 2 063 , 0 1;,33 67112 62 ,6 2 14146 4,57 2,0 9 1,49 1, 06 '7 7 ,o2 
1800000 213 2 .2 l?,d? 68 1 8 H 6~,14 1-1166 4,45 2,19 1,4?. 1,0 8 181 ,6 3 

: 850000 22 02 ,0 1¢, t!!') .,1,97 6..S,02 14,16 4,14 2,01 1,4 ?. 1,00 I 8 4 t !> 1 
1900000 2272 , 8 17, 21 73,47 fl,,41 14,3 8 4,19 2,09 1,34 ,99 181 • 6 5 

19~0000 23 43 , 8 17,~3 7~.52 6 4120 14117 4,26 2,09 1,44 1100 181 1 0 4 
200000 0 2415 ,4 1 8 ,.$ 6 78 1o7 (J 4 t 96 14111 4,3 8 2,07 1,3R 9Q 179 I () 3 I 

2100000 2559 ,1 1'1 , 65 B1, 6U 6~,60 131 57 4,4 3 21 02 1,4 n l,U. 17 6 ,64 

2:? 00000 2704,0 20 , ';)7 H6 , 80 t,-;.102 1312~ 4,16 2,16 1,36 1,01 ,74 ,6 3 
2300000 2850 , 5 ?. 2 14:s 93,16 6 ~,63 12161 4117 119~ 1,35 1,04 17 8 1 !) 2 
24 00000 2998 ,3 24,~'5 97,70 6 01~1 12,32 3,84 1. 93 1,29 1,03 ,74 • !> 3 
25 00000 3145,7 25.~ 4 00,3~ 5!$ 1'16 11137 3,70 1,89 1,2?. ,99 ,7 6 ,5 7 
?600000 3293,6 ?.~,61 1ll3 ' ~8 ~U , 24 101 80 3,49 1,86 1,2? ,98 ,69 • 6 0 
27 00000 3443 ,3 2t: 11.Jn 09,60 56!71 10,57 3,48 1. 81 1,36 1,01 , 73 1!:> 3 
~ s oouoo 3593 ,0 ?.e , eo 12 , 8? 5J, 86 10,24 3,59 1. 92 1,38 ,94 174 I 0 G 
290 0000 374 3 , 6 21:1 1llo ~ 10,79 51,24 9,93 3,55 1,65 1,27 ,99 I 74 .~ ~ 

3000000 389 6 , 2 30 ,77 2 ~. 7 6 5 U,Ol 9,8l. 3,29 1,76 1126 ,97 t 7 0 I:. 7 
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TAFlLE A' t 

3QXJOX 3U LATTICE 
20,00 P~RCE~JT OF A MOLE: CULf.S 
•H1PEH A TURF: :: , A€7 TIMES TH E CRI'T IC TEHPERATJ RE 
1VE::I-{AGE OF 8 RUNS \~ I TH it''f'ORMA T I Of-. AT 64 POI'JTS 
:ot1PUT EH TIME = 782,9 ~11 NUTE~ 

SlRlJCTURE F'U N:TION, SC~> 

:xCHANGES TI ME SC1> S<2> ~(;S) s ( 4 ) SC5> 5(6) s ( 7) son s ( 9 ) s <10) 
0 0 ' 0 ,75 1,06 ,a2 1,00 1. 05 ,9F> 1,0~ 1,02 1,03 1' 0 0 

2500 ' 7 ,76 1,0 6 ,93 1,11 1,22 1,15 1,20 1,23 1,23 1,~4 

5000 1,5 ,79 1 1 QH 1,03 1,22 1,32 1. 32 1,47 1,42 1,39 1, :H 
7500 2,3 ,79 1,08 1,06 1,32 1,46 1,52 1,5?. 1, 55 1,46 1,3 13 

10000 3,2 ,80 1,16 1,15 1,41 1. 53 1.65 1,6c; 1,63 1,50 l,:S9 
1 2 ~00 4,1 ,tl! 1. 2t! 1,17 1,!30 1. 63 1. 75 1,7?. 1,72 1,51 1, 40 
15000 5 ,1 , d1 1,24 1,26 1,60 1,70 1. 88 1,77 1.,79 1,55 1,:5 :.1 
17~00 6,0 ,t)3 1,21 1,32 1,66 1,79 1,98 1,8A 1,80 1, 67 1,4 0 
~0000 7,0 ,1::!5 1.2~ 1,40 1,85 1,87 2,12 2,04 l,U4 1,66 1,41 
22500 8' 0 ,86 1.31 1 ,4 8 1,8A 1,91 2.20 2.1~ 1,95 1,67 1,42 
25000 8,9 ,c; o 1,3J 1,?4 1,87 1,94 2,26 2,1?. 1,91 1,65 1 ,4~ 

27500 9,9 ,<11 1,39 1,54 1,A6 2,06 2,34 2, 16 1,90 1,65 1 • .5~ 
.soooo 10,9 • <t 0 1.42 1,,6 1,96 ?.,14 2,42 2,16 1,97 1,64 l,J5 
32,00 11.9 ,Y3 1,,0 1,64 2,09 ?.,28 2,45 ~,19 1,9? 1,59 l,:.S 9 
J5000 12,9 ,<;t; 1.~4 1 t 70 2,14 ?.,35 2,41 2 ,2 6 1,97 1,58 1 ! J 8 
J7,00 13,9 1,01 1,61 l,81 2,19 2,47 2,4A 2,27 1,91 1 , 60 1,4 0 
40000 14,9 1,00 1,71 ,,80 2,28 2,47 2,55 2,27 1,94 1, 58 l,:59 
42,00 15~9 ,9R 1,79 l,90 2,28 2,54 2,69 2,27 1,90 1, 58 1. 41 

45000 17,0 ,99 1,05 1,95 2 , 23 2 , 57 2,69 2,30 1,98 1,62 1 , J 3 
47500 18,0 1,02 1,94 (.,04 2 , 24 2 ,67 2,71 2,43 1,9A 1 , 57 1,43 
50000 19,0 l,C 2 1,96 2,14 2,33 2,68 2,69 2,36 1,96 1,61 1, 4Q 

100000 4 0. 0 1,16 2 .7 3 J,29 3,49 3,56 2,94 2,3A 1,93 1, 57 l. 3 4 
l'OOOO 61,4 1,37 J,30 410 6 3,94 3,62 2,99 2,1~ 1,86 1, 60 1,J 6 
200000 82 ,9 1. 5?. 4,11 4,Y?. 4,21 3,52 2,88 2,2 2 1,85 1, 51 1. 27 
2;ouoo 104,7 1,66 4,17 !:>,26 4,58 3,4~ 2,9 8 2,1n 1,79 1,4 8 1,2 ~ 

30 0000 126,6 1,77 4,9:.S ~.~4 4,74 3,24 2,64 2,14 1,93 1,46 l,:.S O 
3'0 000 148,4 Z,0 5 , , 45 !>,15 4, 63 3,47 2,77 2,19 1,88 j, t 51 1,.Si 
400000 170,4 ~,3 R 5 ,77 ~,30 5,22 3,49 2,68 2,33 1,83 1,48 1, ;. 3 
4!">0000 192 ,4 2 ,; 7 ~.63 ,,7'3 4,93 3 ,62 2,89 2.1~ 1,74 1,45 1, 29 
5 0000 ?14~5 2,7 >:. 6 , 38 6,08 ~.20 3,65 2,65 2,30 l,8t 1,46 1, 24 
550 000 231'! , 9 2,9 5 6 ,02 o,2n 5 ,22 3,45 3,00 2,1f> 1,64 l, 42 1,~1 

t OOOOO ?.59 , 0 3,2 2 6,63 1,09 4,~3 3,69 2,00 2,14 1,79 1, 4 4 1,31 
~!)O OOO 281.2 3,65 6 ,65 6,95 4,A5 3,70 2.75 2,21 1,76 1,56 1,2 6 
'" uO OOO 303 ,4 3,84 Oe~? o,H7 5,07 3,82 2 , 78 2,1n 1,7 3 1, 51 1 t ;.~ i 
.. , 0000 325,6 4. 24 7,19 7,~3 5,14 3,56 2,60 2,2?. 1,92 l.,51 1,.5 3 
~ 30 000 347,7 4,7 0 7,31 1,31 ~.19 3,67 2,86 2,2?. 1,83 1,50 1,25 
7'JO OOO 392,2 4,¢7 7 • 7·'3 1,56 5,55 3,80 2,7?. 2 1 2R 1,78 1, 52 l ' l ;1 ';:; . 
.. 0000 436,R 4,5 R 8,<1? .,,~6 4,80 3,68 2,80 2 ,1 1 1,7R 1,50 1,3 0 

481,3 ~. 4 0 6,85 7,79 5,32 3,51 2,94 <,25 1,71 1 , 50 1, 2 11 
525,9 6,0-1 Q, 5 0 ., '2 7 5 , 21 3 , 86 2(81 2 , 2c; 1,90 1, 42 1, 2 7 
5 7 0 ,7 ~.26 9 ,6H ., • ~9 5 , 51 3,79 2,61 2 ,3 2 1,73 1 , 49 1, 23 
615 , 6 '·"Q 9 , 8 tl "1 ,7 4 5,12 3 , 77 2,47 2,1 5 1, 82 1, 41 1, 23 
660,3 5,8 ~ 9, 2 b H,01 5,42 3,21 2,76 2,0R 1,80 1, 42. 1, 25 
70?,1 t ,11 10,04 u. 0 9 ~.1Q 3,60 2, 86 2,20 1, 68 1, 47 1, ;?.9 

750,1 6 , 61 10,20 /,'19 5,2d 3,80 2,70 ~.24 1, ., 1 1, 48 1, 1 7 

CONi I 



L l ~ 

TA BLE A.l , CON T1
!) 

STR l: CT URE F" UN:ai ON , S (~ > 
EXCHA NGf:S TI MF. s ( 1) ~(2 ) S( 3) s ( 4 ) SC 5 ) s ( 6 ) s ( 7> s ( u) s c 9 ) s ( 1 0 ) 

18 000 00 795 , 2 {: ,6 ~ '-1 . 01 t>, 48 5 , 24 3·, 95 2, 72 2 ,1 5 1 , 71 1 , 47 !, 23 

19000 00 8 40.3 6 , t-4 11, 07 "1,20 5 , 69 3 , 99 2 , 78 2,1~ 1 , 76 t,49 1 , 2 4 

200 00 00 A85,2 6. 7 0 12 , 49 ~. 3 4 5 ,1 3 3, 6 7 ~ . 55 2 ,1 3 1, 78 1, 46 1 , 21 

21000 00 930 , 3 t,4~ 12 , 67 B, B7 5 , 12 3 , 51 2, 63 2 ,3 4 1, 77 .1. , 44 l , co 
22000 00 975,6 t- , 4~ '- 2 ,1 8 1!,80 4, 80 3 ,44 2 , 56 2 ,1 7 1 , 78 1 , 4 6 1,:$ 3 
23 00000 1 02 0 ,7 7 , ?7 1 2 , 2b U,68 4 ,91 3 ,4 4 2 , 60 2 116 1,!33 11 45 1,~3 

2400000 1 065 , 9 e ,l., 12 , 44 H 1 54 5, 18 3,69 2,81 2 , 09 1, 65 1 14 8 1,3 0 
25 000 00 1111 ,4 7, ez 12 , 72 ~ , 30 5 ,4 6 3 163 2, 52 2 11 9 1,75 1, 43 1,29 

26000 00 115 6, 7 e , ;:sa 12,57 ~ 11 0 5,3 7 3 133 2 , 61 1 ,96 1, 76 1 ,4? 1 ,!! 0 
2700 00 0 1202 , 3 t! , 4 7 13 100 1 0 , 25 5 , 44 3,6 4 2 , 58 2,09 1 , 71 1 143 1 11 9 
280 0000 1 ~47 19 t!,!;l9 13 , 88 11 , 28 5 116 3 , 56 2, 68 2 10A 1, 68 1 .4 5 1. 28 
2900000 1 293 , 3 e , o4 14 116 tj , 73 41 75 31 48 2 , 97 ~112 1, 80 1 t 40 1,1 3 
3000000 1 3 3 8 ,? <i , l H 14,Q6 U, 56 4 , 76 3 ,4 1 2,6 3 2 , 2n 1, 73 1 , 40 1, ~5 

31 00 000 1 383 , 8 <J 1l R l-3 . 8 6 b , lR 5 ,1 7 3, 45 2,7 0 1, 99 1 165 1, 46 1, 19 

32 0000 0 1 429 , 2 '1 ' ' ·r L 5199 ., t 63 5 ,0 5 3,69 2 , 60 2,0 2 11 71 11 47 1 1 17 
: '- "' 

3300000 147 4 , 6 e , 39 13,30 Ul2 0 5 184 3 197 2 , 63 '· . 9 7 1,69 1144 1t 22 
3400000 1520 . 2 9 , 09 14 ,1 2 0166 5 , 74 3162 2 , 71 2 ,1 ~ 1 , 6 A 1 , 46 1. 23 
35U OO OO 1565 , 8 8 , 114 14 ,1 6 ti 134 5 15 3 3,36 2 , 64 2 , 0 ~ 1,7 2 1, 45 1' ). 7 

36 0000 0 1 611,3 9 14(, 14 , 9 7 8 ,3 3 5 , 66 3,66 2, 82 2, 07 1174 1 ,40 1 , 23 

TA8LE A, 14 

JO X3 0X30 LATTtt; F. 
20 . 00 PERCI:: NT UF A ~1 CJ L E C U U:: S ( '1 :: • I 6 ) 
l EMPE RATUHI:: : ,5<~1 l lt l E ~ TilE CHI TIC T E 'PER AT tJ R E 
AVt.:RAGE OF ti fWN S 1-J I T H ltl r Of' t-1 AT I ON AT :11 PfJ J NTS 

T I !~E Ef'..Ef-iGY TI ME ENER GY T 1 11 ;: E i~ERGY iiHf e NERG Y 
0 ' 0 0 , Gt:? ,1 !:3 l 'i26 . 37 , 9Q ? , 5:> 1884 

,7 4 , B71 1 , 1l, , e50 1 • 4 i3 , A36 ~- ' H ~ 1824 
2 ,2 2 , 11;1.'3 2 , 5 1J ,f;(l8 ?..~ 6 ,!102 3151 , (94 
4, 07 , 7 ;:.7 4 , b~ , 7 80 5 ,1 8 , 774 5 , 74 • 7 7 0 
6 ,29 ,7c5 6 , d~ , 7 6 0 7 1 4 0 , 756 7,96 ,7 52 
8 , 51 , 749 (i, l) '/ , 745 9 , 6~ , 743 l !1 , 1ti 1 ., 4 U 

10 , 92 , 13 6 11, 6 b ,733 12.58 .72 ~ 1 2,9o , 72 7 
13 , 70 ,7 2 4 1 4,44 172 1 15 , lt, ,7 1 7 1 5 , 9~ ,71 ? 
16 166 ,712 ).7 , 4'1 . 710 t3 ,l 4 ,7 07 l f')~l.~ • 7 0 ~ 
20 , 79 , 7 01 22 , 4 / 5 t96 2 4. 17 , 692 2 ~ 1 B 7 , 6 B8 
?. 7, 60 ,6 ~4 29 , 3~ ,t l.lO 6 7 . 15 , 62~ t0 1 , 8 ~ , 597 

153 , 40 ,56 9 200 , 411 ,S47 249,71 153 2 ~ 0') ,31 • 51 u 
352 , 59 , 503 40~ 1 ?U ,495 4 6 0.~3 a 4 A 7 51 1) , 61 , -17 8 
57 3, 05 t .1\7 c o:~u ~ o~ , 459 68 9 , 37 , 452 74 Q,1 1} ,4 44 
81 0 11 4 ,44 0 H71 164 14~7 93 3 ,51) I 43n 91.)3 19<; 142d 

1 059 , 6 0 1 4C: O 11 24 , ;-s ;; 1 41 {: 1 1 88 , 9!) , 41 C:: 1 2 ~ 4 ,'<9 ' 411 
1:519,99 , 4 0 9 1 :5()6 , ') '-i , 403 i452 , J ~ , 404 1 "i l fl ,?d , 39'1 
:1. 58 5 , 95 ,397 16, ~) . 1.5 . ~~5 1 721. 27 ,391 17 tl9 , 0 ~ 1339 
1856 , 67 , 3c? 1~ 2~ . 4'1 • 3 85 1994 , 34 ,3 83 2f1 6< ,97 . 3 82 
?.132 11 9 , Je o 220 1 197 .~76 22 72 , 34 , 37? 2)4 .~,7 li , 372 
2 4 1 :; t ,4 3 1369 ~~51.J 1 11 1 3 64 ::? 704, Jn , 361 2" 50 , 5 :5 , 3 5 ? 
299H,29 e35 6 ~~14:;,74 1 :~ 5 C 3/.93 , 5 R , 351 34 4 ~ 1 3U , 34 8 
3~93 , 02 , 345 374 ~S , n4 ,3 4J 3896,2 0 , 039 



220 
TAR LF. A,g 

3QX;sQ)(30 LAT TI CE 
20 t 0 0 PE RCEN T or A Mnu:cuu :s 
· :tWEHA T U~F. : 1 , 068 T I M ~S THE C~I T IC TEMPER ATJQE 
1 IEHAGE Of 8 RUNS l~ 1 TH I N F 0 R ~~A T 1 0 f\ AT <49 POI 'H S 
:oMPUTER TJME = 41 QJ, 1 Mi NUTE!> 

STRUCTURE F" UN: TI ON , S ( j-(-~ 

::xC HANGES T U1E S(l > s ( 2) S CJ) s ( 4 ) SC5) s ( 6 ) s ( 7 , s (!3) s ( 9) s ( 1 0 ) 
0 0 t 0 , 7~ 1.06 , 82 1 , 00 1. 05 , 96 1,03 1,02 11 Q 3 1 1 0 0 

2500 t 6 175 1 I Q 4 192 1,11 1, 19 1 ,13 1 124 1,20 l. 2 0 1,18 
5000 1. 4 ,75 1 , 06 , 98 1122 1 ,2C? 1,22 1 , 31 l ,JR 1, 37 1 , 21 
7,00 2.2 17'3 1 . 12 1,02 1,33 1 , 36 ~.39 1 , 40 1,4 4 1 , 43 1, 31. 

10000 3 • 0 ,7 Q l ,l6 1 , 03 1 136 1148 1,44 1 151\ 1 , 49 1. 5 0 1,3 3 
12, 00 3 , 8 ,79 1 ,21 1 109 1143 1152 1. 53 1 160 1 , 51 1151 11 :53 
15000 4 '6 180 1,24 11 1 2 1.42 1 ,64 1e5 8 11 7 7 1 , 53 11 ~6 1 , 3S 
1 7,00 5 , 5 lt; O 1 1 3 ~ 1 122 1, 46 1. 64 1,62 1 , 7r.. 1 ,6?. 11 ')8 l. J6 
20000 6 ,3 , 8 2 1 , 3H 1 125 1 , 56 1 , 74 l. 65 1181 1 16?. 11~ 8 1,;s o 
~2 ., 00 7,2 185 1134 1 13 0 1, 63 1,79 11 71 l,Bn 1. 72 1 154 1,~ 0 

25000 8,0 , Bf.. 11 33 1 ,33 1175 1.93 1 ,82 1 , 83 11 77 1 ,5 2 1 t 3 s 
27500 8,9 H4 1,33 1 ,41 1185 2,02 1, 8 2 1,86 1 180 1, 51 1, :5 3 

f -

30QOC 918 ,e ~ 1, 34 1 , 40 1,97 2,07 1 ,81 1. 8A 1 , '14 1,51 1, :.S 7 

32~00 10~6 ,8 B 1 , 43 1 ,44 2109 2 .1 0 1 , 88 1 , 87 116 7 J- 15 0 l. 3 :3 

.S5 000 11.5 ,8 7 1 147 1 , 48 2,11 ~.14 1,94 1 ,70 1,7?.. 1,47 1, 40 
:s7; oo 12,4 • 11 {1 1 , 49 1 , 49 2,16 2 . 21 1,92 1 , 91 1 , 7? 1 151 l.,~ i) 

400 0 0 13 . 2 ,Y 2 1, 54 114 5 2,15 2,24 1 193 1195 1,77 1 , 47 j,,32 

42500 14,1 • If -~ 1, 57 1 ,40 2 , 23 2 , 28 1 ,9 6 1 , 93 11 71 114 8 1 5 35 
45000 15 10 l'i 5 1 158 1, 56 2 , 33 2,29 1. 96 1194 1 165 1 1 If 7 1, :5 ? 

47500 15.9 ,Yn 1, 59 l. 1 '9 2 . 37 2 . 27 2, 05 1,9n 1 , 65 1 , 45 1, :5!> 
; ouoo 1 6 , 8 19 B 1 164 1165 2,35 2,30 2_05 1 195 1 ,63 1, 4 7 1, 32 

10000 0 34 , 6 1,2 ?. 2 ~ 0ll 2,22 2181 2 , 6 3 2 . 3 0 . 
' · t 9 7 1, 72 1 , 51 1, ~H 

1'0000 52 , 6 l 1 4 .-~ 2,37 2,51 2 18 3 2 , 57 2 , 09 2 1 0 ~. 1, 6 B 1 145 1 t ;~ 1 

200000 7 0. 7 1 . "17 2 . ~) y 2,56 2 , 91 2,73 2,25 1,80 1,67 1 , 44 1 t ~~ ~ 

2 ~0000 8 8 , 8 1, 7H 2 186 2 , H1 3,26 2 , 7 0 2, 22 1 , 94 1 164 1 , 45 1, 2 . 
3000 00 107,0 1, ott 2,7? ..; ,21 3 120 2,87 2,3 0 2,00 1,66 1 , 46 1 , :s 4 

3!:>0000 12;) , 2 1, '1~ 3' 0 4 ::s ,u a 3 , 21 2,71 2,24 1,92 1,68 1, 4 7 1 ( 1 
~ t w· -

4 0 0000 1 4~~ .~ 1 1 9 r, 2,97 J 11 0 3, 1 4 2,42 2,07 2,01 1, 60 1 147 1. ;.$4 

';ouoo t6i , 5 2,11 J , 17 .5 , 35 3,06 2,54 2 , 33 1 19'5 1 , 7 2 1, 5 8 1, 2'3 
500 000 17 9 ,7 213'1 3 , 10 .5 , 37 3,26 2,57 2 , 27 l,B7 1, 70 1 , 51 1,.51 
5,0000 19719 2,57 3,17 .5,4 6 3, 29 2 ,44 2,3 0 1 , 87 1,73 1. 4 :s l, :S 2 

00000 ?. 1 6 .2 2 ,!:J I) :s~?u 3,79 3 136 2.54 2,3 0 1,84 1,67 1 ,4 6 1 • ~s r 
c. ~oooo ?. 3 4 ,5 2,4 11 ~ . 6 8 .5 , 83 3 , 32 2,57 2 , 13 1 , 92 1 ,60 1, 4~ 1. 31 
700 000 ? 5 2 ,7 2 , 6 ~ ~~ 1 8 11 3 152 3 , 2B 2,63 2,26 l,OR 1 ,70 1, 50 1. ?. s 
7 ~0000 ? 7 0 ,9 2,, 2 "J .77 3,94 3 121 2,74 2,16 3.,9R 1, 77 1 , 50 1, (.~ 

oU I)OOO 28 9,2 2 1()(\ 3 , 97 J,89 3,17 2 , 5 8 2,2 6 1 , 9~ l,7 R 1i39 l 'J :) 

s'ooou 307,5 2 • 7 : ~ 4,4Y .S , 7 B 3 , ?.6 2 ,76 2 , 19 1,97 1 , 65 1 , 44 l , :S o 
1000 00 325 ,7 2 1o?. 4 122 4 , 33 3 , 37 2,72 2 , 26 1 , 87 1,64 1 , 4 7 1 , 31 . 11UU OO ~6?; ;~ 2, /6 J , n4 J,e9 3 , 37 2 , 74 2,33 l,ti:t 1, 73 1,4 8 1, !1:3 -:: ooo ou 3 9 8 ,7 3 , 29 3120 .S,/37 2,77 2 , 50 2 , 13 1.. 86 1 , 73 1 14 7 li :S !:; 

. ?OQ OOU 435 , G ;,s I 0 A 3 ' 6 l> j i :; 9 3 , 04 2 , 6 ?. 2 , 35 l,8 R 1,6A 1,4 2 1, ;51_ 

: 3~1 0000 4 71.5 ~.32 :~ , b H .J , 85 3 , 00 2 , 64 2,?. 3 l! 8 ., 1 169 1 , :>2 1 •. ~ ~ 
:.( 0(,1 000 5 00,0 3 ,62 4, 6 4 .S,9 2 3 . 05 2t 4 R 2 , 15 1 195 1,71 1,<1 0 1, 2 3 
:, 5 0 00 00 ~ i 4 4 1 6 :! • ' ., 4, .R 4 J 1 H4 3 I ~~ R 2 , 72 2 115 f~ 1 0 l_ 1 , 7 f> 1, 46 l. S? . vO UO O 58 i , ? .3 1:! ll 4, Y6 ,s ' 7 4 3, 20 2 , 7 6 2. 22 1 , 8 ~ l l"/1 1, 48 1, ~ 9 . • 
: .., IJ 0 o) 0 0 6 j7, 8 4 I () 4 4 ~ o7 ;)~1)0 2 1e 3 2, 8 4 2' J.? l, 86 .J..,7b 1,45 1 ,2 3 
:. ::;.oo uoo 6~4.3 4 I 71 4146 ~s ~ .., o ?.,96 2 .7 5 2 . ~~ j 1 ,e ry 1 , 69 1.,5 1 !.: 2 '3 
:, 90 0000 690 , 9 4,~ 9 o1. ti 7 -.1 ,4 9 2 ,7 9 2,6 0 2 , 25 1, 89 1,67 1 , 4 ~ 1, 2 & 
, :ua uoo 72 7 14 4,o1 tl , Ol 4 ,(. 6 ~~ 1 15 2 , 6 2 2 118 1,9 0 1 , 73 1 , ~7 1 ' >0 I :; J 
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TA RLE A.l1 
30X 3 0X3 0 LATTI<; i: 
~o.oo PEHC !: n OF A ~~f) L !; c u L t S ( ~ ::' 0 • 0 ) 

TE MPERA TUR t: = . aR7 T 1 t·: E S THE C F~ IT I C TE ~1:;)t:RATURF. 

AVt: RAG~ (JF" e ~ UNS ~~ IT H PlFOf't1 AT ION AT 140 POINTS 

Tl "~ E ENEhGY T I t1 F. ENERG Y TI M: ENE RGY TI ME E 'ER GY 

0. 0 0 1, '50.3 , 37 1.~97 • 7 4 1,347 1.,11 1,31 6 
1,4 8 1, 2~4 1, 8!:> 1,1::7 6 2.22 1,264 2 ,5? 1, 2?3 
2,96 1, ?43 3,3..S 1,2 33 3,3o 1,220 11,44 1, 213 
,, 00 t,? On 5, !1 !:> 1.~ oo 6. l1 1,191 6 ,66 1,1 l} 5 
7.2 2 1,1 €2 7,77 1,178 8,33 1 , 1 7~ o,Ha l,t 69 
9 ,4 4 1,1t4 1 0 . 0 u 1,1 60 10. 7 4 1,156 11,48 1 ,149 

12. 22 1.l.4 S 12, 9 6 1,1 42 13,:)0 1 .13 0 3 0 .1~ l., 093 

47, 01 1, 067 64, 30 l,C 51 81. 78 1 , 046 Y9 ,45 1 , 027 
117,29 1, 0 21 13 ? , 26 1, 01 4 153,38 l,OOi 1 7 l ,63 1, 002 
.1 89 ,9? , G~] 2QH , 3Y ,c; o1 226 , n ,98 6 ?. 45 ,47 , 936 

26<1,06 , 91:3 ?.!32 , 64 , <; Bl 30 1,29 , 979 ~2n,o1 , 972 
338 ,65 , q76 3~7 , 30 ,S 7?. 376,14 ,96 6 ~95,07 , 964 
413,9 9 , 9t:3 432 , 9 7 .~ 59 451.~(, , 957 470,98 , 952 
490 ,11 , q 54 ~OY ,14 I <;? 5 5 28 .21 , Q5?. 1:)47,?.Y , 9?6 
566,4 0 ,9~ ~ ?8 ~, 40 . s5J 604 ,5 9 , 9 4 0 623 ,7~ .~ 44 

662,24 , 9'!~ 7GU , 5U , S39 739,4Q ,Q3 2 77R,3t) , 931 
817,27 . q~ 3 B~6 , 0 (> ,S ;>8 f3Q 5,16 , 9 1 8 Q34,53 , 916 
973, 84 , 920 l O .l..S, ?~ ,S 17 ~. 052,71 , 914 1 0Y?,14 , 91l 

11~<1,Q C , Q07 l191,4U .~ o6 t251.t8 • 9 0 4 1 :) 10-91 ,9 05 
1370, 53 , 904 1 43U , 3U ,294 14Q0,53 , 894 1 t)50 ,A4 , 89 1 
1611,34 , 8 ~4 1 69?. , 1? , € 8 6 1772,~9 , 886 1 11 ~~. 5 9 ,8 A1 
1Y3 4 , 83 , P-79 2016,;>1 1 f 75 20Q7,5 ~ ,R7 o 217Ci, .~~ , 872 
22 Gl,O t1 t ?-7 r;;, ~ '~ 4 '~ 1 i: U • e t, 9 242 4.~9 ,137 0 2507 ,16 , 872 
25 89 , ?.2 1 Ht f3 2A 7 0 , 98 .E 73 2752 , S7 , 8 69 2Fl~'5.04 , d64 

2Yt7, 23 1 Rt6 -;_I.J 9Y,7o , E63 30FI2 , 3n ,8 59 ~H6S 1 41 . a~ ! 

3~4 8 , 5 2 , n 4 9 :$331,7~ ,E ::>B 3 414,S o , 8 55 3497,59 , a:-,6 
3~ 8 0 , 54 , P?4 ~ 6 63, 5 / , E:53 ~746 ,l! , 657 382Q 1 0<J . ~5 3 

3912. 2£' . ~55 J~9?,1U , e53 4078,34 , A5 0 41.61 , 65 , 85 2 
42 44 ,7 ~ , h'l 7 4327, 91.J , e49 4411 ,7 2 , R39 44<J 5 , H4 , 8 4.3 

4579,77 R "U::: 4o64 , r<; , €36 47418 ,3 9 , B35 4 P. 3?,66 , 83 7 c .., -' 
491o,7 R . ~ ~7 'o oo . ~u 1 £,3, 5085 ,4 3 , R32 51.60 ,91 , 83 ~ 

52 :14 , 23 1 R3 '2 ~33H ,t~. ~ . fJ~~4 54 22.4Q , A3 6 5"10t', 74 , 8 31 

5~91, 07 
("' ~.~. ,.. ~6 7!:>, 7?. • t 31 ~ 760,5 :-" , 8 2 6 5 ~4'1 ,1() , 828 • l .., ,) 

593 0 , (17 t ~c:; ~0 1 ~ . 3 , , c:>3 A100,73 , A20 6H1n , 63 , 618 

6272,01 , 13 2 4 0357,7~ , E17 6443.1~ ,8t'6 6 52 A1 35 , 819 
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TMlLE A , 1£. 

30X:SOX3 0 LATTtCr 
~ o . u o P[HC I:: NT ur A MOL EGUU.: s ( 'l1 = 0 . 0 ) 

TEMPE f<A TlJ rH: = 1 , 068 TII H.S THE: C r~ I T I C TE'1 ;:,ER f. TURE 
AV l: RAGf: OF e HuNS WI TH I NFOf; MAT I ON AT 54 POINTS 

TIME ENF.f-i GY T I M[- l: NEHG V T I ~~ :: ENE RG Y TI ME c J ~PGy 

0 , 00 1 · "03 . ~~ ., 1,408 , 74 1 , 363 1 , 11 1,334 
1, 4Ci 1 , 315 1 , 1' !:> 1 ,~ 0 0 2 .2~ 1,:?90 ?.,5<; 1,2 80 
~.96 1 , 2 / 2 3 , 51 1, 263 4. 0? 1,254 4,6i 1 ,249 
5,1 ll 1 e :?"l :l 5,74 1,238 6,29 1 , ?.31 6 1 H; 1 , 226 
7,4 0 1 , ?~1 7 , oo 1, L19 8 ,5 1 1 ' ~lfl 9 , 07 1 , 215 
9 , 62 1,1'1 ? 10,1H l ,t:l.O 10 , Y~ 1.,206 11 , 66 1, 20 0 

.l l, 99 1,? 0(1 2!:>,2~ 1,170 3 9. ~4 j, , t5 9 ; 2 8 60 1 , 146 
66 , 40 1 , 141 80 1 J ~ .1.1 ~2 95 , i) 6 1 , 129 ~- 0 R, 3 4 1, 124 

122 , 45 1 , l~3 J. 3b,~;u 1 , 1~2 150,S4 1 ,11g 164, RO 1,11~ 
179 , 01 1 , 1l6 '- 9 ~~ . ~. Y 1.1 :!. 6 20 7, 36 :!., 113 ?.21.,58 l , 114 
2...55 ,7 f?. 1,117 2 ~' 0 . (J u 1, 11J 264.2?. 1 ,10 R ')7P. , 'S (! 1, 111 
292 , 7? 1,J. 09 30 7 , 01 1 , 113 321,27 1 , 113 3~ 5 , 41 1,112 
.S49,66 1.l 05 ~~ 6 ... ~ ' 9 f ) 11105 378,23 ~- ~ t 0 (-, :s9 2 ,5~ 1.1 0 7 
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